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PKEFACE. 



IN the following pages an attempt is made to give an account of phjrsical 
optics without having recourse to any hypothesis respecting the nature 
of the influence that constitutes light or the character of the medium in 
which it is propagated. From a few simple experimental facts it is shown 
that a stream of light may be represented by a periodically varying vector 
transverse to the direction of the beam, and on this result, with an appeal 
where necessary to experimental facts, the treatment of the subject is based. 

An abstract wave-theory cannot of course satisfy our requirements or be 
regarded as the last word of science on physical optics; but as it is the 
touchstone on which optical theories are tried, a thorough knowledge of its 
teachings is essential as a preparation for penetrating below the surface of 
ascertained facts into the domain of hypothesis. No one optical theory can 
at present be said to hold the field so completely as to render a consideration 
of others unnecessary, and so long as that is the case, much that is of value 
in preparing the ground for a solution of the problem may be learned from 
the various attempts that have been made to apply methods of ethereal 
physics to the explanation of the phenomena of light. The introduction 
of the salient points of these endeavours would have had the effect of 
veiling by wealth of material the main purpose of the book. 

As the object kept in view has been to give an account of the analytical 
development of the wave-theory that might serve as an introduction to the 
study of higher optics, experimental methods and results have been intro- 
duced only with a sparing hand. Ample information on the descriptive side 
of the subject is to be found in books readily accessible to students, and it 
ij.^v .:jB for those that have already made an acquaintance with physical optics 
that the present work is intended. A detailed knowledge of instruments 
^ ; and of experimental methods can only be acquired in a physical laboratory. 
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CHAPTER I, 

GEOMETRICAL PROPOSITIONS OF THE WAVE THEORY. 

1. The science of Physical Optics may be regarded as comprising two 

fields of enquiry ; the one includes the study of the physical properties of a 

stream of light, the other comprehends the investigation of the mechanism 

f by means of which the stream is propagated. These two divisions may be 

termed respectively the kinematics and the dynamics of the subject. 

The fundamental property of light, that forms the basis of physical optics, 
is its progressive movement. The fact that light travels through space with 
a finite, though very great velocity, was first deduced by Romer in 1676 from 
observations of the eclipses of Jupiter's satellites; it afforded Bradley in 1728 
the explanation of astronomical aberration ; and it was directl}' demonstrated 
by the experiments of Fizeau in 1849 and of Foucault in 1850. That it is 
energy that is radiated from a luminous body and is perceived by the eye as 
light is shown by the phenomena associated with a stream of light and by a 
consideration of the nature of the sources fix>m which it is emitted. Now 
energy can be transmitted through space in either of two modes — ^by the 
transport of matter connected with the energy. or by means of waves. Each 
of these methods of the transference of energy has in turn been applied to 
the explanation of the propagation of light. 

The emission or corpuscular theory, adopted and expounded by Newton, 
attributes the sensation of light to the impact on the retina of particles 
ejected from a luminous body by the vibratory motions of its parts. The 
particles, according to Newton, must be assumed to be capable of exciting 
vibrations in an "setherial medium" and it is to the waves thus set up that 
he ascribes the mutual dependence of reflection and refraction : he further 
suggests that the "bignesses" of the vibrations started by the corpuscles 
depend upon the colour or refrangibility of the light. Thus Newton to a 
certain extent adopted some of the features of the wave-theory, but it is to 
be noted that according to him the waves are the effect and not the cause of 
light. That these waves are not an essential adjunct of the emission theory 
has been shown by Boscovich and also by Biot, to whom several brilliant 
extensions of the theory are due. As thus developed, however, the emission 
theory is lacking in simplicity, and overcrowded with hypotheses ; moreover 
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it contradicts the facts in an important particular, for it leads to the result 
that the propagational speed of light is greater in a dense medium, such as 
water, than it is in air, whereas direct experiments show that the reverse 
is the case. 

The wave-theory, based on the second mode of the transport of energy, 
was first presented in an intelligible form by Huygens, but owes its recog- 
nition to the work of Fresnel. This theory regards light as consisting in 
vibrations of or in a medium, that is supposed to fill interstellar space and to 
pervade all ponderable media. When however we enquire into the character 
of the vibrations and the properties of the medium, we find that the wave- 
theory has assumed different forms : according to the dynamical theories the 
vibrations are assimilated to those of a medium, that has either intrinsic 
rigidity, or a quasi-rigidity imparted to it gyrostatically ; while the electro- 
magnetic theory applies to the problem the equations of an electromagnetic 
field and regards the ether as a dielectric medium subject to a rapidly 
periodic electric displacement. These two forms of the wave-theory must be 
regarded as distinct, until it is possible to form a conception of an ether that 
is competent to coordinate optical and electrical phenomena: on the other 
hand the explanation of the physical properties of a stream of light is 
independent of the particular idea that we may formulate respecting the 
nature of the vibrations in a train of luminous waves. 

2. We owe to Huygens a very important principle, according to which 
the direction of propagation of a luminous disturbance within or at the 
confines of homogeneous media is made to depend upon the form and the 
orientation of a certain sur£EU)e characteristic of each medium. This surfistce, 
which is called "the Wave-surface," is the locus of the points to which a 
disturbance emanating from a luminous poiut travels in uuit time: in ordinary 
isotropic media it is a sphere ; it is a double sur£eice or a surface of two sheets 
in media such. that in general two disturbances can be propagated in any 
direction with different speeds ; and so on. 




Fig. 1. 

Huygens' principle, which follows at once from that of the superposition 
of small disturbances, lies at the very basis of the wave-theory and consists 
in this : — that each of the points of a wave W may be regarded as a centre of 



1, 2] Waver&wrfoM. Ferma£s Law 3 

disturbance, the wave at any subsequent time t being the envelope of secondary 
waves of form characteristic of the medium and proper to the wave TF, 
described round the points of IF as centres with dimensions corresponding to 
the time L 

It follows from this that the surfaces W and W are so related that to a 
point P on the former there corresponds a point R on the latter, at which it 
is touched by the secondary wave that emanates from P, and it is clear that 
the time required for the disturbance to traverse all lines joining corre- 
sponding points is the same, being that in which the wave travels from W to 
W\ and that this time is less than that in which it would traverse any other 
line connecting the sur£eu;es; for any other line such as PR cuts the secondary 
wave described round P in some point Q and the time along PQ is equal to 
that along PR. 

Hence defining a ray as a line joining corresponding points on a wave in 
its successive positions, we arrive at Format's law that the time in which a 
disturbance is propagated along the rays from a wave-surfiu^ to its position 
at any subsequent time is the same and less than for any other path. This 
is expressed by saying that a ray is the course of earliest arrival*. 

Fresnel introduced an important simplification into the study of the 
propagation of waves by recognising that, since a surface may be regarded 
as the envelope of its tangent planes, we may substitute for a wave of any 
form a system of plane waves coincident with the tangent planes of the wave- 
front at the given time. If now we consider a plane wave that touches the 
wave-fix>nt W at the point P, it follows from Huygens' principle that after a 
lapse of time i this wave will coincide with the tangent plane to the new 
position of the wave W at the point i2, and it becomes necessary to distinguish 
between the ray-velocity a with which the disturbance traverses the ray and c o( P^ 
the wave-velocity a> with which the corresponding plane wave advances in the u> cc Ft 
direction of its normal These velocities are connected by the relation • 

o) = <r cos {NR) 
where {NR) denotes the angle between the normal and the ray. 

Another surface that is of frmdamental importance in the study of waves 
of light is the pedal of the wave-surface. The physical significance of this 
sur&ce arises from its being formed by the assemblage of points, that are 
obtained by taking on every radius-vector through some point a distance 
equal to the velocity of the plane wave that has its normal in this direction. 
It may therefore be called " the surface of wave-quickness." 

* The raj ia only a ooone of earZie<t arrival " for paths from P up to aU points P' sueh that 
the toeeeeaiTe waye-fronts between P and P* belonging to a radiant distorbanoe maintained at P 
do not derelqpe any singularity along the ooorse of the ray." Larmor, JEther and Matter, pp. 8S 
and 276. 

1—2 
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3. Huygens' principle is of itself insufficient for the explanation of all 
the questions that arise in connection with the propagation of light, and the 
determination of its analytical expression, as well as the justification for its 
employment, must be reserved for future consideration. In the mean time 
however it will be convenient to consider it in its geometrical aspect for 
the purpose of obtaining some results that will be of service to us in the 
sequel. 

When a wave meets the interface of two homogeneous media that have 
different optical properties, the waves in each medium at any subsequent 
time are by Huygens' principle the envelopes of the secondary waves charac- 
teristic of that medium, described in it round the points of the interfisuse with 
dimensions corresponding to the time that elapses between the passage of the 
incident wave through these points and the instant under consideration. 

In accordance with the simplification introduce^ by Fresnel, these reflected 
and refracted waves may be regarded as the envelopes of those that result 
fi:om a system of plane waves, coincident with the tangent planes of the 
incident wave, and each reflected or refracted at a plane surfsu^, separating 
two media identical with the given media and coincident with the tangent 
plane to the actual interface at the point, in which it is met by the corre- 
sponding ray of the incident wave. The problem is thus reduced to the 
consideration of the reflection and refraction of a plane wave at a plane 
surface, and in this case it is readily seen that the reflected and refracted 
waves are themselves also plane. 

Now if the incident wave cut the interface of the media at times T and 
T-\-t'\u the lines / and /', the reflected and refracted waves at time T+t 
must by Huygens' principle pass through F and also touch the wave-surSeu^es 




Fig. 2. 

Si, Si of the two media, described round any point of I with dimensions 
corresponding to the time t, and the position of the line I' is determined by 
the fact that if the second medium be identical with the first, the wave at 
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time T-^t would coincide with the tangent plane through I' to that sheet 
of Si which corresponds to the incident wave. 

Hence we have the following construction : — round any point of the 
line in which the incident wave cuts the interface at time T, describe the 
wave-sur&ces 8i, S^ characteristic of the media with dimensions corresponding 
to unit time : draw in the second medium a plane parallel to the incident 
wave to touch the corresponding sheet of 8i, and through the line in which 
this plane cuts the interface draw in the first medium tangent planes to the 
sheets of 8i and in the second medium tangent planes to the sheets of 8^, 
These .tangent planes represent respectively the reflected and the refracted 
waves : the vectors from to the points of contact of the tangent planes to 
the wave-suifetces give the reflected and the refracted rays and the corre- 
sponding ray- velocities: the perpendiculars from on the tangent planes give 
the wave- velocities. 

It thus follows that the normals to the incident, the reflected and the 
refracted waves at any point of the interface separating two media lie in a 
plane perpendicular to this surSeuse, and since the waves at any time intersect 
the interface in the same straight line, the sine of the angle between either 
wave and the surfr^^ bears to the corresponding wave-velocity a ratio that is 
the same for each of the wavea 

4. For this construction we may substitute another, that will be found 
more convenient in theory and practice, though it is without the same 
physical significance. This is due to Sir William Hamilton* and is obtained 
from Huygens' construction by reciprocating with respect to a sphere of unit 
radius concentric with the wave-surfaces. 

The polar reciprocal of any surface being the inverse of its first pedal, it. 
follows that the surfSeu^e required for the new construction is the inverse of 
the sur&ce of wave-quickness : that is, the radius fit)m the centre represents 
the wave-slowness, or the reciprocal of the propagational speed of a plane 
wave with its normal in that direction. On this account the surface is 
termed the surface of wave-slowness: obviously in an ordinary isotropic 
medium it is a sphere ; and a double surface or a surface of two sheets in a 
doubly-refructing medium, having always a centre round which it is 
symmetrical 

As an example of Hamilton's construction let us consider the case of the 
passage of light through a parallel plate of a doubly refracting crystal 
embedded in an ordinary isotropic substance, ^^herein the constant wave- 
velocity is £1 ; supposing first of all that the crystal is more strongly refracting 
than the surrounding medium, so that A is greater than the wave-velocities 
within the crystal. 

* Trmu. R. Irish Acad. xvn. 141—144 (1S83). Of. also MaoCalUgh, ColUeUd Warki, p. 84. 
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Now in Huygens' construction the incident, reflected and refracted waves 
at any time intersect the surface separating the media in the same straight 
line : hence the corresponding points on the surfaces of wave-slowness of the 
media lie on a line perpendicular to the interface, and the reflected and the 
refracted wave-normals are determined by the following construction. 

Bound a point 0. of the line in which the incident wave cuts the interface 
at time ^, describe the sur&ces of wave-slowness of the media with dimensions 
corresponding to unit time : these will be a sphere for the outer medium, 
the radius of which represents the reciprocal of XI and a double surface for 
the crystal entirely surrounding the sphere. Through the point E in which 
the incident wave-normal 10, produced into the plate, meets the sphere, 
draw EA perpendicular to the interface and produce it both ways to meet 
the sphere again in R and the surface of wave-slowness of the crystal in the 
points TTj, TT, within the plate and the points TF/, W^ without it. 




Pig. 8. 

Then it is clear that OR is the normal of the wave given by ordinary 
reflection at the first surfeu^ of the plate : OTFi, OTT, give the normals of the 
refiucted waves and the slowness of these waves ; and since the surface of 
wave-slowness is the polar reciprocal of the wave-surface, the perpendiculars 
from on the tangent planes to the surfieu^ at Wi and TT, give the corre- 
sponding rays and the slowness of these rays. Each of the refracted waves 
on arrival at the second surface of the plate gives an emergent wave with 
its normal in the direction OE and two reflected waves with their normals 
parallel to OWi and OTT/ respectively, while each of these reflected waves is 
again divided at the first surfSeu^e into an emergent wave and two reflected 
waves with their normals parallel to OR, OTTi, OIF, respectively; and so on. 
Thus the normal to every wave within the plate is parallel to one of the 
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four lines OWi, OW^, OTT/, OW^' and the corresponding wave- velocities are 
given by the reciprocals of the lengths of these lines. The directions of the 
rays are determined by the perpendiculars from on the tangent planes to 
the surface of wave-slowness at the points IT,, IT,, Wi, IT,' and the ray- 
velocities are given by the reciprocals of the lengths of these perpendiculara 

Id order to determine the directions of the waves within the plate 
analytically, let us assume that the first surface of the plate is the plaue of 
xy and the plane of incidence that of xz, the positive quadrant of xz being 
that which contains the directions of propagation of the refracted waves. 
Referred to these axes, let the equation of the surface of wave-slowness be 

F{x,y,z)^0 (1). 

If i be the angle of incidence, r the angle between the positive direction of 
the axis of z and the normal to any one of the waves within the plate, the 
coordinates of a point on the sur&ce of wave-slowness are 

d; = sin%7n, y = 0, -? = sin i7(ft tan r) (2). 

Substituting these values in (1), we shall obtain an equation of the form 

attan*r-f-4aitan*rH-6a,tan^r + 4a,tanr + a4s=sO (3), 

in which the coeflBcients are functions of sin' % (since the surface is symmetrical 
with respect to its centre) and of the quantities that define the interface of 
the media and the plane of incidence in terms of axes fixed in the plate and 
dependent upon its structure. 

The roots of (3) give the tangents of the four angles that the normals to 
the waves within the plate make with the positive direction of the axis of z — 
the normal to the first surface of the plate drawn inwards*. 

6. In the case just considered, in which the surface of wave-slowness of 
the first medium lies entirely within that of the second, the line EA meets 
each sheet of the latter surfietce in two points, that lie one on each side of 
the interfiu^e, whatever the angle of incidence may be. If however the plate 
be less refiracting than the outer medium and consequently the surface of 
wave-slowness for that medium lie without that of the plate, difierent cases 
occur as the angle of incidence increasea 

When this angle is small, everything is as in the former case, but as the 
incidence increases, an angle is attained for which the line EA touches the 
inner sheet of the surfisuse of wave-slowness of the plate, and for angles of 
incidence greater than this there is only one refracted wavef . This then is 
the critical angle of total reflection for the quicker wave and the corre- 
sponding ray is clearly in the plane of incidence and in the surface of the 
plate. 

• LiebiMh, N. Jakrb. f&r Min. (18S5) ii. ISl. Phyt, KrytU p. 290. 

f AnomaliM howerer oooor in the immediate neighbourhood of a singular point of the 
torfaoe, tee §166. 
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The same thing occurs with the outer sheet of the surface of wave- 
slowoeBS. 




Fig. 4- 
If theu a UiDgent cylinder be drawn to the surface of wave-slowness of 
the second medium with its generating lines perpendicular to the interface 
of the media this cylinder will cut the surface of wave-slowneas of the first 
medium in a curve, that will be the director curve of a cone having its 
vertex at the centre of the surfaces, the generating lines of which are the 
normals to the waves that are at the limit of total reflection at the inter&ce 
of the media. Since the equation (3) has equal roots when the angle of 
incidence is the critical angle, the equation to the cone, obtained by equating 
the discrimioant of (3) to zero, is 

(afi,i — 4a,a, + 3a,*)' - 27 {a,fi^, + 2a,a,a, — a^ - a^a,' - a,*)" = 0. . .(4), 
in which sint and the quantities defining the plane of incidence are the 
variables*. 

6. It follows from the above investigations that we can find the directions 
of the reflected and refracted waves, due to the incidence of a plane wave on 
the interface of two homogeneous media, when the surfaces of wave-slowness, 
or which comes to the same thing the surfaces of wave-quickness, of the media 
are known. One of the chief methods of experimentally determining the 
form of these surfaces for any substance is by measures made with prisms, 
and we will now consider the case of a doubly refracting prism placed in a 
less refracting isotropic medium, in which the constant propagational speed 
of light is a. 

With any point of the edge of the prism as centre, describe a sphere 
* LiabiMfa, toe. ciL 
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with radius l/H, and the surfiEtce of wave-slowness of the prism : produce the 
incident wave-normal to meet the sphere in N and through N draw a line 
perpendicular to the face of entry of the prism OA^ meeting the surfisu^ of 
wave-slowness in the points M and P on the same side of OA as the point 




A 
Fig. 6. 

Ni finally through M and P draw perpendiculars to the fSE^ce of emergence 
OB meeting the sphere in the points N' and N" respectively on the same 
side of OB as the points M and P. Then OM and OP are the refracted, ON' 
and ON" the emergent wave-normals. 

We will first suppose that the incident wave is parallel to the edge of the 
prism. Let 

A be the angle of the prism, D the deviation of either of the waves, 
t, %' the angles of incidence and emergence, 

r, / the angles that the refracted wave makes with the faces of the 
prism, 

'^ the angle that the reft-acted wave-normal OM makes with the plane 
bisecting its angle. 

Then if the figure represent the normal section of the prism, and l/a> be the 
length of OM or the slowness in that direction, we obtain at once 

siDis(n/<u)sinr (5), 

8int' = (n/o.)8mr' (6), 

r + r' = il (7), 

t + t' = ^+D (8), 

and ■^ + il/2 = 7r/2 + r, yfr-A/2-mJ2-r' 

or 2y^-ir + r-r' (9). 
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From these equations we may eliminate r and r\ angles that we are 
unable to measure, and one of the angles D, i or t" and thus obtain ^ and a> 
in terms of A and two other measurable angles. 

First we have sin i ± sin %' = (ft/o)) (sin r ± sin r') 



or 



sm — =— cos —^r- 



ft . T'{'r' r -t' 
-sin ^- cos -2- 



• / 



t + t - I — t ft T^rT . T — r^ 
cos ^ sm —ft— = — cos — s — 8111 — s— 
2 2 6> 2 2 



(10), 



and eliminating ft/a> between these equations 



cot — ;r— tan ^ = cot — ;;— tau 



whence 



2 
A^-B' 



tan -^ = — cot -^ cot It ^ — 1 



tan 



2 ' 
il + D 



2 / — 2 

Again eliminating (i — i')/2 between the equations (10), we find 



.(11). 



cos* 



r + / 



_ 
ft« 



2 . ,r-/ 
?7 sm* — s — ^' 



sm' 



r+y 



2 



y— 7«' 



COS' 



t +t 



sm 



,t-M 



?7C0S' 



= C^cos''^ + S^sin*-^ 



(12), 



cos 



A + D 



sin 



A + D 



where 



C= 



A 
cos -2 



S = 



srn-g 



(13). 



Thus by means of equations (11) and (12), it is possible to determine 
from measured quantities the points of the section of the surSetce of wave- 
quickness made by the normal section of the prism*. 

It follows from (12) that the trace of the refracted wave on the normal 
section of the prism touches the ellipse 

where the axes of x and y are taken along the internal and external bisectors 
of the angle between the lines OA and OB. With a given prism, the form 
of the ellipse depends upon the single parameter D and thus changes for each 
angle of incidence : but writing the equation in the form 

(a?/cos« ^ - fl«) + (j^/sin« ^ - ft«) tan« ^^-^ 

we see that it is satisfied identically by a? = ± ft cos (A/2\ y = ± ft sin (A/2), 
and thus all the ellipses pass through the points in which the circle 

aj«-hy» = ft» 
intersects the lines OA, OB, 



* Stokes, B. A. Report (1862), p. 272. 
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In the case of minimum deviation dD = 0, and the ellipse is unchanged 
by an infinitesimal variation in the angle of incidence. Moreover in this 
case the ellipse touches what may be called, for shortness, the line of the 
wave, that is, the line in which the normal section of the prism cuts a 
tangent cylinder to the wave-surface with its generating lines parallel to the 
edge of the prism. For in the case of a wave that undergoes minimum 
deviation, its intersection with a consecutive wave passes through a point on 
the ellipse, and the intersection of these two consecutive tangent planes to 
the wave-surface also passes through a point on the line of the wave : hence 
since the trace of the wave touches both the ellipse and the line of the wave, 
these two curves are tangents to one another and to the trace of the refracted 
wave. Thus in the case of minimum deviation, the ellipse ((7~*, S~*) is a 
tangent to the refiucted wave at the same point as the line of the wave, so 
that it has all the properties of this line and defines the wave-velocity and 
the projection of the refracted ray on the normal section of the prism. Hence 
the consideration of a complex line of the wave is replaced by that of an 
ellipse symmetrically placed with respect to the faces of the prism, with axes 
that are simple functions of the angle of the prism and of the deviation*. 

7. Turning now to the refraction of plane waves that are not parallel to 
the edge of the prism, it is clear in the first place that the incident and 
emergent waves are inclined at the same angle x ^ ^^^ edge. This follows 
at once from the construction given above, for the points N, N\ N" lie in 
a plane perpendicular to the edge, and therefore since ON^ 0N\ ON" are all 
equal, these lines make equal angles with the edge. 

Secondly the law of sines applies to the traces of the waves on the normal 
section of the prism, provided that we take for the refractive index, not the 
true value n = fi/iu, but the value m defined by 



m = Vn* -h (n* — 1 ) tan' x- 

For if OM make an angle ^ ^^^ the normal section, we have, since M 
and N are at the same distance from it, 

01fsinx'= Oi\r sin X, •'• sinx = wsinx (14). 

Also if M and N be projected on the normal section in the points /i and i/, 

a.^Q^co83^^^coex:^^ ^ (15). 

Ov ON coax «»X . 
Let AOB (fig. 6) be the normal section of the prism: describe a sphere 
round as centre and through draw lines parallel respectively to the 
normals to the fSsu^es of the prism and to the incident, refracted and emergent 
waves to meet the sphere in the points N^, N^, Si, S, S^, 

Let the internal and external bisectors of the angle AOB and the edge 

* Coma, Ann, de VieoU norm. (2) m. 1 (1S74). 
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of the prism cut the sphere in the points ^, *}, ^ and draw the great circles 
^Si, ^S, ^8t to cut the great circle ^ in the points <r,, tr, trj. 




Pig. 6. 

Then if Z) be the deviation iSiiS, and D, the deviation aiir, of the projec- 
liona of the w&ve-nornmls on the normal section of the pnem, we have from 
the triangle f^^S,. in which 0^ = ^8, = -n-jZ -xaad the ajigle S^^S^jb D„ 
cofl -D = sin' X + <^os* X "^"^ ^' 



. D .A 

sm-^ =coa;^Bm -^ 



..(16), 



SO that the minimum value of i? corresponds to the minimum value of i),. 
Let S,Jr,-t, SJf^ = i'. SN, = r. SN^ = r'. 

then D depends upon the lateral deviation ^8 and the longitudinal deviation 
OX; but 

sin ^ = ain X sin 6 = sin X' sin ff, 

hence if the lateral deviation be zero, oi 9 = 6', we have 
sin X = sin X' or X' = 180° — X ; 
that is the aro 8xSt is bisected by the great circle ijt^ and by symmetry the 
point iS is on this great circle. 

Let Jfiff, = %, Nfit = *,'. ^x*^ ™ '"o. ■JV**'' = ^*y f «'■ = +. 
then cos » = cos 1, cos X. «« i' = cos i^' coax ( 

COB r = cos ro cos x', cos r* = cos r,' cos ■)( ' 



..(17), 
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and since the projections of the wave-normals on the normal section of the 
prism obey the sine law with refractive index m, we have from (11) and (12) 

tan -^ = — cot -^ cot (i© r^ — jtan — ^ — (18), 

and C.-^cos«^ + So-^8in«V^ = m-^=^'^^=^!^ (19). 

It follows then that if we measure A, D, y x ^^ ^^^ determine i)«, i^, ^, x, 
» in succession front (16), (17), (18), (19), (14) and hence find the direction 
and the propagational speed of the wave within the prism. 

8. Let us take the normal section of the prism as the plane of xy, the 
internal and external bisectors of the angle between the traces of the fisures 
on this plane being the axes of x and y respectively, and the positive 
quadrant containing the trace of the face of emergence. Then if {, m, n be 
the direction-cosines of the wave-normal, the equation of the refiucted wave 
at unit time after passing through the origin is 

Ix -\- my +nz==a> 

or fa?-hi7y-l-ff: = l, 

where (, 17, ^ are the coordinates of the point M (fig. 5). 

Now ^^einx/^ ai^d since the lines MN and MN' are perpendicular 
respectively to the £aces of entry and emergence, 

A A 

— f cos -^ -h 17 sin -g = ON cos x sin i, = cos x sin v/^» 

A A 

f cos -g -f i;sin -^ =0JVcos;^8intV = cosx8ini,7^» 

whence 

A A 

cos X (sin t,' — sin to) sin -^ cos % (sin i^' + sin i«) cos -^ 

^^ Asinil ' '^^ ITSmA ' 

and the equation of the refiucted wave becomes 

. A , . . . A , , . , 

sin -^ (sin i,' — sin to) x -f cos -^ (sin t©' + sin io) y + tan ;^ sin il ^ 

-flsecxsinil = (20). 

K now X, y, z be the coordinates of the point in which this wave touches 
the wave-sm&ce, they must satisfy equation (20) and that derived from it 
by giving infinitesimal variations to the angles to, %i and %. Thus in the 
special case of a wave parallel to the edge of the prism we have, dropping 
the suffixes as no longer needed, 

. A . , A 

sin -5^(sin t' — 8int)«-f cos-^ (sint' + sint')y — flsin4 =sO...(21) 



CHAPTER 11. 

ANALYTICAL EXPRESSION FOR A TRAIN OF PLANE WAVES 

9. The analytical expression for a train of plane waves in an homo- 
geneous transparent and isotropic medium is obtained by stating that the 
disturbance at a distance r from a fixed plane parallel to the wave-fronts at 
a time t is the same as that at a distance r + a>^ at the time t -f t\ where m 
is the propagational speed of the waves. It is hence given by one or more 
functions of the argument (ot — r, since such functions alone have the special 
property of remaining unchanged in value when t + tf is written for t and 
r 4- o^t' for r. 

In the case however of an infinite train of plane waves of monochromatic 
light, it is possible to assign to these functions a more precise form, which 
may be deduced from the experimental fact that the state of things occurring 
at any instant in a given plane parallel to the wave-fronts is at the same 
instant exactly reproduced at certain definite intervals along the train of 
waves; from this it follows that the functions representing the train must 
be periodic with respect to r and hence also with respect to ^. 

This fact, which was first inferred by Newton, is shown very simply by 
the following experiment due to Michelson*, from which important deduc- 
tions will be made later. 

light from a vacuum tube is analysed by prisms forming a spectrum 
from which any required radiation may be separated by passing through 
a slit 8. The light from this slit is rendered approximately parallel by 
a collimating lens and then falls on a transparent film of silver on the 
surface of a thick parallel plate Oi, Here it divides, part being transmitted 
to a plane mirror M^ and part being reflected to a mirror M2. These mirrors 
return the light to the silvered surface, where the first part is reflected and 
the second is transmitted, so that both parts coincide and are received in a 
telescope T. A second plate &„ of the same thickness as Oi and pcurallel to 
it, is introduced to equalise the optical paths of the two streams. Now if the 
one mirror be parallel to the image of the other in the silvered surfetce and 

* Miohelson, Phil. Mag, (5) xm. 236 (1SS2). 



8] Determination of the Hay 16 

It follows then that the image, seen through the prism, of the slit of a 
collimator placed parallel to the edge, will be turned through an angle ^/ 
given by 

(A A\ 
a?8in -^ +y cos -^jcosi'tan^o' + ^sinil =0 (24), 

and in order that the image may be parallel to the edge, the slit must be 
turned through an angle ^«, where 

(A A\ 
a? sin -^ — ycos -r) costtan^o + ^sinil =0 (25); 

and if these angles be measured, the coordinates x, y, z may be determined 
from (24) and (25) together with the equation of the wave, which may be 
written 






C8in-2--«-Scos-^y + fl = (26), 

where C, 8 have the meanings given above. 

In the case of minimum deviation, dD ^ di + dx = 0, and we obtain by 
differentiating (26) 



• 'i 



C/ COS —^ — a? + o sm — ^ y == 0, 

and from this equation and (26) we find 

« = -CHi8in*-^, y = S-icos^ (27), 

and then equations (24) and (25) give 

z ~ cosec (t + %') cos X cos i' tan ^o 
= — co8ec(t + t') cost cost" tan ^' (28). 

Thus from equations (24), (25), (26) or in the simpler case of minimum 
deviation from (27) and (28) we can determine the ray corresponding to a 
wave within the prism that is parallel to its edge*. 

* Coma, loc. ciU 
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the telescope be focussed on infinity, there will be seen a series of concentric 
bright and dark rings, and on moving one mirror parallel to itself, so as to 
alter the distance traversed by one of the streams, the rings move in towards 
or out from the centre, which becomes alternately bright and dark, a given 




shift of the mirror always producing the same number of alternations. But 
in the case of the light that forms the centre of the pattern, it is clear that 
the motion of the mirror alters the path of one of the streams by an amount 
equal to twice the shift ; and it thus follows that a given phenomenon is 
reproduced when the path of one of the streams is altered by any niultiple of 
a given constant length X and that the train of waves is periodic with respect 
to this length. 

Hence the functions representing the train may be expanded in series of 
the form 



00 



2^ 

1 



m 



cos 



jn ^ (ft)t - r) - an| (1), 



and since on repeating the above experiment with light from a different part 
of the spectrum, a result is obtained in all respects the same with the 
exception of the value that is to be assigned to X, it follows that this 
quantity is characteristic of the colour of the light, and as (1) is an aggregate 
of terms in which the values of X are different, we are led to retain only the 
first term of the series in the case of a train of waves of strictly mono- 
chromatic light. 

Monochromatic light is thus said to consist in simple harmonic vibrations, 
of whatever nature these may be, the period of which is t = X/©, where X is 
the wave-length of the train of waves and to is their propagational speed. 

w. 2 
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10. It is found however that as the motion of the mirror in Michelson s 
experiment is gradually increased, the distinctness of the system of rings 
varies, which would not be the case if the streams were of the simple 
harmonic type assumed above. It is thus necessary to suppose that in any 
actual case the light is not absolutely monochromatic and that the stream 
must be represented by a series of simple harmonic terms of periods that 
differ only very slightly from one another. It will be shown later how 
Michelson has been able to deduce the terms of this series in the case of 
light from different simple sources by means of determinations of the 
visibility of the system of rings. 

A consideration of the state of things occurring in a luminous source, 
even of the simplest character, also leads to the result that the light emitted 
cannot be absolutely monochromatic*. 

In the first place there is gradual loss of energy from communication 
to the etherf: thus, supposing that the vibration rises from zero to a 
maximum and then decreases again to zero, Fourier's theorem gives 



e-**'' cos 



nt= - \ cos at, da I er'^cosnxcosax.dx 
^ Jo Jo 

/■*> / tt--n \2 /a+ny 



2k ^ir 



and the second member represents an aggregate of trains of waves, each 
individual train being absolutely monochromatic. If the variation of the 
amplitude be slow, k is small compared with n and the second exponential 
may be neglected while the first is only sensible when a is very nearly 
equal to n. 

In the next place there is departure from regularity due to abrupt 
changes of phase and amplitude. To illustrate this let us suppose that the 
vibrations in the source are given by 

-i/r (t) = ± sin 27re/T, 

wherein the positive sign applies from to mTt 2mT to Smr, ..., and the 
negative sign from mr to 2mT, Smr to 4mT, .... Then since Fourier's 
theorem gives 

mT.-armssI sin — j?.a2r + 2zcos — t\ sm — jj.cos — z,dz 
Jo T 1 WIT Jo T mr 

5 T 1 — cos nir mr ^ 

1 TT 1 — n7(4m*) mr 

« 

• Lord Rayleigh, Phil. Mag. (6) xxxiv. 407 (1892) ; xxvn. 298 (1889). 

t Jaumann, Wied. Ann, liii. 882 (1894) ; uv. 178 (1895). Galitzin, ibid. lyi. 78 (1895). 
Lommel, ibid. lvi. 741 (1895). mohelBon, Attrophy$. J. u. 251 (1895). 
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the light will consist of an aggregate of trains of waves given by 

•:. 2 riTT , 

cos — t, 



mir {1 — n^l(4tvi^)] mr 

the summation extending to all odd values 1, 3, 5, ... of n. 

When n is nearly equal to 2m, the terms of this series become relatively 
very great, the most important being 

27r /, . 1 \ . 27r /, 3 



cos 



i'^L)'' -v('±i)'' 



the train of waves with period t not occurring at all. 

Again there is the motion of the molecules as wholes to be considered, 
and the effect of this is twofold 

Firstly by Doppler's principle if f be the component of the velocity of a 
molecule in the direction of the line of sight and a> be the velocity of light, 
the natural wave-frequency N is changed by the motion into n, where 

w = JV (© + f )/ft). 

Now the number of molecules, for which the component velocity in the line 
of sight lies between f and f + df , is proportional to exp {— /8p} df ; hence 
what would be a mathematical line is dilated in the spectrum into a band 
and the intensity of the part of the band corresponding to frequencies 
between n and n + dn will be proportional to 

or at a distance x from the centre in a spectrum formed on a scale of wave- 
firequencies to exp(— cu^)*. 

Secondly there is the motion of rotation to be considered. The effect of 
this will depend upon the law of radiation in various directions from a 
stationary molecule, but in any case it will in general cause the amplitude 
of the vibration emitted in a given direction to be a periodic function of the 
time, whence it follows that the light so radiated ceases to be monochromatic. 

In the case in which the luminous source is a narrow band isolated from 
a spectrum, other considerations lead to the same result, and it will be shown 
in dealing with diffraction that the finiteness of the wave-length of light 
imposes a limit on the resolving power of a spectroscope and causes at each 
point of a spectrum a superposition of light of slightly different wave- 
lengths f. 

• Ebert, WUd. Ann, xxxiv. 39 (1S88); xxxvi. 466 (1889). 

t The nature of white light and the origin of the periodicity introduced by dispersion into its 
constituents has been discussed by: Gouy, J. de Phyt, (2) v. 854 (1886); Ann. de Ch. et de Phyt. 
(6) xn. 262 (1889); C. R. czz. 915 (1895); cxxx. 241, 560 (1900). Schuster, Phil. Mag, (5) 
zxzTn. 509 (1894); C. R, cxx. 987 (1895). Poincar^, C. R. cxx. 757 (1895). Larmor. jEther 
and Matter, 239—251 (1900). Car^aUo, C. R, cxxx. 79, ISO, 401 (1900) ; J. de Phyi, (3) ix. 138 
(1900). Fabry, C. R. cxxx. 238 (1900). Corbino, C. R. cxxxiii. 402 (1901). Godfrey, Phil 
Tram. cxcv. A. 329 (1901). Planck, Drude't Ann. vn. 390 (1902). 

2—2 
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It thus follows that in any actual case a stream of light is complex in 
quality; but it is convenient in considering optical phenomena to assume 
that the light is monochromatic, and then to determine when necessary the 
modifications that are introduced by its departure from this simple character. 

11. If two streams of light, coming initially from the same source, are 
made to cross one another at a small angle, interference phenomena may be 
observed in the region common to the two streams and at certain points the 
illumination is greater and at others it is less than that due to either of the 
beams alone. Beyond the region of crossing, however, each of the streams is 
found to have the same characteristics as if it alone existed, and we must 
therefore infer that the result of the superposition of two streams is merely a 
superposition of their effects without any permanent modification of the 
streams themselves. This being so, it must be possible so to choose the 
analytical expressions ^> %> V^* ••• characterising a stream of light, that the 
result of the superposition of several streams is expressed by the sum of the 
corresponding functions ^n> Xn> ^n^ • • characteristic of the constituent streams, 
so that we have 

These equations are the analytical expressions of the principle of inter- 
ference*. 

12. The next step in the analytical specification of a train of plane 
waves of monochromatic light is afforded by the phenomenon of polarisation, 
discovered by Huygens in 1678 during the course of experiments on the 
double refraction in Iceland spar and published by him in 1690 in a book 

. entitled " Traits de la Lumifere." 

Iceland spar, a crystal of calcium carbonate, cleaves very readily in three 
definite directions, so that a block may be obtained by cleavage in the 
form of a rhombohedron : the three obtuse angles of such a rhombohedron 
are all equal and are so turned that two opposite solid angles are contained 
by equal obtuse angles, while each of the remaining six is contained by one 
obtuse and two acute angles. A direction equally inclined to the three 
edges that meet in one of the obtuse solid angles is called the axis of the 
crystal, and a plane through the axis perpendicular to a face of the rhomb is 
called the principal plane of that face. 

Now it is found that when a cylindrical stream of light, coming directly 
from a luminous source, falls normally upon a rhomb of Iceland spar, it is 
subdivided into two refiracted streams : the one, called the ordinary stream, 
traverses the crystal without deviation ; the other passes obliquely through 
the rhomb with its axis in the principal plane of the face of entry and 
emerges parallel to the first, fix)m which it will be entirely distinct provided 

♦ Voigt, Komp. der Theor, Pkyt. n. p. 631. 
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the diameter of the iDcident stream does not exceed about one-tenth of the 
length of the rhomb. These two streams have practically the same intensity, 
and the phenomenon is unaltered by a rotation of the rhomb about an axis 
normal to its end faces. 

The case is however different if either of these emergent streams be 
transmitted through a second rhomb with its end faces parallel to those of 
the first : for then the relative brightness of the two streams, into which it 
is in general divided, depends upon the orientation of the second rhomb, and 
in certain cases one of these streams entirely vanishes. Thus the ordinary 
stream emergent from the first rhomb gives rise to an ordinary stream alone, 
when the principal planes of the faces of entry of the two rhombs are 
parallel, and to an extraordinary stream alone when these planes are at right 
angles ; while the reverse is the case with the extraordinary stream of the 
first rhomb. 

Hence while a stream of light coming directly from a luminous source 
exhibits properties that are alike on all sides of its direction of propagation, 
in the streams emergent from a rhomb of spar different directions round their 
axes are no longer of equal value. The streams may in fact be said to have 
acquired sides or to be polarised. The sides of the stream must in some way 
be connected with fixed planes in the rhomb and considerations of symmetry 
lead to their being referred to the principal plane of the face of entry or to 
the plane perpendicular to it. Either of these planes might be selected, but 
it is assumed that the ordinary stream has its sides or is polarised in the 
principal plane, and that the extraordinary stream is polarised in the perpen- 
dicular plane. 

13. Before leaving this fundamental experiment of polarisation, a further 
point may be mentioned, that will prove of use subsequently. The direction 
of the axis of the extraordinary stream in the first rhomb is clearly indepen- 
dent of the diameter of the incident beam, so that the axes of the emergent 
pencils will be at a distance apart dependent only upon the length of the 
rhomb. It is then possible by increasing the diameter of the streams to make 
their perimeters intersect, giving rise to a complex stream in which three 
parts may be distinguished. The two outer parts are due to the streams 
ordinarily and extraordinarily refracted respectively and have equal inten- 
sities : the central part is formed by the superposition of these two streams 
and has twice the intensity of the two outer parts. 

Now if this central part be examined with a second rhomb, it is found to 
exhibit no traces of polarisation and to behave exactly like common light. 
Thus a stream of common light has the same properties as that which results 
firom the superposition of the two equally intense streams polarised at right- 
angles, into which a rhomb of Iceland spar divides a beam of common light 
incident upon it. Further, since the two streams traverse the rhomb with 
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different speeds, they will on emergence have a relative retardation depen- 
dent upon the length of the rhomb. Hence common light may be regarded 
as equivalent to the stream resulting from the superposition of two streams 
of equal intensity polarised at right-angles, whatever may be the retardation 
of the one stream with respect to the other. 

14. In order to express the phenomenon of polarisation analytically, it 
becomes necessary to assume that a train of plane waves of polarised light 
may be represented at any instant by a vector d, the rectangular components 
of which may be written 

u = Acos ]-r-(a)t — r) — ak i; = 5cos <-:^ ((ot — r) — br , 



w = C cos |— {(ot —r) — c>. 



From these equations it follows that this vector alwa}rs lies in the plane 

-J 8m(6 — c) + -^sm(c — a)4- ^sm(a — 6) = 0, 

and that its extremity in general describes an ellipse, the projections of 
which on the coordinate planes are given by 

and two similar equationa 

If the plane of a?y be parallel to the plane of the elliptic path of the 
extremity of the vector, (7 = 0, and the angle 6 that the axes of the ellipse 
make with the coordinate axes is given by 

tan 25 = "7^ — 55 cos (a — 6) = tan 2a- . cos (a — 6), 

where tan c = B\A^ and if tan yS be the ratio of the axes of the ellipse, 

sin 2/9 = sin 2a- . sin (a — 6). 
Now 

- rr — cos (a — 6) — -J sin (a — 6) tan \— (wt - T)'-a 

gives the tangent of the angle that the vector d makes with the axis of x at 

any time i. As the time increases, tan \ - {tat — r^^a- increases, and hence 

the vector moves from left to right or from right to left on the upper part 
of its path, according as (B/J.)sin(a — 6) or il5sin(a — 6) is positive or 
negative : in the first case the motion is said to be right-handed and in the 
second left-handed. Thus A and B having the same signs, the motion is 
right-handed when a — 6 is between and ir or between — it and — 27r, and 
left-handed if this angle lie between ir and 27r or between and — tt. 
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15. It has been mentioned that the phenomenon of interference is to be 
ascribed to a superposition of the effects of different trains of waves without 
any modification of the waves themselvea From this it follows that the 
differential equations of the polarisation-vector d are linear, and this leads to 
a symbolical representation of the vector, that is often useful. 

Since 2 cos ^ = 6^ -l- e~**, and each exponential repeats itself on differentia- 
tion, all the terms in any one equation can be arranged in two groups, one 
containing e^ as a factor and the other containing e~*^ as a factor : these two 
groups will be independent and each will satisfy the differential equations. 
Hence we may introduce one exponential alone, and then writing the result 
of our calculations in the form P-f aQ, we have only to throw away the 
imaginary part or else to reject the real part and omit the t, since the system 
of quantities P and the system Q must separately satisfy the conditions of 
the problem. 

Thus when convenient the components of the polarisation-vector may be 
represented by the symbolical expressions 

2r 2r iw 

u = Ae^ , v== Be ^ , w = Ce ^ , 

the bars (— ) placed over the letters A, B, C denoting that they may be 
complex. Let 

then the actual components of the vector are 

ti = il cos ] — (©^ — r) — al = il' cos — (ft)t — r) + il" sin — (tot — r), 

« = fi cos ]-^ («^ — r) — 6 1 = J?' cos _^ (ft)< — r) -h -B" sin y" ^^^ ~ **)' 



w 



= Ccos|^(a>t--r)-cUc'cos^(a>t-r) + C''sin^(a)«--r), 



and we may remark, what will be of use later, that if A\ ff, C be the 
expressions conjugate to A, B, C, 

A^JJTT, b^^/b.b\ c^Jd7W\ 

lJ-1' , , l5-5' ^ 10-0' 

tana = = — =-, tan6 = = — =-, tanc = — ^ — =-,. 

.A-^A' iB-^-B' lC^C 

Clearly ± A\ ±R,±C' and ± -4", ± 5", ± 0" are the components of the 
polarisation -vector d, at the times for which 

27r (q)^ - r)/X = Att and (2A+l)7r/2 

respectively, where fe is an Integer. Determining the condition that d has 
then a maximum or a minimum value, we obtain 

il'.^"+5'.5"-hO'.O" = 0, 
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whence A^ -{- B^ -{-C^ is real, and this condition can always be satisfied by a 
proper choice of the origin of time. When this is so chosen, 

and similar expressions with doubly-accented letters give the semi-axes d\ d" 
of the elliptic path of the extremity of the polarisation-vector and their 
direction-cosines. 

16. Before proceeding to a precise localisation of the polarisation-vector, 
it is necessary to obtain a measure of the intensity of a train of plane waves 
of light ; and though this is scarcely possible, until some theory is formulated 
respecting the nature of the polarisation-vector, the following considerations 
lead to an estimate of the intensity, that is sufficient as a working hypothesis*. 

Since the phenomena that are associated with a stream of light indicate 
that it is energy that is propagated by the waves, and since moreover the 
intensity of light from a given source varies inversely as the square of the 
distance fix>m the source — the same law as obtains in the case of the rate at 
which energy is propagated across a given area perpendicular to the direction 
of flow — it is natural to measure the intensity of the stream by this quantity. 
It is thus necessary to express the energy in terms of the polarisation-vector, 
and this can only be done when the nature of the vector is itself determined. 
Since however energy is a scalar quantity, it must be expressed by an even 
power of the vector and this for present purposes may be taken as the second, 
for the variation of energy must be the same in sign as that of (2*, and if d^ 
vanishes, so must the energy. 

But light to be perceived must act for a finite period on the retina, and it 
is impossible to follow the rapid variations of the polarisation-vector during 
its vibrations. The intensity may thus be taken as measured by the mean 
value of the square of the vector for the time T required for light to affect 
the eye, and on account of the rapidity of the vibrations, T may be taken as 
an integral multiple of the period. Hence with monochromatic light 

nrjo 
If the light be not monochromatic, 

u = 2ilnC0sj^(a)«-r)-an[, v = 2JB„cos |-^(«e-r)-6„k 

w = 2(7n cos -I — (a)t — r) — c^L 

and since T is very great compared with Tn, the terms in the expression for / 
that arise from the product of different cosines are vanishingly small and may 
be neglected : whence 

/=2(4„' + 5„» + C„«). 

* Voigt, loe. eU. pp. 524, 629, 637. 
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and the intensity is the sum of the intensities of the different monochromatic 
constituents — a result that depends upon the mean value of the square of the 
polarisation-vector being taken as the measure of the intensity. 

17. In 1816 Fresnel and Arago, in consequence of a discovery made by 
the latter, were led to investigate the conditions of the interference of 
polarised light. Postponing for the present any consideration of their experi- 
ments, it suffices for the completion of the specification of the polarisation- 
vector for a train of waves of monochromatic light to mention, that among 
other results they found that two polarised streams coming from the same 
stream, whether polarised or natural, are capable of interfering perfectlyt 
when the polarisations are the same; that they do not interfere at all, if 
polarised in perpendicular planes; and that in intermediate cases, they 
interfere in intermediate degrees. 

In order to determine the analytical significance of this result, we must 
investigate the conditions of the interference of two polarised streams, and 
for this purpose there is no occasion to consider the manner, in which they 
are related to the original stream, but it is sufficient to start with the 
component streams themselves*. 

Taking the direction of propagation as the axis of z, let 0i and SO"" + ^i be 
the azimuths of the axes of the ellipse that is the projection on the plane of 
the waves of the path of the extremity of the polarisation-vector, azimuths 
being measured round z from xU> y, and let tan fii be the ratio of the axes of 
this ellipse, fii lying numerically between O'' and 90^ Then if u^ and Vi be 
measured along the axes of this ellipse, the components of the polarisation- 
vector of the first stream may be represented by 

Vi = - tci sin )8,e<^+«»>' = - iB,^^-^^>\ 

where T is written for shortness in place of 27r (tot — z)/\ and )8, is positive or 
negative according as the projection of the path on the plane of a:y is 
described in a left- or a right-handed direction. 

Let Us, Cs, ... be for the second stream what Ui, Ci, ... are for the first, and 
let pi, ^ be the retardations of phase that occur before the recomposition of 
the streams : then resolving all the components along the axes of x, y and z, 
and writing S = a, — p, — aj + pi, 

ti = (il, cos tf, + tA sin ^0 ^^^**"''*^' + Mf cos tf, 4- tJ5, sin tf.) ^^+«t-^* 

= {(ill cos ^1 4- A^ cos 0^^) -h I (B, sin 0, -h JB, sin tf.e**)} e^^+*» ■'*'^*, 
V = {(ill sin 01 + A^ sin 0^€^) - 1 (B, cos 0^ + 5, cos 0^(^)} e<^+*>-'»»>S 

• Stokes, Camb. Phil, Tram. ix. Part 3, 399 (1852). 



26 The Analytical Theory of Light [ch. ii 

and the intensity is given by 

/ = {(^, cos 0y + ila cos O^e^') + * (5i sin 6^ + B^ sin ^,e*0} 

X {(ill cos ^1 + ^, cos d^e-^') - i (5, sin 0^ + B^ sin 5,e-^01 
+ {(ill sin 6^ + ilj sin d,e**) - i (A cos 6^ + £« cos 0^^)] 

X {(ill sin ^1 4- Ai sin ^,e"**) + 1 (Bi cos ^i 4- B^ cos ^,e"**)l 
+ (iiCi + Av^<*+'f»>0 (fciCi + fcaC2C-<*+*«-*>>0 

= ill' + ila' + JSi* + J5,« 4- fciV + *jV + 2 (iliilj + 5, J5a) cos (tf, - ^i) COS S 

- 2 (iliA + iljBi) sin (5, - ^i) sin S 4- 2k^k^Ci cos (S 4- €« - Cj) 
= Ci»(l+A;i«)4-c,»(l+A:,») 

4- 2ciCa {cos (iSa — )8i) COS (0^ — ^i) COS S — sin (/8, 4- A) sin (5, — ^i) sin S 

4- A^ifej cos (S 4- €2 — ei)j. 

Now if there be no interference, the intensity must be independent of the 
relative retardation of phase p^ — pi, and we must have 

cos (132 — A) cos (^2 — ^1) 4- kikf cos (e, — €1) = 0, 

and sin (IS^ 4- )8,) sin (tf, — ^i) 4- 4,^2 sin (e, — c,) = 0, 

which conditions may be satisfied in an infinite number of ways, all of which 
appear equally admissible, unless recourse be had to other considerations. 

There is however a case that leads to a definite conclusion ; for it is found 
that there is no interference, when the two streams are both, say, the ordinary 
streams emergent from two rhombs of Iceland spar so placed that the planes 
of polarisation are at right-angles. In this case the one component stream is, 
so far as relates to its polarisation, what the other stream becomes on being 
turned about its axis through a right-angle. Writing then 

52-«l = 90^ )8, = A, A:, = Ax, €2 = 61, 

the above conditions become 

Jfci« = 0, sin 2)8i = ; 

that is, the polarisation-vector has no component in the direction of propaga- 
tion of the stream and its vibrations are rectilinear. 

Now the streams emergent from a rhomb of Iceland spar are said to be 
plane polarised, and thus in a stream of plane polarised light the polarisation- 
vector is transverse to the direction of propagation and its vibrations are 
rectilinear*. By symmetry these vibrations must be either in or perpen- 
dicular to the plane of polarisation : in what follows we shall assume that the 
latter is the case. 

* Fresnel, MSm. de VAcad, des Se, vu. 56 (1S21) ; CEuvret campUUs, n. 490. Yerdet, Ann. de 
Ch, et de Phy$. (3) xzxi. 877 (1851); (Euvres, i. 73. 
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If a stream of plane polarised light be resolved into two streams, polarised 
at right-angles to one another, and these be recompounded after one has 
been retarded relatively to the other, the polarisation-vector of the resultant 
stream will have for its components 

f27r ) . f27r ) 

u^A cos cos -j — {{ot — z)-\-a>, v = il sin 5 cos • — (wt — 2:) + a — S j- , 

where and 90^ — are the angles that the plane of polarisation of the 
original stream makes with the planes of polarisation of the components. 
The vibrations of the polarisation- vector of the resultant stream are thus 
represented by an ellipse lying in the plane of the waves, and the light is 
said to be elliptically polarised. 

In the particular case in which ^ = 45'" and the relative retardation of 
phase is ±(2n4 l)7r/2, the vibrations are circular and the light is said to be 
circularly polarised. 

18. Returning to the general conditions that express that there is no 
interference between polarised streams, and writing Aj = fc, = 0, we obtain 

cos (A - A) cos (tf, - 0;) = 0, sin (/S, -h /8,) sin {0^ - 5,) = 0, 
which are satisfied if 

cos(5,-d,)=0 and sin (/S, -h )80 = 0, 
or sin (5,- 5,) = and cos (iS, - iSO = 0, 

or cos()8,-)80 = and sin(/8s+)8i) = 0. 

The first case gives ^, — d, = 9if, /8, = — ^9,. and these results express that the 
ellipses described are similar, their major axes at right-angles and the 
directions in which they are described are contrary. 

The second pair of equations gives ^a— 5, = 0** or 180°, /8j = 90** + )8ii 
which is merely a different manner of expressing the same result. 

From the last pair of equations we have /8, = — /Sj = ± 45'', or the streams 
are circularly polarised in opposite directions — a special case of the former 
result. 

Thus the intensity of the stream made up of the two components is only 
independent of any retardation, that the one has undergone relatively to the 
other before recomposition, when the one component stream is, so far as 
relates to its polarisation, what the other becomes when it is turned through 
an azimuth of 90"^ and has its nature reversed as regards right- and left-hand. 
Streams thus related are said to be oppositely polarised. 

19. On the other hand the interference will be perfect, that is, the 
variations of intensity will be the greatest that the difference of intensity of 
the components admits of, so that if these be equal, the minima are absolutely 
zero, when the coefficient of 2ciC2 has unity as its maximum value. 
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The maximum of P cos 8 — Q sin 8 is VP* + Q*, so that the condition for 
perfect interference is 

COS' (/3, - /30 cos« («, - 0,) + sin« ()8, + A) sin« (tf, - ^i) = 1 

= cos* («a - ^0 4- sin» («, - e^) 

or cos* (^8 - ^,) sin« (/8, - )8i) + si n* (5, - 0^) cos* (/8, + /Sj) = 0. 

This is only satisfied if 

sin* {0^ - «i) = a«d sin* (ft - ft) = 0, 
or cos* (5, - ^i) = and cos* (ft + ft) = 0, 

or sin* (ft- ft) = and cos* (ft + ft) = 

From the first pair of equations we have ft = ft, 0% — 0u that is, the 
streams are identical as regards their polarisation. 

The second case gives ft = 90° -ft, d,— tfl = 90^ expressing the same 
result. 

The third case gives ft = ft = 45'', so that the streams are circularly 
polarised and of the same kind — a particular case of the former result. 

Thus for perfect interference the polarisations of the two streams must be 
identical. 

20. It now becomes necessary to determine the analytical representation 
of a stream of natural or unpolarised light*. 

Experiment gives as the distinguishing characteristic of a stream of 
common light, that it can be resolved into two streams plane polarised in 
perpendicular planes ; that the intensities of these streams are independent 
of the orientation of their planes of polarisation; and that the stream 
resulting fi-om the recomposition of these components has the same property, 
whatever may be their relative retardation. 

Now since this stream compounded of two streams that are plane polarised 
in rectangular planes, behaves in all respects as common light, and since each 
constituent is represented by a vector that is perpendicular to the direction 
of propagation, it follows that it must be possible to obtain an analytical 
representation of a stream of common light, in which no vector with a 
longitudinal component occurs. On the other hand a stream of monochro- 
matic light with a polarisation-vector that is entirely transversal, must be 
polarised, whether elliptically, circularly or plane ; whence it results that a 
stream of common light cannot be absolutely monochromatic. 

Representing then the stream as the superposition of trains of waves of 
monochromatic light, let 

tin = Cn cos ft6»<^«+«^ = ilnC'<''«+^, 

Vn = - ACn sin fte*<^»+^ = - tJ5„e'<''»+**> 

* stokes, loe, eit, Verdet, (Euvret, i. p. 281 ; ^iiti. de VicoU norm. tupSr, n. 291 (1865). 
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be the components of the polarisation-vector for the nth constituent in 
directions making angles On and 90"* + 6^ with the axis of x, where the axis of 
z being in the direction of propagation of the stream T^ = 27r(ci>t — ^)/Xn> &nd 
0n is less than 90'' and positive or negative according as this constituent is 
left- or right-handed. 

Then the stream of common light may be represented by the two plane 
polarised components 

a = 2 (An cos 0n + iBn sin On) e*<^«+«^, 
V^l{AnSin0n- iBn COS 0n) e*<^«+««>. 

Now let the second component stream receive a retardation of phase S 
relatively to the first, and let the stream of common light thus modified be 
resolved into two plane polarised components with their vectors in azimuths 
<f> and 90'' + <f> with respect to the axis of x : then for the first of these 
components the polarisation-vector is 

{7=2 [An (cos 6n cos <f> + sin dn sin <f>e~'^) 

-h iBn (sin ^n cos ^ — cos ^n sin <^~**)} e'<^»+««>, 

and since the intensity is the sum of the intensities of the monochromatic 
constituents 

/^ = 2 (iln* cos* tfn 4- JBn* sin* «n) COS« <^ -h S (iln" 8in« 5n -h J5„« cos* tfn) 8in» «^ 

-h sin ^ COS ^ {22 (il n' — -Bn') sin 6n cos On COS S - 2^AnBn sin S\ 
= i(^ + Q)cos*<^ + i(P-Q)sin*<^-h8in<^cos«^(jBcosS-SsinS), 

where P = 2 (An* + JBnO = 2c„*, 

Q = 2 (iln« - J5n*) cos 2d„ - 2Cn* cos 2/3„ COS 2dn, 

iJ = 2 (-dn" - Bn*) sin 2«n = 2cn« COS 2;8n sin 2dn, 
S = 2iAnBn = 2cn* sin 2/8n. 

But if the group of monochromatic constituents be equivalent to common 
light, I^ must be independent of ^ whatever S may be, and for this to be the 
case, Q, 12, S must separately vanish. 

The eflFect of a change of coordinate axes is to write ^n — X ^^^ ^n 
(n=l, 2, 3, ...): this will leave P and S unaltered, while 

Q becomes 2cn* cos 2/8n cos 2 (^n — x) = Q ^^^ ^X + ^ ^^^ ^X» 

R becomes 2cn' cos 2/8n sin 2 (0n — x) ~ ^ ^^^ ^X "" Q ®^^ ^X- 

Hence the conditions that the group may be equivalent to common light 
are satisfied for any set of axes, if they be so for one set, and it is a matter of 
indifference with respect to what plane of polarisation the retardation S is 
supposed to be introduced. 

The conditions given above are then sufficient, as well as necessary, to 
characterise a stream of common light. 
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21. We may now find the condition that two polarised streams of a 
definite character may be together equivalent to a stream of common light. 

Representing the first stream by the components 

li = cos ^' 2c„ cos ( Tn + ctn), V* = sin ^ ^Cn sin {Tn^-df^ 

in directions making an angle ff with the axes of x and y respectively, and 
employing doubly accented letters to denote quantities that refer to the 
second stream, the stream that results from the superposition of these trains 
of waves is characterised by 

P = SO + ^^'\ 

Q = cos 2)8' cos 2^2cn'=' + cos 2)8" cos 2^'2cn"^ 

iJ - cos 2/3' sin 25' SO + cos 2/8" sin 2^ SO, 

S = sin 2/3'Scn'' + sin 2/9" 2cn"'. 

Writing that the intensities of the two components are as A* : 1, the 
condition that their mixture is equivalent to common light gives 

cos 2/8' cos 20' + k" cos 2/9" cos 25" = 0, cos 2/8' sin 25' + ** cos 2/8" sin 25" = 0, 

8in2/8' + ii:'sin2/9"=0. 

Transferring, squaring and adding, these equations give A:*=l, and since kf^ 
must be positive. A:'= 1. Thus the streams must have equal intensities. 

Since /8' and /8" are supposed not to lie beyond the limits of + 90°, the 
last equation gives 

/8"=-/9' or ./8" = /8' + 90^ 

the upper or lower sign being taken according as /8' is positive or negative. 
Now clearly any solution may be expressed analytically in two ways, in which 
the values of /8 are complementary and the values of 5 diflFer by 90"*, since 
either principal axis of the ellipse characterising the stream may be that for 
which the azimuth is 5. Accordingly the second solution may be rejected as 
being merely a different method of expressing the first, then substituting 
13" =--13' in the first two equations, they give 

cos 25" = - cos 25', sin 25" = - sin 25', 

and hence 5' and 5" diflFer by 90°. The equations are also satisfied by 

/8" = -/8'=±45°, 

which is only a special case of the foregoing. 

Thus common light is equivalent to any two oppositely polarised streams 
of half the intensity, and no two polarised streams can be together equivalent 
to common light, unless they are oppositely polarised and have their intensi- 
ties equal. 

22. Returning now to the case of a stream of light of the most general 
character, it is clear in the first place that the quantities P, Q, R, S are 
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restricted in value and so related that P* can never be less than Q* + ii^ + <S* ; 
for 

= 'I'E.c^'Cn' {sin« (^^ - ySn) cos' {6^ - 6^) + cos« (^^ + ySn) sin^ («^ - ^n)}, 

the summation extending to all values of m and n, and this expression 
is always positive, and only vanishes if 

8in(/8„,-/9n)cos(«^-^„) = and cos ()&„, + )8n) sin (5^ ~ ^n) = 0. 

These conditions, as we have seen (§ 19), express that the polarisations 
of all the monochromatic constituents are identical, so that the stream 
is eliiptically polarised with elliptic constants given by 

tan 2d = RjQ, sin W = iS/P, 

the polarisation being left- or right-handed according as £f is positive or 
negative. 

In general then P* exceeds Q* + i? + iS*, but it is always possible to find a 
positive quantity H, such that 

and consequently the stream may be regarded as compounded of two groups, 
for one of which the constants are H, 0, 0, 0, representing a beam of common 
light, while for the other the constants are P — H,Q,R,S giving a stream of 
eliiptically polarised light with elliptic constants determined from 

tan2d = ii/Q, 8in2)8 = S/(P- J?). 

If £> = 0, the second group is plane polarised, and if Q = 0, it = 0, its polarisa- 
tion is circular. 

A stream of the character just described is said to be partially polarised. 

23. As examples of the above investigation, let us take the following 
cases: 

(1) A polarising prism and a crystalline plate, set so as to give a stream 
of eliiptically polarised light, are made to revolve together uniformly and 
rapidly with regard to the duration of impressions on the retina. 

Let u' = c cos /8e' <»<-«»+«), t; '= - tc sin ^Sc* (»<-««+•} 

represent one of the monochromatic constituents of the stream and the 
azimuth of its first axis at a given time, so that O^fi-^-vL 

The components of this constituent along the axes are 

u=lc cos fi cos {/jL-\- vt) -h 4C sin )8 sin (/A -h vt)] e' (»<-«*+«> 
= ic (cos )8 + sin ^) ^K^+^'X-'^+a+M) 

4- ic (cos i8 - sin )8) ^K«-r)<-«+a-^)^ 
v = - 1 ^c (cos fi -h sin ;8) 6* «»+•'><-«•+«+''> 

4- 1 ic (cos )8 - sin ;8) «•«*-•'><-«'+•-''». 
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If the light be approximately monochromatic, /8 will be practically the same 

for all the constituents, and the stream will be composed of two oppositely 

circularly polarised streams represented by 

tti = i (cos /9 + sin /8) 2(^K«+o<-«^+a+w 
Vi = - li (cos/8 + sin /8) See* «»+">* "«+«+''>, 

and t^ = i (cos fi - sin /8) 2(^ «»-")*-«+»-''>, 

Va = 4 (cos /8 - sin /8) 2:ce*«*-'>^-«+*-''>. 

We thus find P= 2(^, Q = 0, iZ = 0, S = sin 2)82c' and the group is equivalent 
to a stream of common light of intensity (1 + sin 2^) Sc*, together with a 
stream of circularly polarised light of intensity + sin 2/32c' and of the same 
character as regards right- or left-hand, as the original stream would be, if 
the polariser and plate were stationary. The upper or lower sign must be 
taken according as )9 is positive or negative. 

If the plate were set so as to give plane polarised light, we should have 
/3 = and the light would be completely depolarised. 

(2) A plane polarised stream is transmitted through a thin crystalline 
plate, that is made to rotate uniformly and rapidly. 

Let 2S be the relative retardation of phase introduced by the plate, and 6 
the azimuth of the plane of polarisation of the least retarded stream within it 
at any time t^ measured from the primitive plane of polarisation : then the 
emergent stream may b^ represented by the components 

w = 2c (coe« 0e^ -h sin* 0er^) 6*(*<-'^+«) 
= 2c cos &*<**-**+*> -h tjSc sin &*K»+&')<-«+a+v} 

4- i\^ sin Se^K— 2r)<-irz+a-«^}^ 

t; = 2c8indco8d(6^- e"^) 6*(»<-«'+«) 
= i2c sin &*K«+2r)<-«*+a+«^} _ ^-^ si^ S€'««-2'>'-«'+«-H 

polarised respectively in planes parallel and perpendicular to the original 
plane of polarisation. 

Thus the stream is composed of three groups: one polarised in the 
primitive plane and represented by 

tti = 2ccosSe*^*^-'^+«>, 
and two circularly polarised streams of the same intensity 

u, = ti2c sin he K«+2v)«-«*+a+«^}^ v^ = ^2c sin Se* K»+M< -«*+a+2M}, 
u^ = 42c sin &*«»-*'><-*'+«-H v, = - i2c sin Se*{(»-2*')<-«*+a-M. 

It is hence equivalent to a stream of common light of intensity Sc* sin* S, 
combined with a stream plane polarised in the same azimuth as the initial 
stream and of intensity 2c* cos* & 



CHAPTER III. 

INTERFERENCR 

24. We have seen that a train of waves may always be replaced by two 
trains polarised in perpendicular planes, and that the stream is equivalent to 
common light, provided the two component streams have the same intensity 
and no fixed relation exists between their corresponding monochromatic 
constituents. 

In the case of common light, the modifications of the constituents of the 
one component must during the passage of the stream be identical in 
character with those of the corresponding constituent of the other, so long 
as no phenomena of polarisation supervene ; for the characteristic property 
of common light is that all directions transverse to that of propagation are 
of equal value. Hence in considering the phenomena of common light, it is 
sufficient to take into account only one of the polarised trains of waves. 

The phenomenon of interference lies in the forefront of physical optics 
and has already been appealed to for the purposes of illustrating the periodic 
character of a stream of light and of obtaining the form of the functions that 
characterise a train of luminous waves. We must now take up the subject 
in greater detail, in order to explain the appearances that result from the 
interference of streams of light, and to determine the conditions under which 
interference is possible and the limitations to which it is subjected. 

26. When a number of trains of waves of the same simple harmonic 
type are propagated in one direction, the resultant train is of the same type ; 
for 
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In the special case of two component trains, the amplitude of the 
resultant is given by 

A^ = ^i« + A^ 4- 2i4,i4, cos (oi - Oj) 

and is equal to Ai±At according as the phases of the two components are 
the same or differ by half a period. In the latter case when the intensities 
of the components are equal, the amplitude of the resultant is zero and the 
component trains neutralise each other. 

When the component trains travel in the same direction, the intensity is 
necessarily the same over the whole wave-front, but this is no longer the 
•case, if they be inclined to one another at a small angle. The phenomenon 
then observed on a screen placed in the region common to the two streams is 
that known as interference fringes. 

Suppose that we have two small sources of light, that are placed near one 
another and are of such a character that the corresponding monochromatic 
constituents of the streams emanating from them agree in amplitude and 
phase ; and let us determine the effect produced on a screen parallel to the 
line joining the sources and at such a distance that the waves arriving at 
any point of it fix)m the two sources may be regarded as sensibly plane and 
parallel. 

Let Sx and 8^ be the sources and X the point on the screen at which the 

effect is to be determined, then assuming 
for the present that the light is rigorously 
monochromatic, the phases at X will be 
accordant or completely discordant, accord- 
ing as 

S.X'-S^X^nX or (2n+l)X/2. ' 

With centre X and radius XS, {S^ being 
supposed nearer X than 8i) describe a circle 
in the plane XSiS^, cutting SiS^ produced 
in Q and XSi in P: then being the 
middle point of SiS^, 0' being the point on 
the line through X parallel to 8S\ that is 
equidistant from 8^ and iS^, we have 

S^P {8,X + XS,) = 8,8, . 8,Q = 20' X, 8,8,, 

2(yX.8,8,. O'X.8,8, 




Fig. 9. 



.-. iS,Z-/S|Z=: 



if X be near to 0'. 



8,X^X8, 



o(y 



Taking the point as the origin of a system of rectangular coordinates of 
which the line.OiSs is the axis of x and the normal to the screen is the axis 
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of 2, then if the coordioates ot X he x,y, z and Sifi»,= 2c, the points at which 
the phases are accordant are given by 

2ca;/(y« + ^')* = n\ 

and the points of complete discordance of phase are given by 

2ca:/(y« + ^«)* = (2n + 1) V2. 

Thus the points of accordance or of complete discordance lie on similar and 
similarly situated hyperbolas and the screen will be intersected by a series 
of bright and dark bands, that will appear nearly straight and perpendicular 
to the plane taken as that of xz, since the curvature of the hyperbolas is very 
small at their vertices. 

The linear width of the bands in the plane of xz (from bright to bright, 
or from dark to dark) is 

A = \zl{2c). 

26. Let us now consider the effect of interposing a plate of some 
medium between the screen and the sources of light. 

Let S^PQX be the ray from fif, to X, meeting the plate in the points P 
and Q ; and through Q draw QR parallel to the screen meeting StP produced 
in jB and the line through P perpendicular to the screen in Bf : call d the 
thickness of the plate, /i its refractive index, and jS its inclination to the 
screen. 




Fig. 10. 

Then if t and r be the angles of incidence and refraction at the point P, 
and we suppose the angles t and /3 so small that the cubes and higher powers 
of their sines may be neglected, we have 

PQ = d/cos r « d {1 + smUI{2fi% 

PR^dcoQ (13 — r)/cos r N d — d sin»)8/2 4-dsin t sin /8//a, 

QR =PQ sin(t-r)/co8(t-)8)Nd0i-l)sint//A. 

3—2 
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Now the optical length of path from S^ to X is 

hfz-d-^'idsin^^-'-sinismpj {1 + i(8int-8in/8)«} 

= ^ + (/i-l)d + i(-f-^^^d)(sini-8in/3)« + ^^dsi 

But -«r tan (i - /8) = (a? - c) + RQ, 

or approximately 

z (sin t — sin )8) = (a? — c) 4- ^ d sin i ; 

whence 

(z — ^- d J (sin i — sin /8) = (a: — c) + ^- d sin )8. 

Substituting in A^ we have 

_, f« — cH dsin^j 

A, = -f + (/i-l)ci4-^V^dsin*)8 4-i^^ ^^ ^. 

^^ 5-^i^d 

A* 

The optical length of path Ai fix>m iSi to JT is obtained from this expression 
by changing the sign of c, and hence the relative retardation of the two 
streams is 

A = Ai-A, = ?l__L4.^izidsin4. 

Thus the points of accordance of phase occur where 

2c fjL 

and the central band of the system, which corresponds to 7i = 0, is at the 
point 

a? = — d sin 8, 

and this gives the shift due to the interposition of the plate. 

If the plate be parallel to the screen and be traversed by the stream from 
iSs alone, the shift is approximately (fjL—l)d,z/{2c) on the side of the sti^m 
that passes through the plate. 

27. Since the light from the correlated sources is not strictly mono- 
chromatic, the only line of complete accordance of phase is that equidistant 
from the sources and there is no place of complete discordance of phase for 
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all pairs of constituents. Hence on receding from the line of complete 
accordance, the coincidence of the bands arising from the different mono- 
chromatic constituents becomes less and less complete, and finally all 
appearance of interference will be obliterated. 

As an illustration of the result of the defect of the monochromatism of 
the light, the case may be considered in which this arises solely from the 
progressive motion of the molecules of the source as wholes*. 

If f be the velocity of the molecules in the direction of propagation of the 
light, and S, be the relative retardation of phase calculated on the assumption 
that the molecules are at rest, then the actual retardation of phase is 

S = So(l+f/a)). 

Now the intensity corresponding to a retardation of phase S is proportional to 

2 (1 + cos S\ 

and the number of molecules with velocities between ^ and ^ + d( varies as 

exp(-/8f»)df, 

where /8 = ^l{iru% u being the mean velocity ; hence the intensity may be 
represented by 

7=2 r fl+cos8,cos^f-sinSosin-'f)e-^cif 

g(l+cosSoe ^^) = 7m{l + co8S,« ^^' ]. 
Hence the maximum intensity is 

and the minimum intensity is 

/, = 7ru{l-e V4-^}. 
Assuming with Michelson that the visibility of the fringes is given by 

F=(/, -/,)/(/! + /.), 

we have F=e ^^^ , 

and taking the limit of visibility as determined by F= 1/40, 

U V IT 

or the limit of relative retardation Ao is given by 

X ""27r""7r*wV IT ' 
* Lord Bayleigh, Phil, Mag, (5) zzvn. 298 (1889) ; Ebert, Witd, Ann. zxxn. 466 (1889). 
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In the case of sodium vapour at 1000° C, u = 1172 metre/sec*, whence since 
C0 = 3 X 10" metre/sec, we have 

Ao/X = 180,000. 

28. When the range of periods in the correlated streams extends over 
the visible spectrum, the limit of visibility depends upon the possibility of 
distinguishing chromatic variations: the central band is white and this is 
bordered by fringes, that on account of the limitation of the sensitiveness of 
the eye to periods extending over less than an octave appear to be sensibly 
black ; to these succeed coloured bands, until a point is reached at which the 
annulments for waves of different periods are so numerous as not to affect 
the colour of the light. 

The interference may however be rendered visible in this case by a 
spectroscopic analysis of the light If the slit of the spectroscope be parallel 
to the direction of the fringes and be narrow in comparison with their 
breadth, a channelled spectrum is obtained, that is, a spectrum intersected by 
dark bands at right angles to its length, the centres of which occur at points 
corresponding to wave-lengths given by 

X=2A/(2n + l). 

A being the relative retardation of the streams and n an integer. As the 
slit is moved in a direction perpendicular to its length to placea of continually 
higher relative retardation, the bands will travel along the spectrum from 
the blue to the red end, in the case of an ordinary refraction spectroscope 
closing up as they move. 

The relative retardation A may be calculated from the number of bands 
between two parts of the spectrum corresponding to known wave-lengths; 
for if n and v! be the orders of the bands corresponding to wave-lengths 
X and X' respectively, 

A = (2n 4- 1) X/2 = (2n' -h 1) X72, 

whence if n' ^n=^my 

(27i-hl)/2 = mX7(X-X') and ^^mXK'KX-Xy 

* The kinetic theory of gases gives that pso-u^/S, where p is the pressure and a the density 
of a gas: the density of air at 0°G. and ander normal pressure is 1/773*4, whence if s^ be the 
density of the gas relatively to air at 0° C. and under normal pressure 

t/o=48500/\/«^ . (cm/sec), 
and since by the gaseous laws pjisd) =l'o/('«^o)> ^bere 6 is the absolute temperature 

metre 
'Q V VQ9Q sec 

By Gay-Lussac*s law the densities of two gases at the same temperature and under the same 
pressure are in the proportion of their molecular weights: thus the density of hydrogen relatively 
to air being *0693, and sodium vapour being monatomic, we have in this case 

, »o=23x-0693^2=-8. 



„=„.^=48S^ 
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The number of bands that can in this way be rendered visible depends 
upon the resolviDg power of the spectroscope. 

A second method of employing the spectroscope is to place the slit at 
right-angles to the direction of the fringes : the spectrum is then traversed 
by slightly curved bands running more or less along its length and approach- 
ing one another towards the violet end (fig. 11). The intercepts made by 







Fig. 11. 

these bands on the lines of constant wave-length of the spectrum are equal 
and proportional to the length of the wave. If the slit intercept the central 
bright band, the fringes will be symmetrically placed with respect to a 
bright line. 

29. In order to obtain visible interference, it is necessary that the 
streams emanating from the two sources be of such a character that all 
the corresponding monochromatic constituents have initially the same 
difference of phase : otherwise there would be no line of complete accordance 
of phase and the superposition of the systems of fringes due to the different 
constituents of the streams would tend to an obliteration of all appearance of 
interference. 

Now though experiment shows that the streams fix)m simple sources of 
the same nature, such as soda flames, are constant as' regards their con- 
stituents, there is no reason to assume that the phases of these constituents 
are invariably related to one another. Were this the case, it would be 
possible to obtain interference fringes with streams of light from two distinct, 
though similar sources, which is found to be impossible. In order then to 
obtain interference fringes, it is essential that the streams should have come 
initially from a single source and should traverse paths that are optically 
nearly equivalent. 

SO. We will now consider four principal methods of obtaining inter- 
ference fiinges that may be classed together as being simple in theory 
and as having certain distinguishing characteristics. 

The first method was devised by Fresnel* in 1816, in order to demon- 

* Fresnel, (EuvreM CimpVbUt^ i. 150, 827. 
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strate the fact of the interference of light by an experiment that was free 
from the objections brought against an earlier experiment of Toung by the 
opponents of the wave-theory. 

In Fresnel's experiment, light from a narrow slit falls upon two plane 
mirrors, inclined to one another at an angle of very nearly 180*" : in this way 
two streams are obtained that partially overlap, and in their common part 
the phenomenon of interference is observed. 

In order to calculate the position and width of the fringes, let us suppose 
that a plane through the line of intersection of the mirrors is the plane of yz, 
the axis of y being parallel to this lin'e^ and that the plane is so chosen as 
nearly to pass through the image of the luminous point in the plane bisecting 
the acute angle (2a>) between the mirrors. 

Let the origin be so chosen that the coordinates of this image are f , 17, 
and let the screen on which the interference is observed be the plane 
jp = a 4- 6. 



= 0J 



If a be the distance of the line of intersection of the mirrors from the 
origin, the equations of the mirrors may be written 

X sin (^ — ft)) 4- (-8^ — a) cos (^ — oj) = 

X sin (^ 4- ft)) + (-? — a) cos (B + cd) 
The coordinates of the luminous point are 

A\» = a sin 2^ + f cos 2^, y© = ^7, z^^a-^a cos 25 — f sin 25, 
and those of its image in the first mirror are 
a;^ — 2 sin (5 — ft)) {a;© sin (5 — «) + {za — a) cos (5 — ft))} = a sin 2© + f cos 2ft), 

z^ — 2 cos (5— ft)) {a^o sin (5 — ft)) + (^0 - a) cos (5 — ft))} =a — a cos 2ft) -hf sin 2ft). 

Hence, the propagational speed of the light being taken as unity, the 
undulatory time of passage from the source to the point (x^ y, a + 6) is 
for the stream reflected at the first mirror 

Fj = {(a? — a sin 2ft) — f cos 2ft))' + (y — 17)* + (6 + a cos 2ft) — f sin 2«)*}* 

= {(6 + a cos 2ft))*- 2 (a?cos 2ft) + 6 sin 2ft)) f + (a?- asin 2ft))* + (y- 17)* + P}* 

. , rt a? cos 2ft) + 6 sin 2ft) -, , (a? — asin 2ft)y + (v — i7)*4-f 

= 6 +a cos 2ft) J— 5 f+i 1—^ — o — - — ^• 

6 + acos2ft) * * 6 + acos2ft) 

For the stream reflected at the second mirror, the undulatory time of 
passage V^ between the same two points is obtained from F^ by changing 
the sign of o) : hence the relative retardation of the streams, measured in 
length, is 

A= F - F = 2 ?iL??.M+^). 
' * 6 + acos2ft) ' 
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and the points of complete accordance of phase are given by 

2 sm zcD I — ^ -zr- = n\, 

6 + a cos 2a) 

and the linear width of the bands is 

6 + a cos 2(0 



A = \ 



2a sin 2q> 



The phenomenon is in reality not so simple as here represented, as the 
streams being limited in extent, it is modified by variations of intensity near 
their edges or in other words by diffraction. When the incidence on the 
mirrors is nearly normal, the phenomenon is only affected by variations of 
intensity near the adjacent edges of the streams, the other limits being too 
remote to have any effect : but in the ordinary arrangement the light falls 
on the mirrors at nearly grazing incidence, and though the intensity is 
thereby increased, the streams are so narrow that the disturbance due to 
diffraction becomes very marked. 

Let us now consider the result of a small motion of one of the mirrors 
parallel to itself. Suppose that the first mirror is moved towards the 
luminous poiut through a distance e in the direction of its normal: then 
assuming for simplicity that the luminous point is so placed that f = 0, the 
coordinates of its image in this mirror are 

a sin 2q> + 2c sin (5 — oi), 17, a — a cos 2c0 + 2« cos {0 — a>), 

# 

and the value of Fj becomes 
[{x - a sin 2a) - 2c sin (^ - <»)]« 4- (y - ly)* 4- {6 + a cos 2<» - 2« cos (5 - ft))}']* 

= 64-acos2ft)--2e^^^^"""^>-^^r^^"^'^^4-i^'^"\'^''^"^^t.^y""^^: 

6-hacos2a) * 6+acos2cd 

to obtain F,, we have merely to change the sign of o and write 6 = 0, whence 

_ p- y _Q a8in2a).a;-|-g {a cos (^ + ft)) + fe coe (^ — o))} 

6 + a cos 2a) 

Hence as the mirror is moved towards the source of light, the interference 
fringes move across the screen in a direction from the moving towards the 
fixed mirror and the displacement of the fiinges is proportional to the shift of 
the mirror. 

This method was employed by Fizeau and Foucault* for obtaining 
interference with a large relative retardation between the streams. Adopting 
the first of the spectroscopic methods of analysing the phenomena that have 
been described above, they obtained bands when the displacement of the 

* C. R. xu. 1155 (1845) ; Aim. de Ch. et de Pkyi. (8) xxvi. ISS (1849). 
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mirror was such as to give 141 bands between E and F of the spectrum, 
corresponding to a relative retardation of 1737 wave-lengths for the 
ray E. 

31. In a second method of obtaining two correlated streams of light, 
Fresnel employed a biprism*. This instrument is a glass prism with a very 
large obtuse angle and, as far as regards light incident on its flat surface, 
may be regarded as made up of two prisms of very small refracting angles 
joined together by their bases. Hence a stream of light incident on the 
plane face of the prism is divided into two beams that are slightly bent 
towards one another, so that they overlap, and in the common part of the 
two streams the interference fringes are perceived. 

Let the plane through the edge of the prism perpendicular to the 
opposite face be taken as the plane of yz^ the edge being parallel to the 
axis of y ; and suppose that the flat face is towards the luminous source 
which is in the plane of xy and very nearly in the axis of y. 

If a be the distance of the edge of the prism from the origin and Si, oe, be 
the acute angles of the prism, the equations of its plane faces are 

z^a — X tan a, and z = a-\-x tan a,. 

Let t be the distance of the flat face of the prism from its edge, z^a-^b the 
equation of the screen of observation, and suppose that the ray from the 
source (f, 17, 0) to the point (a?, y) of the screen meets the faces of the half of 
the prism on the side of positive x in the points («i, yi, a — ^) and (x^.y^, z^) 
respectively. Then the undulatory time of passage through this half of the 
prism is 

V, = ^/(x,-^)*-{-{y,•-r,y-{-{a-ty■^fl^{x,-•x,y-{-{y,^-y,y-{-{z,-a-{-ty 
+ V(a;-a:,y + (y-y.)" + (a-h6-^)> 
== a — ^ + /i (-?, — a 4- + (^ + 1 "~ ^a) 

, 1 ( (^i-g)'+(yi--^)' , (^-^ly+(y.-y^y . (^ - ^)' + (y - y,)«] 

^1 a-t ^ z^-a + t a + 6-^» ] 

==a4-i4-0A-l)^ — (a*— I)^ tan «i 

■^*i — ^^^ — ^^ 1 -^ 6 r 

with the conditions 

dVi_x,-^ ^ ^-^ _o dV,_ y,-v ^ yi-y« _o 

oxi a — t t oyi a — t t 

* Fresnel, (Euvret,.!. 880. 



30, 31] FresneFs Biprimt 43 

whence 

Fi = a4-6 + 0A-l)^ — (/i — 1) tan a^ . x^ 

+ * [1*=^^ + 7) (*.-•!.)'+» {O" - 1) t" «. + f («,- «.)}■ 

-(M-l)tano,.x. + i.^{/*(a + 6)-(/x-l)«|{(a:,-ai)' + (y,-y^}. 

(f-a;)-0t-l)6tana, 
"^ "^ A*(o+6)-(a*-1)« ' 

y* y* /*(o + 6)-(/*-l)r'' 
.-. r, = o+6 + (/t-l)« + J6(M-iytan»o, 

-(.-i)....,[{- ^;-'g:^iy. 1^-0.-1x1] 

"*"2 /A(a + 6)-(/A-l)t 

which becomes on reduction 

A^^y -H A^f^ + (m - 1) tan «! [Ai6f 4- {/Lta - (m - 1) ^} x\ 

M(a + 6)-(/i-l)« 

a g« + iy* 4- g* 4- y* 

The undulatory time of passage F, to the same point of the stream that 
passes through the other half of the prism is obtained from V^ merely by 
writing — tan Ot for tan a, : hence the relative retardation of the streams, 
measured in length in air, is 

— tan*a,) 



. V ^_. 6W-(M-l)<}(M-l)'(tan«g, 



(^ — 1) (tan tti -h tan g,) [ftfef 4- {/la — (ji-\)t]x] 

Ai(a4-6)-0A-l)t ' 



44 The Analytical Theory of Light [ch. in 

and the width of the bands is 

A = \ /i(a + 6)-(,i-l)^ 



{/Lta — (ft — 1) t] (fjL — 1) (tan aj + tan a,) * 
As an instrument for the production of interference fringes the biprism is 
more convenient than Fresnel's mirrors, as the latter are rather difficult to 
adjust, but as a measuring instrument it has the disadvantage that the 
phenomenon is complicated not only by diffraction, but also by an almost 
unavoidable imperfection in its construction. This arises from the fact that 
in polishing the faces of the prism it appears to be impossible to prevent a 
slight curvature near its edge, which is the very part through which the 
interfering portions of the streams pass. The result of this is that the 
deviation produced by the biprism, as calculated from the measured width of 
the bands, depends upon its distance from the source of light and is entirely 
different from that obtained from measurements with a spectrometer. 

32. A third method of obtaining interference fringes is by means of 
Billet's* divided lens. This is a convergent lens of short focal length, 
divided by a plane through the principal axis into two halves, that can 
be separated from one another in a direction perpendicular to the plane 
of section by means of a screw. A second screw serves to adjust the sections 
to parallelism. The advantage of this instrument consists in the interfering 
streams being entirely sepamted during part of their course, so that either 
can be acted upon independently by the interposition of a retarding plate or 
otherwise : on the other hand the field is illuminated by the narrow stream 
that passes through the space between the halves of the lens and this tends 
to complicate the phenomenon. 

In order to determine the relative retardation of the streams at a point of 
the screen, let us take the plane of xz through the principal axes of the two 
parts of the lens, the axis of z being parallel to and midway between them, 
and let the luminous point be in the plane z^O and near the origin. Then 
an investigation exactly similar to that given in § 31, leads to the result that 
at the point (xy) of the screen (supposed perpendicular to the axis of 5), the 
relative retardation of the streams that emanate from the point (f , 17, 0) and 
traverse each one half of the lens is 



A = 2€ 






a(6-Q-^(a + 6-0-^-|l-^^— ^a-^^(t-0 

where 26 is the separation of the halves of the lens, 

t is the thickness, F the absolute value of the focal length of the lens, 
a, b are the distances of the source and the screen from the side of the 
lens nearest the former, 

* Ann. de Ch. et de Phy$. (3) lxiv. 315 (1862); TraiU d'Optique, i. 67 (1858). 
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and r,, r, are the absolute values of the radii of the surfaces nearest the 
source and the screen respectively. 

33. It has been assumed in what precedes that the dimensions of the 
source are so small that we may regard the light as coming from a luminous 
point. In practice the source is an elongated slit and it remains to determine 
under what conditions such an extension of the source is permissible and in 
what degree the phenomenon is thereby modified*. 

Suppose that the slit, or in the case of Fresnel's mirrors its image in the 
plane bisecting the acute angle between them, is initially in the plane of xy 
with its centre at the origin and its central line coincident with the axis of y, 
and that it is then turned (1) about the line bisecting its length through an 
angle ^, and (2) round an axis through its centre normal to its new plane 
through an angle 0, When this has been done, it is necessary in the above 
formulie for the relative retardation to write 

a — sin^(wsin^ + t;cos^) for a 

and u cos ^ — v sin ^ for f , 

where u and t; are the distances of a point of the slit from lines bisecting its 
width and its length respectively. 

The intensity at tn« point (a;, y) of the screen due to an element du . dv at 
the point (ti, v) of the slit will be proportional to 



[ 



27r 
1 + C08 — {a + )8a:-- (7 cos 5 — ^ sin 5 sin 4>.x)u 



— (7 sin 5 + iS' cos 0smif>,x)v] dudvf, 
where the values of a, )3, 7, /S' are given by the following schedule : 

Bfirrora Biprism Divided Lens 



^ . (/i— iy(tan*ai--tan*ag)a6 

* a + 6 







^ 2a8in2a> (/x — 1) (tan a^ -f tan Ot) a „ a 

aco62<» + 6 a + b ^ ah-F{a + b) 

2&8in2c0 (/i— 1) (tana, + tan a,) 6 ^ fc 



2€ 



^ acos2a> + 6 a + 6 ab-F{a-k-b) 

P' ^sin2ft) (/t — 1) (tan a, 4- tan a,) 6 _„ ^ 

'^ {acos2a> + by (a+6)« ^ {a6-.^(a + 6)]« 

neglecting the thickness in the cases of the biprism and the divided lens. 

* Fabry. Thi$e de Doetarat, BiaraeiUe, 1892; J. de Phyt. (3) i. 313 (1892). 

t In the case of the biprism, -a'sintfsin^ shoald be added to the coefficient of u and 

a'oostfsin^ to that of v, where a^ = ^ ^^ " ^ ^* ^^*° fc7i^° - *^®^ *®™" *" however very 

smaU. 
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Assuming that each clement of the slit acts as an independent source of 
light — the condition most favourable for brightness* — the intensity due to 
the whole slit is proportional to 

I k 

r2 n r ^tr 

I I 1 4- cos — {^ + /Sa; + (7 cos ^ -r /8' sin ^ sin ^ . a;) u 

""2 ""2 

— (7 sin 5 -H ^S' cos 5 sin ^ . x) v] dudv 



where 



= w|l + Fcos Y(a+i8a?)|, 



F= 



sin --{(7C0s^— /8'sin^sin^.a;)i} sin -{(7sin^+i8'cos5sin^.a?)i} 



~ {(7 cos ^ — iS'sin ^ sin (fy.xjk] - {(7sin ^ + ^ cos ^ sin ^ . a?) Z} 



k being the width and { the length of the slit. Hence the intensity fluctuates 
between kl(l ±V) and according to Michelson's estimate the visibility of the 
fringes is measured by the absolute value of V. 

When there is no tilt of the slit towards the interferential apparatus, 
4>^0, and if besides ^ = 0, the visibility is given by: the absolute value of 
sin (7ryk/X)/(iryk/\) and is independent of the length of the slit. The fringes 
will then vanish when k is of such a magnitude as to make yk a multiple of X 
and the maxima of distinctness will occur when* tan {7ryk/\) = wyk/\, the 
corresponding value of the visibility being the absolute value of cos (tp/At/X). 

The roots of the equation tan {irykfK) = (iryklX) may be calculated by the 
following method due to Lord Rayleighf : assume 

iryk/\ = (m + 1/2) ir^y=^ U — y, 

where y is a positive quantity that is small when iryk/X is large; then 
substituting this value, we find coty = U—y, whence 

y~U\^ U^U*^'" ) 3 15 315 •••' 
and solving this equation by successive approximations, it will be found that 

^ u y u u gU jgt/ jQjt/ 

It is thus determined that the maxima of distinctness occur when 

7ifc/X = 0, 1-4303, 2-4590, 34709, 44747 

the corresponding values of the visibility being 

1, -217, -128. -091, 079, ...; 

* Lotd Bayleigh. PHU Mag. (5) zxrm. 81 (1889). 
t Thtory of Sound, VoL i. § 207 (1894). 
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when yk/X = 0, the intensity is zero, but so long as yk/X is small the distinct- 
ness of the fringes will be considerable. Now the linear breadth of the 
bands (from bright to bright or from dark to dark) being 

the condition for maximum distinctness is that k must be a small fraction of 
)8A/7 or of aA/b in the case of Fresnel's mirrors and in the cases of the 
biprism and the divided lens when the thickness is neglected : in other 
words the angle subtended by the breadth of the slit at the interferential 
apparatus must be a small fraction of that subtended by the width of the 
bands at the same point. 

As the width of the slit is gradually increased, the distinctness of the 
fringes will gradually decrease : they then vanish and reappear again in the 
complementary position, since sin(7ryk/X)/('jryk/X) changes sign on passing 
through the value zero ; the distinctness then increases up to a maximum, 
that is about a fifth of the prime maximum of distinctness, and so on. 

An interesting method of observing this phenomenon is to allow white 
light to pass and to subsequently analyse the mixture by a spectroscope with 
its slit placed at right-angles to the interference fringes. When the source 
of light is a narrow slit, the ordinary fan-like appearance already described is 
obtained, the bands being continuous along the whole length of the spectrum. 
As the source is gradually made wider, the bands become less distinct, the 
visibility decreasing most rapidly at the violet end, until a region without 
bands takes its rise at that end and passes along the spectrum to the red end, 
to be followed by a second such region and so on, the bands on the two sides 
of the bandless space being complementary. 

In the general case in which the slit is tilted towards the interferential 
apparatus, the visibility depends upon the order of the bands, and when ^ ~ 
is independent of the length of the slit at the point x = 0, its value then 
being the absolute value of sin (7ryklX)/(7ryk/X). On moving away from this 
point the fringes become less and less distinct, vanish when x = X/(jyi sin ^) 
and then reappear as a set of fringes complementary to the former and so on. 
At a given point of the field, the visibility is only independent of the length 
of the slit if 

7 
where d=^a cos 2<k> + 6 for the mirrors, 

= a4-6 for the biprism, 

= (a -I- 6) — -^ for the divided lens, 

and the visibility at this point is then the absolute value of 

• sui{7ryksec0/X)/(iryksecOlX). 



tan ^ = — — a: sin ^ = — T sin ^, 
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It thus follows that if the slit be inclined with its upper part towards the 
interferential apparatus, the effect of rotating it in its own plane from y 
towards x is to move the point of maximum distinctness in the direction of 
positive X, 

34. In 1834 Lloyd* gave a method for obtaining interference fringes, 
that depends upon the interference of a direct stream of light with a stream 
from the same source reflected at nearly grazing incidence at a plane mirror. 
Though this method is not of great practical importance, it deserves mention 
on account of its theoretical interest. 

If f be the distance of the source from the plane of the mirror, the 
relative retardation of the reflected and direct streams at the point of the 
screen distant x from its line of intersection with the plane of the mirror and 
on the same side as the source, is 2x^/d, so far as it depends upon the 
distances traversed, where d is the distance of the source fix)m the screen, 
which is supposed at right-angles to the plane of the mirror. 

Assuming then that no change of phase is introduced at reflection, the 
position of the bands is given by 

2x^ld = n\/2, 

where n is an integer, its even values giving the places of the bright bands 
and its odd values those of the dark bands. 

In this case it is clear that at most only one-half of the system of Mnges 
is visible and that only in a plane through the edge of the mirror, as other- 
wise the plane of symmetry, in which the central band lies, falls outside the 
region common to the two streams. 

If however the phase of the reflected stream be accelerated at reflection 
by an amount fiir, the position of the bands will be given by 

2x^/d = (n + /a) V2, 

and while the linear breadth of the bands remains unaltered, the system is 
shifted away from the mirror by an amount 

,xXd/(4f) = ;iA/2, 

where A is the linear breadth of the bands. Lloyd deduced from his experi- 
ments that such a shift actually occurs and that it amounts to A/2, whence it 
follows that ^ = 1 or that the acceleration of phase is equal to tt. 

The effect of an extension of the source in Lloyd's experiment is in some 
respects essentially different from that determined in the former cases. 
Suppose that the source is a slit of light, with its plane initially parallel 
to the screen and its central line parallel to the mirror, and that it is 
then turned round the line bisecting its length through an angle ^ and 

• Papert on Phyt, Sc. p. 149; Trafu, R. Ir. Aead, xvn. 172 (1S84). 
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next round the normal to its new plane through its centre through an angle 
0. If u and t; be the distances of an element of the slit fixnn the lines 
bisecting its breadth and its length, we must write 

d — sin^(u8in^ + t;cos5) for rf, 
and c + ucos^ — vsin^ for f, 

where c is the distance of the centre of the slit from the mirror, and 
proceeding as in the former case we find that the intensity at a given 
point of the screen is proportional to 



uU.y^^i^]. 



where 



F= sin ^ f? * sec ^)/|^ g i sec ^)| . 



sin — •j-jfcos^+Tsin^sin^jAJ- sin — ];i{8in 5 — -j cos 5 sin 4nl\ 

k and I being the breadth and the length of the slit 

In order that the visibility may be independent of the length of the slit, 
it is necessary that 

tan ^ = c sin ^/d, 

which holds for any part of the field, and when this is the case 

or if n be the order of the bands, so that x/{d\,) = n/(2c), 

V = sin {TTuk sec Olc)l{imk sec Ojc), 
The arrangement most favourable for distinctness is when ^ » 0, = 0. 

Thus the case of Lloyd's mirror is characterised by the fSact that, even 
with the most favourable orientation of the slit, the distinctness is dependent 
upon the order of the bands, the prime maximum of visibility occurring when 
1; is a small firaction of cjn. The effect of a progressive widening of the slit is 
the same as in the former case. 

This dependence of the visibility upon the order of the bands and their 
periodic disappearance may be easily observed with monochromatic light by 
leaving the width of the slit unaltered and moving the eyepiece, with which 
the bands are observed, away from the source, keeping it all the time in the 
doubly illuminated field. 

35. In the cases hitherto considered, when white light is allowed to pass, 
there is aii achromatic band, that is situated at the centre of sjrmmetry of 
the system, where the interfering streams have traversed equal paths : the 

w. 4 
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achromatism of this band is complete. There will, however, be an incomplete 
achromatism, the band being achromatic only in the same sense as a telescope 
is achromatic, in the case in which there is coincidence of the fringes due to 
waves corresponding to the most brilliant part of the spectrum; and if in 
addition the width of the elementary system be a maximum or a minimum 
for some wave very nearly at the centre of the spectrum or in other words 
has the same value for two waves of finitely different fi^uencies, this 
coincidence of the fringes will occur for several bands, giving rise to an 
achromatic system*. 

The relative retardation of phase of the interfering streams for light of 
wave-length X at a point whose coordinate is x may be regarded as a function 
of X and \ : whence writing S = ^ (a;, X) and expanding by Taylor's theorem, 
we have 

where So = ^(«b» ^)- 

Hence the condition for an achromatic fringe at the point x^ is 

a^/axo = 0, 

and further the condition for an achromatic system at this place is 

dx^dX^ 

when both these conditions are satisfied, S becomes very approximately a 
frinction of x only throughout the region in question* 

The following are cases of some importance : — 

(1) When the fringes are viewed through a prism with its refracting 
edge parallel to the bands, each of the separate systems may be regarded as 
shifted through a space dependent upon the wave-length : then if 2c be the 
distance between the sources, and d be their distance from the screen, 

and the condition dS/dX^ =^ gives 

X^^'(Xo)-{ic-h^(X^)}=0, 
or the position of the achromatic fringe is given by 

a; = - ^(X^) + X,^' (X,). 
Thus there is an abnormal shift of the central band, which is in addition to 

♦ Lord Rayleigh, Phil. Mag. (6) xivra. 77, 189 (1889). Cf. also Coma, /. de Pkyt, (2) i. 293 
<1882). Mascart, ibid. (2) vm. 445 (1889), (3) i. 509 (1892); Phil. Mag. (5) xzyn. 519 (1889); 
C. R. cvm. 591 (1889). Mae^ de Lepinay, J. de Phyt. (8) m. 241 (1894). 
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the normal shift introduced by the prism, since F' (\) is negative. This was 
first discovered by Potter* and the explanation was given by Airy-f*. 

(2) When one of the streams passes through a dispersive plate 



a=2.{nx)^|.Jl. 



where F{\) is the retardation in wave-lengths introduced by the plate. 
The achromatic fringe is here determined by 

^'(X.)-|jJ = or x^±\?F'(X,)- 

This case is important as illustrating the difficulty of obtaining the refractive 
index of a plate by a measurement of the shift of the fringes caused by its 
introduction into the path of one of the interfering streams. With mono- 
chromatic light no band has a distinguishing characteristic that can afford a 
means of determining the number of complete bands that have been displaced 
through a given point by the interposition of the plate : while with white 
light, the motion of the centre of symmetry depends upon the dispersion of 
the plate and cannot be calculated until that is known{. 

(3) When the distance between the sources of the interfering streams is 

a function of the wave-length 

2^ F(\) 

= -r- . — -J— r-a?: 

A. a 

the position of the achromatic band^is a; = 0, and there will be an achromatic 
system if 

the achromatism of this system will be complete, if ^^(X) ocX. 

This condition can easily be realised with Lloyd's mirror by the following 
arrangement suggested by Lord Bayleigh§. A series of real diffiraction 
spectra are formed by white light from a slit, that £dls successively on a 
grating and an achromatic lens : the central white image and all the spectra 
with the exception of that which is to form the proximate source of light, are 
intercepted by a screen. Then since the deviation of any colour from the 
central white image is proportional to X, the condition for an achromatic 
system of fringes will be realised by an arrangement of the mirror, such that 
its plane passes through the position that would be occupied by the central 
white image. 

A less perfect fulfilment of the achromatic condition is obtained by 
replacing the difiraction spectrum by one formed by a prism, adjusted so that 

• Potter, PhiL Mag. n. 83, 276 (1838). 

t Airy, ibid, n. 161, 451 (1833). Hamnton, ibid. n. 191, 284, 871 (1833). 
X Stokes, B. A. Report, 1850, part 2, 20; Math, and Pkffs. Pofen, n. 361. 
§ Lord Bayleigh, PhXL Mag. (5) zzym. 86 (1889). 

4—2 
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for the brightest part of the spectrum. Assuming Cauchy's law of dispersion, 

we may write 

JP(X) = il-5X-», 

and the condition for an achromatic system gives 3£ = J.V, whence 

F{\)l\ = il (X« - \?/S)/\\ 

As an illustration of the effect produced by the employment of the 
prismatic spectrum, let us determine the increase in the number of bands 
that can be observed, when the light has wave-lengths X^ and X^ + S\*. 
When complete discrepance first occurs for wave-lengths X and X^, 

X d"""* \ d-'*"^2' 

. , , 1 ^ F(\)/\ ^ 2 V ^2 (X/X^y 
•• ^2n F{\)l\ 3X^X«-\,V3 3 (X/X^)« - 1/3 ' 
whence if X = X, 4- SX, 

and 

^2\B\) [Z^ 9 X, 27Vx,y "^-j 

"3vsx; r"^3x^ 18 U/ ■^•"r 

This gives the order of the band at which complete discrepance first occurs 
for waves of length \ and X^ + £X, the adjustment being made for \. When 
no prism is used, so that F(K) is constant, the corresponding value of n is 
Xq/(2SX), so that the effect of the prism is to increase' the number of bands in 
the ratio 2\ : 3SX. 

(4) A fourth case is that in which not only the separation of the sources 
but also their distance from the screen of observation varies with the wave- 
length of the light : in this case 

and the condition for an achromatic system is that 

This case may be realised with Billet's divided lensf; for since the focal 

* Lord^yleigh, loc. cit. 

t Mao^ de Lepinay and Perot, /. de Pkyt, (2) n. 876 (1890). 
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length depends upon the wave-length, the various coloured images that form 
the proximate sources of light are at different distances from the screen, and 
they are also at different distances apart, as they are situated on lines 
through the source and the optical centres of the two parts of the lens. 

To determine the position of the achromatic system, we have (neglecting 
the thickness of the lens) 

-, _ 27r 2€flw? 

a and 6 being the distances of the lens from the source and the screen. 
Hence the distance of the screen at which the achromatic system is formed 
is given by 



ab^{a'\-h) 



dK 



Since this distance is independent of the separation (ie) of the halves of lens, 
it is always poscdble to adjust the separation so that the position just 
determined £dls within the region common to the interfering streama 



CHAPTER IV. 

INTERFERENCE PRODUCED BY ISOTROPIC PLATES. 

36. In the cases of interference considered in the last chapter, it is 
necessary that the dimensions of the source be strictly limited, and the 
phenomena are characterised by the fact that the fringes are visible through- 
out the region common to the interfering streams, whatever may be the 
distance of the screen or of the observing instrument from the interferential 
apparatus. 

There, are however cases of interference in which the limitation of the 
source is unnecessary and the fringes are theu localised, requiring a definite 
focal adjustment of the instrument with which they are observed, if they are 
to be seeu distinctly. 

This distinction between the two classes of interference phenomena must 
not be insisted on too strongly; for in the case of the former class it is 
possible theoreticaUy to obtain localised fringes with an extended source, 
while in the cases now to be considered interference bauds, visible at all 
distances within the region common to the streams, can be obtained, 
provided the stream of light be limited by a properly orientated slit placed 
either before or after the interferential apparatus. 

37. Suppose that light from a luminousr point S {x\ y\ z') is divided into 
two streams and that these, after traversing different routes, meet again at a 





Fig. 12. 

point P{x, y, z): then if the suffixes (1) and (2) refer to the two streams, 
their relative retardation, measured in length in air, is at the point P 

A=F,-F. (1). 
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where V denotes the undulatory time of passage between the two points, the 
propagational speed of light in air being taken as unity. 

But if the initial and the final media be air and a, fiy y and a, fi', y be 
the direction-cosines of the final and initial straight portion of a ray, the 
principle of least time gives for the variation of the undulatory time of 
passage 

SF=a&r + )8Sy + 7S^-a&i;'-)8'Sy'-7'S«' (2), 

whence the variation of the relative retardation is 

-(a.'-a/)&i?'-(A'-A0V-(7/-7i')S^' (3),^ 

which is zero if 

8x : Sy : Sz :: a, +ai : A + A : 72 +71. 
Sx' : V - 5/ :: a^' + (h' : A' + A' : 7/4-7/. 

If then, as is generally the case, the two waves issuing from 8 have very 
nearly the same form and position at P and their radii of curvature are large 
compared with their relative retardation, it follows that this relative retarda- 
tion will remain unaltered when the initial and final points are displaced 
along the bisectors 88' and JPP' of the angles between the initial and the 
final directions of the two rays that start firom the one point and cross at the 
other point 

Let ai\ bi\ pi\ g/ be the parameters of the initial straight part 8A1 and 
^> ^» l>i> 9i those of the final part BiP of one of the rays between 8 and P 
and let similar quantities with the suffix (2) denote the parameters of the 
initial and the final parts 8A^, BJP of the second ray; and suppose 8 
displaced to 8' on the bisector 88\ 

The two rays from 8' that meet at P are for the first part of their course 
very near to SA^ and SA^ respectively and have for their bisector 88' , If 
then a^ + Soj', 61' + 861', p^ + Zp^, g/ + Sg/ be the parameters for the one and 
ai + So,', W + Sb^', p%' + Spt\ qi + Sg/ be those of the other, 

The new parameters for the final portions of the rays are 

Oi + Soi, 61 + S61, ih + Spi, gi + Sgi, 
Oi + So,, 6, + S6„ pa + Sp„ g, + Sg„ 
where Sa^, Sos, ... are of the form 

ha, = am: + B^Sb^ + PM + QiV* 

ha^ = AMi + £,S6,' + PfSp.' + Q, Sg/» 

il,, A^, ... depending upon the interferential apparatus and being given 
when that is known. But the relations connecting the parameters of B^P to 
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those of SAi are only slightly different from those conDecting the parameters 
of BiP and SAi ; we can therefore write 

So, = AM-^ ASV + PiSp; + QiSq^' 

similarly S6j + S62 = Spi + Sp, = Sjj 4- Sj, = 0, 

which express that the rays at P that emanate from £1^ have the same 
bisector as those at the same point that start from H, 

It follows that the relative retardation is completely determined if the 
position of PP' be given, without its being necessary to define the position 
of P on PP' or of S on SS\ 

I{ x^az-^p, y = bz-k-q be the equations of PP\ then 

L=f{a\h,p,q) (4). 

Now to different points of the source correspond different directions of 
the line PP\ and the condition for the distinctness of the fringes at P is 
that A must be stationary for all points of the source that contribute to the 
illumination of this point : if this condition be satisfied for the point P, it 
will be sensibly so for the neighbouring points. 

Suppose that the fringes are observed with an optical instrument, the 
focal adjustment of which can be altered while its optic axis remains fixed 
in space, and let us take the axis of z along, the optic axis, the origin being 
some point in the final medium distant D from that on which the instru- 
ment is focussed. Then the values of the parameters corresponding to the 
optic axis are 

and these parameters will be small for all neighbouring directions. 

Let ^.i^^^? (5) 

a?i-f yi-17 D-f "^ 

be the equations of a line near the optic axis, then the values of the 
parameters are 

"""s^r' ^D^r' ^- D-f ' 9 — -D^ ^^>' 

and the equation 
gives 
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the suffix (0) denoting that in the partial differential coefficients the para- 
meters are replaced by their common value zero. These coefficients are 
therefore constant, and SA may be written in the form 

SA = -gi-^ {(4 - PO^ + (5 - Qr) y. - (^ - PD) f - (B - QZ)) ,} . . .(8). 

At the point on which the optical instrument is focussed, o^ =yj = 0, and 
hence the condition of visibility is 

(il-PD)f + (B-Qi))i7 = (9), 

and if this condition be satisfied, the orientation of the fringe at this point 

is given by 

y^x, (A-POKB-QO (10). 

Now f and 17 being independent variables, the condition of visibility 
cannot in general be satisfied, unless a linear relation is established between 
them by limiting to one plane the final directions of the rays through P, 
88 may be done by the introduction of a slit either before or after the 
interferential apparatus. 

Soppoee tl^e slit introduced between the apparatus and the observing 
instrument in the plane Zr=^ and let ^ be the angle that the final plane of 
the rays through P makes with the plane of wz, then 17/^ = tan ^, where 

tan^ = -(il-PD)/(JB-Qi5) (11): 

thus the orientation of the slit depends upon the focal adjustment of the 
obeerving instrument, but is independent of the plane of the slit ; on the 
other hand the orientation of the fringes given by (10) is independent of the 
focal adjustment of the instrument but depends upon the distance of the slit 
from the point observed 

If however the interferential apparatus be such that 

A/B^PIQ^m say (12), 

the condition for visibility becomes 

(il-PD)(mf+^) = : (13), 

and without any limitation of the stream, the interference is visible, localised 
at the point given by 

Dr^A/P (14). 

while by limiting the stream in such a way, that the final directions of the 
rajTS intersecting on the optic axis of the observing instrument lie in a plane 
making an angle tan""^ (— m) with that of az, the localisation is destroyed and 
the interference becomes visible at all distances. 

In this case yJiCi ^ — m and the bands are pai'allel to the plane, to which 
the final direction of the rajrs must be limited, in order that the localisation 
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of the fringes may disappear : however, if the slit be in the plane of localisa- 
tion, yijxi is indeterminate and no bands are visible*. 

38. Having obtained these general propositions respecting the visibility 
of interference fringes, we may now proceed to the consideration of the 
phenomena of interference produced by isotropic plates. In the first place it 
is necessary to calculate the intensities of the reflected and the transmitted 
light, when a train of plane waves of monochromatic light (X) falls upon a 
parallel plate of index /a. The resultant reflected train is then made up of 
an infinite number of components, of which the first is reflected at the outer 
surface of the plate, while each of the remainder has been reflected an odd 
number of times within it. Similarly the first component of the resultant 
transmitted train passes through the plate without reflection and each of 
the remaining components passes out after an even number of internal 
reflections. 

So Cetr as it depends upon the distances travelled in the plate and in the 
surrounding medium, which we shall suppose to be air, the relative retarda- 
tion of two successive components, measured in actual length in air, is 

A = 2/Acl8ecr — 2(2tanr . sin t == 2/a(2 cos r (15), 

where d denotes the thickness of the plate, t is the angle of incidence, and 
r is the corresponding angle of refraction. Representing the polarisation- 
vectors by. complex quantities, this retardation is expressed by the introduc- 
tion of a factor exp (— iZ) where h = ^.ir^jX = k^ is the relative retardation 
of phase. 

At each reflection and refraction, the polarisation-vector is altered by a 
certain factor : this shall be supposed to be 6 for reflection and c for refrac- 
tion in the case of progress to the plate from the surrounding medium, and 
to be 6 for reflection and / for refraction when the light proceeds to the 
surrounding medium from the plate. Further we may suppose that at these 
reflections and refractions there occur corresponding accelerations of phase, 
represented by fi, y, 17, ^ respectively : these will be expressed by the &ctor8 
exp(i)9), exp (47) — 

Now between the factors of reflection and refruction and between the 
corresponding changes of phase there exist certain relations, that Stokes has 
determined frt)m an application of the principle of reversion*)*. 

Let be a point on the interface of two transparent, homogeneous and 
isotropic substances and let 10 be the direction of propagation of a wave in 
the first medium incident on the surface, OF, OR the directions of the 
normals of the reflected and refracted waves and 022' the normal of a 

* Mao^ de Lepinay and Fabry, J. de Phyt, (2) z. 6 (1891). Fabry, TktMe de DoetonUt 
Marseille, 1892 ; J. de Phy$, (8) i. 818 (1892). 

t Comb, and Dub. Math, J. iv. 1 (1849) ; Math, and Phy$. Papen^ n. 89. 
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reflected wave correspondiDg to an incident wave propagated in the direction 
220 and hence also that of a refracted wave due to a wave propagated in the 
direction FO. As we are dealing with one of the plane polarised com- 
ponents of a stream of common light, we may assume that the polarisation- 
vector of the incident waves is perpendicular to the plane of incidence and 
then by symmetry the vectors of the reflected and the refracted waves will 
be in the same direction. 

Let t be measured from negatively backwards along 01 and positively 
forwards along OF, OR and 0R\ and let it denote the equivalent length of 
path in vacuum : then writing for shortness 

27r(«e-2:)/X=r, 

the polarisation-vectors for the incident, reflected and refracted waves may 
be represented by 

and it follows, from the principle of reversion, that the reflected and the 
refracted waves reversed must produce simply the incident wave reversed. 

Now in order to represent this reversion, it is sufficient to change the 
Bigns of t and of z, or which is the same, those of and 7. The reversed 
reflected wave then gives rise to waves with polarisation- vectors 

J«€(^-^+^)t and 6c€<^-^+>)* 

propagated respectively along 01 and 022^ and the reversed refracted wave 
gives rise to waves propagated in the same two directions, for which the 
polarisation-vectors are respectively 

c/€<^->"^*)* and c«€^^->+')^ 
Hence we must have 

i* + c/€<*-'')* = l, and 6c€<Y-^)*-f cee<' -'')* = 0, 
or 6€<«y-^-')* -I- « = 0. 

Whence equating real and imaginary parts, we obtain 

*«% c/=l-6«, )8 + i7=:27, « = -6 (16). 

Returning now to the light reflected from or transmitted by the parallel 
plate, let us suppose for the sake of obtaining a result that will be of use to 
OS later, that the plate is slightly opaque, and let the polarisation-vector be 
reduced in the proportion of 1 to 1 — qdx in traversing a distance dx within 
the plate: then writing for shortness exp(-9(£secr) = ^, \\x>g will be the 
proportion in which the vector is reduced by the defect of transparency in a 
angle transit. 

Measuring now z positively forward along the directions of propagation 
of the reflected and the transmitted streams, and denoting the maximum 
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value of the polarisation-vector of the incident train by unity, the symbolical 
representation of the reflected train is 

if we may suppose that the slight opacity of the plate does not invalidate 
the relations (16). 

In like manner the expression for the transmitted stream is 

(1 - b")^ J«(«*-*)+Y+*K (18). 

Hence the intensity of the reflected light is 

(l-jf»)' + V8in«(S/2-.>) .jg. 

(l-6«^)» + 4J»«7»8in»(S/2-i;) ^ ^' 

and that of the transmitted light is 

(l-bYy+4b'g'tdn'iS/2-v) 

The corresponding intensities in the case of a perfectly transparent plate, 
obtained from the above expressions by writing g=l, are 

46'sin«(8/2^iy) {i^b^y 

(l-5*)» + 46»sin«(S/2-i7) *°° (l-b'y + ^l^sin^B/t^v)"'^^' 

39. It has been assumed in the above investigation that the reflection 
and refraction takes place at a definite surface, up to which the media on the 
two sides retain their homogeneity without any change. That such a state 
of things really exists is in itself extremely improbable, and indeed the 
observed phenomena of the reflection and refraction of polarised light appear 
to indicate that the passage from one homogeneous medium to another is 
through a very thin transition-layer, within which a rapid variation of 
properties occurs: if the thickness of this layer be comparable with the 
wave-length of light, we shall see that a change of phase at reflection and 
refraction will result. So long as the distances with which we are concerned 
exceed a few wave-lengths, no great error will probably be introduced by 
ignoring the transition-layer, but that our results cannot be applied to the 
case of extremely thin plates is shown at once by the fact that the expression 
for the intensity of the reflected light does not vanish with the thickness, as 
it should of course do. 

It has also been supposed that the disturbance within the plate is fully 
represented by waves with transversal polarisation-vectors. If the existence 
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of a transition-layer be denied, the changes of phase must be attributed to 
undulations with a longitudinal vector, that are called into existence at 
reflection and refraction and would be themselyes capable of producing trans- 
versal waves on encountering a reflecting surface. These longitudinal waves 
must be of the nature of superficial undulations becoming insensible at a 
very short distance from the sur&ce, and they may therefore be left out of 
our calculations, so long as the plate that we are considering is not very thin. 

Now the case of thin plates is the very one to which we want to apply 
our calculations, and for such plates, as we have just seen, our formulse no 
longer hold. We may however obtain a result that agrees very well with 
observed facts, if we neglect any changes of phase at the reflections and 
refiractions, as well as the transition-layers, or the superficial undulations, to 
which they appear to be due. Writing then 17 == 0, we have as the intensities 
of the reflected and the transmitted light 

.. (l-g')' + V8m'(S/2) jl-i^rg* .22) 

'^ (1 - IffY + ^f 8in« (S/2) (1 - iyy + 46y 8in» (S/2)* " '^ ' 

in the case of a semi-ttansparent plate, and 

^fc* Bin' (8/2) (1-t^y /23) 

(l-6»)» + 46»sin«(S/2) ^ (l-i>)«-h46»8in«(S/2) ^ '' 

when the transparency is perfect. 

It follows then that the reflected light becomes a minimum and in the 
case of perfect transparency vanishes, when 8 = 2n7r, or when 

2/id cos r = nX (24), 

n being an integer. 

40. Suppose now that the light is not strictly monochromatic, but is 
made up of a number of constituents with periods only slightly different firom 
one another. If the thickness of the plate be very great compared with the 
wave-length, then 8 will vary enormously for a very small change in X, and 
sin (8/2) will assume all values from — 1 to + 1. This being the case, the 
intensity of the reflected light, that of the incident light being taken as 
unity, may be represented by 

IT Jo (1 - 6y)»co8« f + (1 + byy Bva* ?• 

provided we may assume that the intensity of the constituent streams varies 
bat slightly with the wave-length. Similarly the intensity of the transmitted 

light is 

(l-6*)'gr' f- d? 

ir Jo(l-iy)*co8»f+(l + fty)'sin»f 
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Now writing tan f = (6/a) tan f , we see at once that 



/ 



a*co8'f4-6"sin'f ab' 

Hence the intensities in the two cases are 

(l~6'<y»y-6'(l-yy ., ■ (l-6')'6y 

and g-^yg' 

the result that would be obtained by summing the intensities of the different 
components into which the incident stream is divided by the reflections and 
the refractions*. 

41. We have now to justify the application of our formulae to the cases 
that actually occur, in which the faces of the film are not necessarily parallel 
and in which the light incident upon it consists not of a train of plane waves 
but of a number of distinct streams coming from the various points of an 
extended source placed at a finite distance from the plate. 

Suppose that the film of index /x is included between two media of index 
/a', of which the upper one is a thick parallel plate, while the lower boundaiy 
of the film is either a spherical surface of very large radius or a plane not 
necessarily parallel to the faces of the plate. 

Let iS be a point of the source and let us determine the relative retarda- 
tion at some point P of the streams, that emanate from 8 and have been 
reflected at the outer and the inner surfaces of the film respectively. 

In the case of the stream externally reflected, the ray through P lies 
entirely in one plane and is projected on the upper surSeMse of the film in the 
straight line SAiAA^P, the points Ai, Ay A^ denoting the places at which a 
change of direction occurs : on the other hand the ray internally reflected lies 




in general in two planes and its projection on the upper surface of the film is 
the broken line SBiB^BB^B^P, refraction or reflection taking place at the 
points indicated by Bi, £,, .... 

Let i and r' be the angles of incidence and refraction s.t Ai, then r' is the 
angle of incidence at A and / and i are the angles of incidence and emergence 
at A^. 

* Kirchhoff, Vorl. Uber Math. Optik. p. 164. 
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Lett,, r/^ 



, )- be the angles of incidence and refraction at 



5. 

B, 
B, 



and 0t 01, 6% the angles that SAP^ SB, BP respectively make with some 
fixed straight line on the upper surfieu^e of the film. 

Denote the heights of 8 and P above the surfieu^e of the thick plate by c 
and C, the thickness of the plate by h and that of the film measured normally 
to the faces of the plate by i. Then 

A = c (sec i, — sec t) + (7 (sec u — sec i) 4- tih (sec r/ + sec r,' — 2 sec r') 

+ ;a< (sec r, + sec r,) (25), 

with the conditions 

0»c(tantco6d — taniiCOsdi) + (7(tantcosd — tant4 0oed,) 

+ A (2 tan r' cos ^ — tan r/ cos di — tan r,' cos 6^ 
-t(tanr,co8^, + tanr,co8d,) (26), 

» c (tan t sin — tan i, sin ^i) -H (7 ( tan t sin — tan {4 sin 6^ 

+ A (2 tan r' sin ^ — tan r/ sin ^1 — tan r,' sin 0^ 

— t(tanrasindi + tanr,sind,) (27). 

Multiplying the last two equations by sin t cos and sin t sin respec- 
tively and adding them to the former, we obtain 

1 — sin t flinii cos d cos ^i — sin t sin ti sin dsin 6^ 



A»c 






COSti 

1— sintsiniicosdcos^a — sintsiniisindsind. 



COS 14 



— COSij 

— cost] 



+/» 



■*( 



Ait( 



1 — sin / sin r/ coe 6 coe ^i — sin / sin r/ sin ^ sin ^1 

cos r/ 

1 — sin / sin r/ cos 6 cos 0. — sin r' sin rJ sin sin 0. ^ A 

H -, 2cosr ) 

cos r, / 

1 — sinr sin r^cos ^cos ^1 — sinr sinr^sin dsin di 



cosr, 

1 — sinr sin r, cos ^006^1— sin r sin r^sin^ sin ^, 

cosr. 



) 



.(28). 



where r is the angle of entiy into the film corresponding to an angle of 
mcidence % on the first surface of the plate, so that sin r » sin t//i. 

Hence 

1 — cos €1 r» 1 ~* ^^8 €4 . ,^ (\ — cos €1' . 1 — cos €,' 



1— 008 6, ^1 — C0S€4 ,, /I— COS€i 1 — COS €, \ 
A = C ;-^+(7 r-^ + /xA 7-^+ T^ 

costi C0SI4 '^ \ cosTi ^osr, / 



4-/i<(2cosr4- 



1 — cos €s 1 — cos €, 



cosr. 



cos 



0S€,\ 



.(29), 
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where € denotes the angle between corresponding parts of the rays, so that 
for instance 

cos €t = cos r cos r^ + sin r sin r, cos (d, — 6), 

When the angles € are very small, which will be the case when t is very 
small, we have neglecting e* 

A s= 2fU cos r. 

To the same degree of approximation, the stream that is reflected (2p — 1) 
times within the film is retarded relatively to that reflected at its upper 
surface by an amount 

Ap = 2/i (t, + ^ + ... + ^) cos r, 

where t,, t, ... denote the distances below the upper surface of the points at 
which the reflections at the lower side of the film occur. Since however the 
importance of the successive components decreases very rapidly as their order 
becomes greater, we may, provided the thickness varies only very slowly, 
write the above expression for the retardation as 

Ap=j>.2;i<cosr, 

where t is the thickness at the point of reflection of the externally reflected 
stream, and in that case the intensity of the reflected light is given by the 
expression already obtained for the case of a parallel plate. If however the 
incidence be very obUque and the variation of the thickness be not very 
small, there may be a considerable departure from the theoretical simplicity 
assumed in the above investigation *. 

42. If now we pass to another point of the source, we obtain for the 
intensity at P an expression of the same form, in which r and t have new 
values, and since there is no regular interference between streams that start 
from different points of a source, the resulting intensity is the sum of all 
such expressions for those points of the source that contribute to the illumina- 
tion of P. 

In general then there will be no visible interference at P, unless at this 
point A has the same value for all the points that send light to P, or which 
is the same, for all points of the upper surface of the fllm, that are included 
in the area traced upon it by the rays through P, that meet the object glass 
of the optical instrument, with which the interference is observed. 

The condition of visibility then is 

c2A = 2/x cos rdt — 2/Li^ sin rdr 

= 2/xcosr<it — 2t tan rcostdt = (30), 

for all points of the film utilised. 

43. As a first application of these considerations, let us take the case in 
which the film is a parallel plate. Then dt^Q and the condition of visibility 

* Mao^ de Lepinay, J^. de Pkys. (2) n. 121 (1890). 
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18 that di =: 0, which expresses the fact that the interference is localised at 
infinity. 

The bands are arcs of circles and have this peculiarity that the order of 
the band decreases as the angle of incidence increases; for at normal 
incidence 

where n« is not necessarily integral, and at an angle of entry r 

A = 2/Lt^ cos r = nX, 

whence Ao — A = 2iU (1 — cos r) = ^lU sin* « = (wo — w) X. 

To determine the angular width of a band, corresponding to a change of 

n into n — 1, we have 

2/i^ sin rdr = X, 



whence 



J . uX cos r 



t am 2t ' 

Thus the bands are very broad at normal and at grazing incidence, and their 
minimum separation, corresponding to the minimum value of cos r . cosec 2t, 
occurs when 

tan*t=-AT- 

These bands were first observed by Haidinger with plates of mica*. 

44. An interesting case of these bands occurs when the plate is less 
dense than the surrounding medium and the angle, of incidence is very 
nearly that corresponding to total reflection: they are then known as 
Herschel's bandsf. This case may be realised by employing a parallel plate 
of air bounded on one side by the face of a prism. 

Denoting by r and i the angles of incidence and refraction at the plate of 




Fig. 14. 

* Haidinger, Fogg. Ann. lzxtxx. 219 (1849); Wien, Ber. xiv. 295 (1854). Mascart, Ann, de 
CLetde Pkg$. (4) zzm. 126 (1871). Lammer, Wied. Ann. xxm. 49 (1884). 

t Henohel, Phil. Trant. xoa. 274 (1809). Mascart, C. R. CYin. 596 (1889); Phil. Mag. (5) 
xxTn. 524 (1889); J. de Ph^s. (2) vm. 445 (1889) : (3) i. 509 (1892). Lord Bayleigh, Phil Mag. 
(5) zxmz. 197 (1889). 

W. 5 
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air, and by p and the angles of incidence and emergence at the surface of 
the piism, the angle of which is A, let ro, 7r/2, p^, do be the values of these 
angles, when the light meets the plate at the critical angle. Then 

A = 2^cosi = nX (31), 

sin t = /A sin r 1 = fisinvo^ 

sinO == fiainp sind^^ fisinpQ > (32). 

il=/> + r = po + ro J 

Since the differences — 6^, P''Po, r — r^ are very small, these equations 
give 

d — ^0 = M (P — />o) cos po/cOS ^0 = — /^ (r — To) cos po/cOS 00 "j 

sin i = 1 + /Lt (r - r©) cos r© = 1 - (^ — ^o) cos r© cos ^o/cos po \ (33), 

cos* i = 2 (5 — ^o) cos ro cos ^o/cos p^ J 

whence A» = n^' = 8^' ^^^ ""^ ^^ ^^ (g ~ go) (34), 

cos Oo 

and the angular width of the n^ band in monochromatic light X, correspond- 
ing to a change of n into n + 1, is given by 

3^^«X' _co8^ (35). 

4<* cos To cos ^0 

Hence the width of the n^ band is approximately proportional to the order, 
to the square of the wave-length and to the inverse square of the thickness*. 

Let us now consider the phenomenon in white light*. Since cos^o* 
cospo and cosr© vary but slowly with the wave-length, we may write 

A = nX = A(d-do)* (36). 

where h may be regarded as constant, and do is a function of the wave-length. 

Now ddo = 7i da, 

cos 00 cos r© 

and since the coefficient of dfjL may be considered as constant, 0^ is a linear 
function of /i, and we may write 

'do = a + 6X-* (37). 

Now the bands will be superposed for all colours for which the wave- 
length is near a certain value chosen arbitrarily, if the differential coefficient 
of the deviation with respect to the wave-length be zero, the order n being 
supposed to be constant. The deviation of the fringes of the same order 
relatively to more remote colours, whether of greater or less wave-length, is 
then in the same direction, and the band may be said to be achromatised for 
the colour of concordance. 

* M&c^ de Lepinay, J, de Pity: (3) iii. 163 (1894). 
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The condition for achromatism for light of wave-length \ is 

0-e, \ . ||* = 6X-» (38). 

and the deviation of the band achromatised for this radiation is 

5 = a + 26X-« (39), 

the order of the band being given by 

n\^h{e-e,)^=^hjll\ (40). 

Eliminating X between these last two equations, we obtain 

0^a + 2njb/h (41), 

and the width of the bands is 2 Jb/h, which is practically constant. 

Thus in white light the coloured bands are nearly equidistant, though in 
monochromatic light their width varies as the square of the wave-length. 

45. Let us next consider the case in which the film is contained between 
a thick parallel plate of thickness h and a plane surface inclined to the 
faces of the plate at a small angle a*. 

Let us take as origin the point in which the edge of the wedge-shaped 
film is met by a plane through the optic axis of the observing microscope 
normal to the thick plate, and let yfr be the angle between this plane and one 
perpendicular to the edge of the film. 

Then denoting by R the radius-vector to the point in which the upper 

surface of the film is met by the ray that emerges from the thick plate in 

the direction of the optic axis and by a the distance of the same point from 

the edge of the wedge, 

t = a tan a = i2 cos yft . tan a, 

.•. eft « tan a (cos y^R — iZ sin yjrdyjt) = t (cos yfrdR — 22 sin ^dy^)/a. 

If (7 be the height above the top of the thick plate of the point P on which 
the microscope is focussed 

R = const -f C tan % + h tan r, 
.*. dR = C Bec^idi -{■ h sec^r'dr = (C sec* i + A cos i sec* r'/zx') dt 
= (D sec i 4- A cos t sec* r^/fi) di, 

where D is the distance of P from the top of the plate measured along the 
optic axis of the microscope. 

Hence the condition of visibility (30) becomes 

efg^ (cos tdii-iZ sin V^V-) = ;> -^r'^^L../ ' dR. 
a ^ ^ T T/ i>8ect + Acostsec*r//x 

or writing dR = f , Rdyfr = 17, 

t, , . , a sinr sec'rcos'i ^ ..^. 

^'^^-^^^°^ = ;i /? + AcosH8eCr7/ ^ (42). 

• Mac^ de Lepinay, J. de Phyi. (2) ix. 121 (1890). 

5—2 
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Now f aod 17 being independent variables, this relation cannot in general be 

satisfied, unless the final directions of the rays that pass through P be limited 

to one plane by the introduction of a slit : the points at which the rays are 

reflected at the upper surface of the film will then form an element of a 

line, and if this make an angle <f> with the trace of the plane of incidence, 

17/f = tan0 and 

^ _ h cos* i a cos' i sin r cos ^ 

"" fico^r /i' cos'r * cos(^-f'^) ^ ^' 

whence it follows that the plane of localisation depends upon the orientation 
of the slit. 

If the fringes be visible with an extended source, the value of D must be 
independent of ^ : this occurs 

(1) when '^ = 0" or ISO"", the plane of localisation being then given by 

J. Acos*t acos'tsinr 

fi COS* r^ fjL cos*r ' 

the upper or lower sign being taken, according as -^ = 0** or 180** ; 

(2) when r = 0"* or the incidence is normal ; the fringes are then localised 
at the point 

that is at the apparent upper surface of the film ; 

(3) when r = 90"* or the light meets the film at the critical angle. The 
plane of localisation is then at infinity. 

We may notice that the expression — Aco8*tsec'r'/fi' gives the position 
of the first focal line of the pencil, that emanates from a point on the lower 
surface of the thick plate and has its axis on emergence along the optic axis 
of the microscope. 

46. As a final application of the formulae, let us take the case of 
Newton's rings formed by reflection from a thin film included between a 
thick parallel plate and a convex surface of the same substance of very small 
curvature*. 

Take the point of contact of the surfiBtces as the origin of a rectangular 
system of coordinates, the upper surfieu^ of the film being the plane of xj/, 
that of xz being parallel to the plane normal to the plate through the axis 
of the microscope, with which the rings are observed, and the axis of x being 
directed towards the luminous source. 

Let (x, y, 0) be the cartesian and (iZ, yfr) the polar coordinates of the 
point, in which the top surface of the film is met by the ray that emerges 

* Mac6 de Lepinay, loc. cit. Ct also, Feassner, Marburg. Ber, (18S0) 1 ; (1S81) 1 ; (1882) 1 ; 
Wied. Ann. xir. 545 (1881). Wangexin, Pogg. Ann. cxxzi. 497 (1867); Wied. Awl tl. 788 (1890). 
Sohnoke and Wangerin, Wied. Ann. xn. 1, 201 (1881); xz. 177, 891 (1888). Oamlich, ibid. zzti. 
887 (1885). Flaz, Phil Mag. (5) zzzz. 217 (1890). 
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from the plate in the direction of the optic axis of the microscope : then if 
(« + f, y + 17, 0) be the coordinates of a point near to a, y, 0, we have 

p beiDg the radius of the spherical surface, and 

2ctt = = — (f cos'^ + i7sin^)= -^(f cos -^ + 17 sin ^), 

p p it 

and f = ( JD sec t + A cos t sec* r^/fi) di, 

D having the same meaning as in the last case. 

Hence we have for the condition of visibility 

2u,^ , . . ,v sin r sec" r cos" t ^ 

and introducing the relation 17/f sstan^, the plane of localisation of the 
fringes is given by 

n — _^ ^Qs** -R sinrcos'i co60 ,j.. 

" fi'co^r' 2fjL cos'r 'cos(0 — '^) 

an equation that gives the same results as were obtained for the case of a 
wedge-shaped film. 

47. In the case of curved interfereoce fringes, the retardation of phase B 
is to be regarded as a function of x, y and X, and the equation 

5 = ^(x,y,X) (45), 

in which X is regarded as a constant, determines the form of the fringes as 
seen in homogeneous light. 

If the light be white, the bands will be in general coloured, but those 
points will be achromatic for which 

s-« • w 

This condition gives a relation between x and y, and determines a curve 
that may be called the achromatic curve, but inasmuch as the value of S is 
not constant along it, this curve is not an achromatic 6and The achromatic 
bands are a system of infinitely short lines, that exist only at the points of 
intersection of the achromatic curve with the lines S » coDst. 

In the case of Newton's rings, the thickness of the film at the point 
(«, y) measured frx>m its thinnest point is 

e=a+6(a^ + y») (47), 

Arrr 
whence ^ ="^ {a4-6(a^+y')} cosi (48), 

and the achromatic curve is 

a + 6(a^ + y*) = (49). 
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It is thus wholly imaginary, if a and h be both positive and finite : but if 
a = there is an achromatic point ^ = 0, y » 0. 

The result is however different when the rings are viewed through a 
prism. We may then suppose that each monochromatic system is shifted as 
a whole parallel to the axis of x by an amount dependent upon the wave- 
length of the light. The apparent coordinates being f and 17, so that 

f = a:-/(X), i7 = y (50). 

the equation of the rings as seen through the prism is 

« = ^^^^*[a + Mf+/(X)j» + V] (51). 

and the eqaation of the achromatic curve is 

{f+/(X,)-X,/'(X,)}' + V = V{/'(A*)}'-a/6 (52), 

which represents a circle with its centre on the axis of f. 
If a = 0, the curve is real and passes through the point 

f+/(M = 0, 17 = 0, 

that is, the image of the point of contact (a; = 0, y^O) in light of wave- 
length X«. At the point 

in which the circle again meets the axis, the bands are parallel to the 
achromatic curve and are specially developed. 

As a increases from zero, the radius of the achromatic circle decreases, the 
centre remaining fixed, so that the two points in which the circle cuts the 
axis are on the same side of the image of a; =: 0, y = 0. When a is such that 

the circle reduces to a point, given by 

and since there are two coincident achromatic points on the axis, the 
condition is satisfied for an achromatic system. We then have 

a/6 = a^, 

so that ^ = a + fciT* = 2a, 

and hence for an achromatic system, the thickness at the point must be due 
half to curvature and half to imperfect contact at the place of nearest 
approach of the surfaces*. 

48. It has already been stated that a defect in the monochromatism of 
the light leads to the final obliteration of the interference fiinges as the 

* Lord Bayleigh, Phil Mag. (5) xxvm. 203 (1889). 
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relative retardation of the interfering streams increases, and the visibility of 
the phenomenon has been determined in the simple case of a source emitting 
radiations that are grouped about some principal period with intensities 
given by Maxwell's law. 

Another instance of a somewhat different character is afforded by 
Fizeau's* celebrated experiment with Newton's rings viewed at normal 
incidence in the light from a soda-flame. Roughly speaking, this light 
may be said to consist of two systems of radiations, the wave-lengths of 
which differ from one another by about one-thousandth of that of the one 
with the lower frequency. When the film is very thin, the difference of 
phase is sensibly the same for both systems, so that the maxima due to 
each coincide and the rings will have their greatest possible distinctness. 
As the thickness of the film is increased, the rings will move in towards 
their centre, becoming less and less distinct, and when the distance between 
the surfiBu>es of the film is of such a magnitude that the relative retardation 
of phase for one radiation exceeds that for the other by half a period, the 
maxima of the one will be superposed on the minima due to the other and 
the rings will be no longer visible. A further increase in the thickness of 
the film will cause a reappearance of the fringes, the distinctness of which 
will increase up to a maximum, corresponding to the case of the relative 
retardation of phase for the one radiation being a complete period in excess 
of that for the other. 

If the light from the soda-flame had the simple character stated above, 
these phenomena would be repeated indefinitely and the visibility of the rings 
would be the same at the successive maxima of distinctness : this however is 
not the case, and it becomes important to determine the manner in which 
the visibility of interference phenomena depends upon the radiations from a 
complex source and to investigate whether the variation in the visibility 
as the relative retardation increases affords a means of discovering these 
radiations. 

49. Suppose then that/(X)<2X is the intensity of illumination due to 
streams, the wave-lengths of which are comprised between X and X + (2X, and 
that A is the relative retardation in actual length in air introduced by the 
interferential apparatus: then the intensity due to these streams is 

2(i + cos^a)/(>-)^>- (53), 

and if the radiations from the source are grouped about some principal 
radiation, the total intensity is obtained by integrating this expression 
between the limits Xi and X^ — ^the wave-lengths of the extreme constituents 
of the complex stream. 

* Fizean, ^ftm. de Ch. et de Phyi. (8) Lzn. 429 (1862). 
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Let X~* = (l -f a:)Xo"'S the values of x corresponding to \ and A-, being 
— x^ and X2 respectively, then writing /(X) d\ = (f) (x) dx and A =pXt)> we have 

/ = 2/ </>(a?)(ic + 2 I cos27rp(l+a;).</>(a;)da; 

= 2P + 2Ccos27rp-2/S.sin27rp (54), 

where 

P=/ (f>(x)dXf C=l cos2'7rpx.<l>(x)dx, S=\ siu2'rrpx.(l>{x)dx, 

J —X, J -Xi J —Xi 

If the interval a?i + aij be small, the variations of C and S with p may be 
neglected, and the maxima and minima of the intensity occur when 

G sin 27rp + 8 cos 27rp = 0, 
the value then being 

/=2{P±Va« + flf»} (55), 

whence the visibility of the fringes is given by 

Fi« « (C« + S«)/P« (56). 

If now the radiations from the source form several groups such as that 
just considered and the values of w for their principal radiations be ai, Os, ..., 
then replacing xhy On-^^ ai^d <l>n («n + J^) by -^n (^)i we have 

(7 = 2 I cos 27rp (on + -8^) '^n(^)ci'^ = 2 (7n cos 27rpan — 2 iSn sin 27rpan, 

8 = X I sin 277y(a,» + j?)^»(-g^)ci^ = 2SnCos27rjpan + 2C7nSin27rpan, 

and the visibility is given by 

(ZPyV = {t {CJJn + Sn^Sn) COS 2irp {o^ - a^) 

+ S(C«Sn- CniSm) sin 27iy (On -am)} (57). 

When each group is symmetrical, 

(2P)«F«=2PmPnF^Fn cos 27iy(an-cr^) (58), 

and if the groups be alike, except for a constant factor h that may represent 
intensity, 

p., 2 Am&n cos 27rp (On - Om) p. , ,^q. 

^ (2Ay ^ ^^^' 

where Fi denotes thie visibility for a single group. 

The most interesting case is that in which the intensities in the groups 
are distributed in accordance with Maxwell's law, or ^ (x) = exp (— A:'a;»). 
When the coefficient k is very large, the exponential diminishes very rapidly 
and the important terms are those near the principal radiation, for which 
^ s : taking the limits of integration as ± 00 , 

Fi = exp(-7r«pVA:») (60), 
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and in the case of two groups, for which the intensities are as 1 : r, the 

visibility is 

y^^^^ n^^^^r<^,2^ia,^a,) 

50. Conversely suppose that the visibility is found to be represented by 

F=2-/-y/L±Z^^^ (62). 

X being the retardation in length, and let us determine the radiations 
present in the streams. 

The form of the expression shows that the source is double ; that its 
components have the intensity-ratio 1 : r, and that in each the light is 
distributed according to the exponential law expressed by its first term. 

From a comparison of (62) with the expression for the visibility in the 
case of a double source of which the constituents are known, we have, if X 
be the mean wave-length, 

Oj — ai = XjD : 

but Xi and X, being the wave-lengths of the principal radiations 

a.-a, = X(X,-»-X,-ON(Xi-X,)X-S 

and hence on a scale of wave-lengths the distance between the principal 
radiations is 

Xi-X, = XVi) (63). 

Again comparing the exponentials, we have 

7ry/A» = (X/Cy log, 2 = (pX/Cy log, 2, 

• • IC ^* "^"^ . n.« 

X Vloga2 

But if € be the " half-width " of the spectral line — the value of x that makes 
^(«)=o— 



Jfc. = Vi^, or € = ^|, 



and on a scale of wave-lengths the " half- width " of the spectral line is 

Xe = ^^^ ^% 0-22 I' (64). 

Hence the expression for the visibility gives the ratio of the intensities of 
the components, their width and the distance between them ; but the order 
in which they are arranged in the spectrum remains indeterminate*. 

* Miehelson, Phil. Mag. (5) xxn. 256, 338 (1891); xxxiv. 280 (1892); Travaux et Mimoiret 
du Bureau InUm. de$ Poidt et Metures, xi. 129 (1895). 
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Fabry and Perot* have however succeeded in determining this by 
Fizeau's method (§ 48) ; but instead of using Newton s rings, they employed 
Haidinger's fringes formed by the light transmitted through a parallel plate 
of air contained between two thick plates of glass, the adjacent surfaces of 
which were lightly silvered. By thus increasing the reflecting power of the 
faces of plate, the dark bands are made much blacker, while the bright rings 
are rendered very fine, and in consequence the rings produced by radiations 
extremely near to one another can be easily separated by a progressive 
increase of the thickness of the plate. 

51. In order to determine the expression for the visibility, Michelsonf 
employed the refiuctometer described in Chapter II, deducing the form ot 
the function from his measures by a graphic method. A reference to the 
description of the apparatus already given will show that, so far as inter- 
ference is concerned, the streams comport themselves as if they were reflected 
at the first and second surfaces of a film of air contained between the image 
of the mirror M^ in the silvered 8ur£su^ of the glass plate 0^ (which image is 
called the plane of reference) and the surface of the mirror if,, since when 
the silver coating of Gx is very thin, the change of phase on reflection at it 
amounts to ir whether the reflection t>akes place in air or in the glass^. 
There is here clearly no question of multiple reflections within the film, and 
the dark bands will occur when 

2t cos i = (2n + 1) X/2, 
and the bright bands, when 

2,t cos % =■ nX. 

When Mt is parallel to the plane of reference, the fringes are concentric 
circles localised at infinity, while if Jf, be inclined to this plane and the 
plane of incidence be perpendicular to their line of intersection, the fringes 
are straight lines, parallel to this line and localised on the surface of the film. 

For the determination of the visibility Michelson adopted the first of 
these two cases of interferenca The mirror M^ was first adjusted to 
coincidence with the plane of reference, in which case the two streams 
have traversed equal distances, and it was then displaced through 1 mm., 
giving a difference of path of 2 mm. and the visibility was estimated, and 
so on. 

These eye estimates of the visibility having been checked and con^ected 
by previous observations of fringes having a visibility that could be calcu- 
lated, a curve was drawn by taking the differences of path as abscissae and 
the visibilities as ordinates, and the equation of the curve was then found by 
trial 

* Fabry and Perot, Ann, de Ch. et de Phyt. (7) xn. 459 (1897); xvi. 115, 289 (1899); xzn. 
564 (1901); Aitrophyt. J. xm. 265 (1901). 
f loe. eit. p. 115. 
X Edser and Stansfield, Nature, lti. 504 (1897). 



50, 51] 



Study of Different Sources 



75 



The following examples will serve as specimens of the results obtained by 
MichelsoQ*. In the figures the curves drawn in full on the right represent 
the visibilities given by the observations, the dotted curves represent the 
equations adopted as the expressions for the visibility : the figures on the 
left give the character of the spectral lines deduced from the curves of 
visibility. 

(1) The visibility-curve of the red hydrogen line (X = 6*56 x 10"*) 
practically agrees with 

F=2-(-^W cos -7/30, 



the form cos r/D being written for Vl + r" + 2r cos ZirX/DKl + r), so that it 
is practically the same as that due to a double source, the components of 
which have the intensity-ratio 7 : 10. 
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Fig. 15. 



20 



80 mm 



The distance between the components of the line is 
«g X (6*56 X 10-*)* = 1-4 X 10-* mm. = 0*14 divisions of Rowland's scale. 

The width of each component on the same scale is 0*099. 

(2) For the red cadmium line (X = 6*44 x 10~*) the visibility-curve agrees 

with 

F=2"WiW: 

this then is a remarkably simple line of breadth 0*013 on Rowland's scale, 
and the red cadmium line thus affords a specially homogeneous source of 
Ugfat 
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(3) The orange-red oxygen line (X = 6*16 x 10"*) gives for the curve of 
visibility 

7« i-i^f^^ |o*36 + 0*32 cos 2v ^ + 0*16 cos 2v ^ + 016 cos 27r j^l*. 



* toe. eit. p. 188. 
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This expression indicates that the source consists of three simple and similar 
lines, the intensity-ratios of which are 2:2:1, the last being at the end of 
the series: the width of the lines is 005 and their distances apart are 
141 and 078. 
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Fig. 17. 



(4) The green thallium line (X = 6"35 x 10"*) gives 

F=|cos-2/160|4Fi«+F,« + 4FiF,cos27r^l , 
Fj = 2- ww)\ F, = 2 - (A7i88)\ 




SOOmm 



The light thus consists of two sources, for which the intensity-ratio is 2 : 1, 
and each of these is a doublet, the elements of which are determined from 

Fi«2-(-^/«*«)*cos-2/160 and F, = 2-(-»^/w«)"cos-2/160. 

Thus the components of each doublet have the intensity-ratio 5 : 1 and for 
each the distance between the components is O'OIS on Rowland's scale ; the 
width of each component is for the one source 0*005 and for the other is 
0*007 on the same scale. The distance between the doublets is 0*113. 



CHAPTER V. 

DIFFERENTIAL EQUATIONS OF THE POLARISATION- VECTOR. 

52. Before proceeding further, it is necessary to determine the differential 
equations that the polarisation-vector must satisfy in the case of an isotropic, 
dispendonless, transparent medium, that is, one in which waves travel with 
the same speed, whatever their period and their direction. 

It has been shown in Chapter 11 that the phenomenon of interference 
indicates that the result of a superposition of trains of waves of light is repre- 
sented by a summation of their separate effects without any modification of 
the waves themselve& Since then in a train of waves the vibrations of the 
polarisation- vector are in the plane of the waves, provided they are identical 
over the whole extent of the wave-front, the components of the polarisation- 
vector d must satisfy the equations* 

tt = 2<^ (©e - r), t; = SxnM-r), t(; = S'fnM-r) (1), 

uZ + vm + t(;n = (2), 

where ^, Xn* i^n ^^^ periodic functions, a> is the propagational speed of light, 
I, m, n denote the direction-cosines of the normal to the wave-front and 

rszlx-k- my + nz. 
Eliminating the arbitrary functions and the direction-cosines, we obtain 

l^"-"". S-""-"' ?■-"•'■«■ »• 

TIT -xi t 3m , 3t> , 3tt» 

Wntmgnow 8 = _ + _ + _, 

we have 8 = (^i + 5iw^ + -57w) = 

a> \dt at ot / 

by (2). Hence the condition 

^_du dv dw . 

^-d^^di/^Tz^^ W, 

* Yoigt, Komptndium der TheoretUchen Phyiik, Bd. ii. 554. 
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which expresses that the polarisation-vector has no convergence anywhere, 
may be regarded as equivalent to (2), and the differential equations required 
are given by (3) and (4). These equations may clearly be written in the 
symmetrical form 

d = — curl BT, BT =curl e (5), 

where the components of the vector e are given by 

(«.,«.,e.)=i(4. I. i){a,'(«' + t/' + «^)) (6). 

53. As a first application of these equations, let us determine the nature 
of the vibrations when the waves are unhomogeneous* that is when they are 
no longer identical over the whole front. Using bars (— ) over the letters to 
denote complex quantities, let us assume as a solution of the equations 

w = ad, t; = j8d, w=^^d, c2 = il exp {*(&+ 7ny + nr + «f)} (7), 

where eP-|-/8» + 7»= 1 (8), 

Ix + my + n^: = — [x cos t + y cos j + z cos k 

+ fti'(.TCOs/-|-y cos ty+^cosjK)} (9); 

a, )9, 7 are then the complex direction-cosines of the vector d, 

COS t, cos^', cos k are the direction -cosines of the normal to the planes 
of like phase, 

cos /, cos J, cos K are the direction-cosines of the normal to the planes 
of like amplitude, and 

V is the coefficient of extinction of the waves along this normal 

Then equation (4) gives 

oZ-hy8m+ 711 = 0... (10), 

and from each of equations (3) 

fia=a>»(Z« + m«-hn«) (11). 

Separating the real and imaginary parts of this equation, we have 

ft« = (i,«(l - i/»), = I' (cos 1 cos / 4- cos J cos /+ cos A? cos JT)... (12), 

A being the propagational speed of unhomogeneous waves of period r : since 
il is real if the waves be propagated without change of type, i' < 1. 

Also since we are assuming that i^ ^ 0. it follows that 

cos i cos / 4- cos j cos J + cos k cos jK" = (13), 

which expresses that the planes of like phase are at right angles to those of 
like amplitude, and this being so 

i' + fn' + n»=^(l -j^) (14). 
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Taking the axis of z in the direction of the wave-normal and the axis of x 
along the normal to the planes of like amplitude, we have 

; 27r _ ^ . 27r 

A. Af 

and a : 7 :: 1 : — ti;. 

It follows then that the vibrations are elliptical and no longer in the plane 
of the wave ; but though this is so, they are still of the nature of transversal 
vibrations, for the equation d^u/dx -f dv/dy + dw/dz = is still satisfied, and 
this is the distinguishing characteristic of such vibrations. 

64 An important question in the problem of wave-propagation is that 
of the direction in which any peculiarity of phase or amplitude is propagated 
in a stream of light and the speed with which it travela In a simple train 
of waves there is no distinguishing mark by which any portion is identified, 
and consequently the determination of the velocity of light is generally 
effected by measuring the propagational speed of some peculiarity impressed 
upon the train : this will only give the wave- velocity if the singularity travel 
at the same rate as the waves. 

We will now consider this point, taking the case of a medium that is 
characterised by equations (3)*. 

Let IT, F, TT be three functions of the rectangular coordinates of any 
point in the medium, such that 

tr=a„ r^^a,, Tr=o, (15), 

in which the parameters a^, at, a$ are given all possible values, form a system 
of conjugate or orthogonal surfaces: and let us take 17, F, TT as new 
coordinates. 

In order to transform the equations (3) to this new system of coordinates, 
we note that V'u is the divergence of a vector, the components of which are 
dufdx, Sv/dy, dw/dz, and therefore the volume integral of V«u taken throughout 
any region is equal to the surfSsM^e integral of the vector over the boundary of 
the region, that is, to /(9u/dn)(£9, where n is the normal to dS drawn 
outwards. Let us apply this theorem to the small rectangular parallelepiped, 
the faces of which are parts of the six surfaces U, U-k-dU, V, V+dV, W, 
W-k-dW. 

If adUf bdV, cdW he the lengths of the edges of the parallelepiped, the 
pair of £eu^s, forming part of the surfaces U and U+dU, contribute to the 
surface integral the amount 



I^m}i„,v4w. 



dU [adU] 

* Poincart, Thiorit MatMmatique de la LumUre, n. p. 114. 
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and similarly for the other two pairs of faces. Hence since the volume of the 
parallelopiped is abcdU.dV.dW, we have at once 

... 1 (d fbcdu\ d fcadu\ d fab du\\ 

and the equations (3) become in the new system of coordinates 

obcdhL^d fbc du\ d (ca du\ d fab du\ .-_. 

and two similar equations. 

Now let us suppose that the surfaces Tf = a, are a system of parallel 
surfaces : then c = 1 and ab is proportional to the section at any point of a 
small tube of normals to the surfaces : and if these surfaces be the wave- 
fronts we may write 

u^A exp{ft(n< — /cTT)}, 

where n = 27r/T, k = 27r/X and il is a function of {U, F, Tf, t). 
Substituting this value in (17) and writing ai = cr, we obtain 

a {d'A ^ ^ dA ,.[ a ihdA\^ d (adA\ ^ 3 / dA\ 

^ikA ^ts-- 2ft#c<r ^y^—K^Aa- (18). 

Since n = kco, the terms involving A cancel, and if the differential coefficients 
of A be all finite, we may neglect the terms that do not involve the large 
quantity k and we obtain 

a- dA ^ dA i j 3^ 

and as (7 is independent of t, 

I djA^a) d(A^<r) _ 

^ dt ^ dw "^ ^^^^' 

whence A^a^f{U, F, W-<ot)...,. (20). 

Thus any singularity of phase or amplitude is propagated along the normal 
to the wave-front with the speed «, and since the amplitude varies as l/V^*, 
the intensity is inversely as the section of the beam of light. 

55. This result that the peculiarities of phase and amplitude travel with 
the speed of the waves, depends upon the assumption that the wave-velocity 
is the same for all waves whatever their period may be and cannot be applied 
to the case of dispersive media. The effect of impressing any distinguishing 
mark on a train of waves is to destroy its simple harmonic character, and if 
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the constituents of the altered stream travel with different velocities, it by no 
means follows that the group thus formed is propagated at the same rate as 
the original train. 

If the original train be characterised by the vector 

ii = acos(n^ — Kx) (21), 

we can represent the group by the vector 
u' = Qi COS {(71 + Bui) ^ — (/c + B/Ci) a? 4- ai} 4- a, cos {(n + Sn^) ^ — (/c + Btc^) x-k-a^] 

(22), 

where Sni, Sn,, ... and Ski, S^,, ... represent small variations of n and k. This 
may be written in the form 

cos (nt — Kx) 2a cos (Sn . i — S/c . a? + a) 

— sin (nt — Kx) %a sia {8n .t — Sk , X + o) (23). 

Now n and k are connected by some relation, such as n » ^ (k), where the 
form of <l> depends upon the nature of the medium : hence 

i-fe--i-''(»^)- w. 

and the resultant group is represented by 

F {Ut-x) cos {nt-KX A- xitJt-x)} (25). 

Thus the peculiarities of phase and intensity travel with the speed 

U = d (KOD)ldtC, 

and this differs from the wave-velocity a> unless waves of all periods are 
propagated with one and the same velocity*. 

66. Taking now the methods employed for the determination of the 
velocity of light, we see that the measurements depending upon astronomical 
aberration give the true wave-velocity a>, but that it is the group-velocity U 
that is found by the methods of Homer and Fizeau, since they both depend 
upon the rate of progress of a peculiarity of intensity. 

Foucault's method requires further consideration f; in this experiment 
the subject of measurement is the deflection of a stream of light produced by 
the rotation of a mirror during the time of passage of the waves from the 
revolving to a fixed mirror and back again. 

Now the motion of the mirror impresses a variation of wave-length along 
the fronts of the waves as they leave the mirror, making it greater on the side 
of the stream that is reflected at its receding part. Consequently if the 
medium be dispersive, that side of the stream will travel fiEister than the 

* Lord Bayleigh, Nature^ xxiv. 382 ; xzt. 52 (1881). 

t Lord Bayleigh, loe. cit. Sohoster, Nature, xxxm. 439 (1886). Gibbs, ibid, p. 582. Oony, 
0. IL CI. 502 (1885). 

w. 6 
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other, and there will be aa aerial rotation of the waves during their passage 
between the mirrors. Since the waves are inverted by reflection at the fixed 
mirror, the side of the stream that leaves the receding part returns to the 
preceding part of the revolving mirror, and the aerial rotation of the stream 
is in the opposite direction to that of the mirror. 

Hence if i) be the distance between the mirrors, 6 the angular velocity of 
the rotating mirror, ff that of the aerial rotation of the waves, the angular 
deflection of the stream is 

X = 2jD (25 + ^)/(i> (26). 

Denoting by z distances measured along any wave-front in a direction 
perpendicular to the axis of rotation of the mirror, we have 

ff-dco/djs^dto/dX.dXldz (27); 

but dX/dz is the angle between corresponding elements on two wave-fronts in 
the same phase, and this angle is due in part to the rotation of the mirror 
and in part to the aerial rotation of the waves ; hence if r be the period 

(iX/d^ = (25-|-^T = (25-h^)X/a> (28), 

-d ^ = (25-^^^g (29); 

whence 26 + 6' = TrfS'"^** ^^°^' 

m dX 

and X'^-fj- (31). 

Thus by this method it is the group-velocity U and not the wave-velocity 
that is determined. 









CHAPTER VI. 

HUYGENS' PRINCIPLE* 

67. In the last chapter it was assamed, when considering the propaga- 
tion of a stream of light, that infinite space is filled with an homogeneous 
medium, in which no foreign substance occurs, except such as exists at 
a centre of luminous disturbance, and we must consider the effect that is 
produced by the introduction into the ether of media that differ from it in 
their optical properties. In this way we shall determine, in what degree the 
wave-theory accounts for the rectilinear propagation of light and thence leads 
to the laws of geometrical optics. 

Let us consider a portion T of the ether bounded by a surface S, on the 
outside of which luminous sources and different bodies may be distributed 
in any manner, and let us determine the disturbance at any point within this 
space T. 

Let Cr(a?, y, z, r) be a function of the coordinates (a?, y, z) of any variable 
point and its distance r from the given point, this function together with 
its first differential coefficients being single-valu^, finite and continuous 
for all points of T and of its bounding surface 8 : then deuoting by d total 
differentiation and by d partial differentiation with respect to x, y, r, r we 
have the identity 

dx \^x ) dq^ drdx dx da^ drdx dr ' 

a d d f\dU\_ld'U l9Udx 1 dUdx 

dxyrdxj r dx^ r drdx dr r^ dx dr* 
whence 

dU) 



dx\rdxj r r (dr\drj dr*) r* [dr 



dr 



* Kircbhoff, Berl Ber. (18S2) 641; Wied, Ann, xvni. 663 (18S3); Ges. Abh. Nachtrag, p. 22; 
VorUi. UUr Math. OpHk, p. 22. Beltrami, N. Cim. (3) xxvi. 233 (18S9) ; Rend. Lineei (5) i. [1] 
M (1892); IT. [2] 29, 51 (1S95). Maggi, AnnaU di Mat. (2) zvi. 21 (18S8). Potier, C. JR. czii. 



SO (1891). BruhDea, M€m. dti Fac. de LiUe, it. No. 16 (1895); J. de Phy$. (3) it. 6 (1895). 
(Sirafto, C. R. cxx. 88 (1895). Gutzmer, CreVe'i J. cut. 333 (1895). Morera, ^. Cim. (4) ii. 17 
(UN). 
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which may be transformed into 

Now di-aw a cone from the pole to the element dS ; its cross-section at a 
distance r is r'sin 6d0d<f>, but this is also equal to 



3 



A 



© 



cosm.diS or r*— s — dS, 

on 



where n is the normal to the element drawn inwards ; then 

= [[ (U-r^-^\s^neded4>-(U-r^\ j (sin 0ddd<l> 



. -K'^-'wfS^-*^''- 



H(^|^-4.P. (2); 

where ^""^^dxdn ^^^' 

Multiplying then (1) by dT and integrating over the whole space T, we 
obtain 

-'^-/{I©^-^}^-/P-'"'}t (*^ 

If <f> (x, y, z, t) be a function of x, y, z, t that satisfies the equation 

^='^*'f> (5). 

and if JT" be what <f> becomes when t — rfa is written^for t, then 

whence the volume-integral in (4) vanishes, and we obtain 

4.^.=J|^i(^-S^(ir2>)|dS (6). 

in the first term of the second member the differentiation with respect to. 
the normal being operative only on the radius- vector r, while in the second 
term t — rjta is written for t after the differentiation. 
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This equation still holds, if the luminous points be within the space T 
and the pole at which the eCFect is required be without it, provided we regard 
n as the normal drawn outwards, that is, into the portion of space in which 
the pole is situated, and ascribe to the function <f> the ordinary properties 
of a potential function at infinity. For in this case the integrations have 
to be extended over the whole of space outside jS, and hence the surface- 
integrals consist of two parts, of which the one is extended over S and has 
the value just determined, and the second is extended over the surface of 
a sphere of large radius and vanishes on account of the second of the above 
assumptiona 

68. Let us next suppose that the closed surface /S either includes the 
luminous points as well as the pole, or else includes neither the one nor 
the other. 

Consider the first case and imagine a closed curve drawn on S dividing 
it into two parts, S^ and /S,, and through this curve a surface St described 
so as to include the pole between 8t and' 8^ and to exclude all the luminous 
points. Then, denoting by ft the integrand on the right side of (6) and 
supposing the normals to Si and iS^ to be directed inwards, that to iS, to be 
directed into the space containing the pole, we have 

47r^=[ fWiSf+f OdS'^-f OdS+f QdS, 

whence ( OdS+f adS^O, 

or the surface-integral over the closed surface 8 is zero. 

Similarly for the second case : we imagine the surface 5, drawn through 
the closed curve on 8, so that the pole alone is contained between Si and St\ 
then, as in the first case, 

49r<^o=f i^ds-j ads = l nds+l nds, 

J Sf J 8i J 8% J St , 

whence | ildS + | QdS = 0. 

Jsx Jst • 

From this result it follows that the surface-integral is the same for any 
two unclosed surfaces 8 and fif having the same bounding curve, provided 
neither the pole alone, nor the luminous points alone are included in the 
space between these surfaces. For 



f ildS+f nds^o, 

JS J S' 



if the normals to the elements have the same sign, when they are directed 
eiidier within or without the included space. Hence if we regard the normals 
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to the two surfaces to be positive, when they are similarly directed with respect 
to corresponding elements 

' ndS = i nds. 



I nds=i 

J s J sr 



59. Let us assume that we have a single luminous point and let us 
call Vi the distance of the element dS from this point and Vq the distance 
of dS from the pole at which the effect is required. 

Then if we assume 



^1 



where k = 27r/X, we have 



i^(e-r,/a))=Ag«c(-<-r.-r.)^ 

and 1 MZ!>) = ^ !M e«(w-r.-r.) _ ,. A g' e-M-.-n), 

on Tq Vi an riV^ on 

since in forming this expression Tq alone is to be regarded as variable. 
On the other hand in forming 

we have to differentiate ^(^) with respect to n, and after differentiation to 
write t — ro/o) for t : hence 



© 



to To dn r^To 9n 



Thus 




AB 



dn r© 9/1 



nro \on dn) 



Since X is a very small quantity, the first term in the expression for A is 
of very slight importance in comparison with the second, and we may write 

A fdri 3r<, 



^'^-^M-^y"--" <'>• 



If now the surface of resolution be a wave-surface, 

dri/dn = 1, drg/dn = — cos 0, 

where is the angle between the normal to dS and the line joining the 
element to the pole, and if the primary disturbance at dS be represented by 

-cos— («»f-r,) (8), 
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the actual disturbance at the pole due to the element dS is given by 

271- J^ 27r 
n = - ^^ (l + cos^)sin— -(©e-ri-rp) (9), 

which is Stokes* law of the secondary disturbance*. 

60. We now require the value of \QdB over a surface that is not closed, 

and this may easily be determined in the case in which fl has the special 
value (7) and X is very small. 

With the luminous point and the pole as foci draw a series of spheroids 
r, + r,= f = const, determining a series of curves on the surface S, and define 
-F(f) by the equation 

the integration being extended over the part of the surface between the lines 
(^ = Z and t=t ^^'^ ^^ ± sig^ being taken according as Z £ (f, so that 
F(X) increases with f whether it be greater or less than Z, if for example 

~ 57 (^1 "" ^o) be positive. . Then if dt be taken positive, 
TxT^ on 

in which the integration is extended over the region of the surface between 
the curves corresponding to the values ^ and ^+ d^. 

Let (;; and ^i be the least and the greatest values of ^ on the surface S, 
then I ndS is of the form 

whence, integrating by parts, 

Consider first the term 

and let us divide the interval ^^ to (fi into partial intervals, such that in some 

-jpi remains finite, while in the remainder jr^ becomes very great of the 

d^F 
order k. Now we may neglect the intervals in which -^ remains finite; 

for if f" — f be one of these intervals, we may assume that within this 

interval -rp^ always either increases or decreases, so that the sign of -j^ 

* Stokes, Camb. Phil, Trans, iz. 1 (1S49); Math, and Pkyt. Papers, ii. 243. 



£ 
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remains the same; otherwise we have only to subdivide the interval into 
smaller parts for which this is the case. Integrating then by parts 

and the integrated term may be neglected, since e~^^ is < 1 and -7-^ is finite 

80 that the ratio -Ty^jf^ is very small; also since -rpj has the same sign 
throughout the region of integration 



•r d»F 



d^F" 



Ci"d^F , f* V. . 



d^' 



and this quantity is finite, so that its quotient by k may be neglected. 

Hence the integral in question may be neglected except at parts of the 

d^F 
surface at which -jr^ becomes very great of the same order of magnitude as k. 

a? Jrorx on 

A d(r —r) . . 

and ^-4^ — ^ is finite and continuous: hence the only portions of the 

riVg an 

surface that can contribute anything to the integral are those at which 

dF 



But we have 



dS. 



Consider next the term 



[■ 



«HI^ 



excluding the case in which d^= at any point of the surface, the maximum 
and minimum values of f lie on the bounding curve of S and if we further 
assume that for no finite portion of this curve ^ is constant, the lines (f« and 



^i only touch this curve, in which case IdS and hence also 



/' 



A )^n-r^ 



I- 



dn 



dS 



is at these limits an infinitesimal of a higher order than d^. Whence for 
each of' these points -rz — O and the integrated term of jildS vanishes. 

Let us now consider in what cases d^=0 B,t sl point of the surface S. Let 
g (^> y> -2^) = be the equation to the surface, and a?, y, z the coordinates of a 
point on it, at which d^=^0 for a displacement of the same on the surface, 
then 



dx dx dx dx 
dy dy dy ' dy 



cos TiX + cos r^ = M cos nx 



V or < cos r,y + cos r«y = Af cos ny 



dz dz dz dzi 



cos r^z + cos r^ = M cos nz. 



where £ is an 
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undetermined multiplier and M = La/(^j "^ V^J "*" U ) ' 

The conditions for the vanishing of df can then be satisfied in two ways, 
either 

if = and cos ViX = — cos r^a:, cos riy = — cos r^y, cos rjZ = — cos r^, 

OX oy oz ox oy oz 

In the first case the line joining the luminous point to the pole cuts the 
surface at the point {x,y,z)\ and in the second, the spheroid (;' = const, 
touches the surface at this point. 

Hence it follows that \ildS extended over the surface 8 vanishes when 

K is very great, except in the following cases : 

(1) when for a finite portion of its bounding curve ri + r© = const., 

(2) when the line connecting the luminous point and the pole cuts the 
surface, 

(3) when there is contact of any order between the surface and the 
spheroid ri + r© = const. 

The last case however does not really form an exception : for, as we have 

seen, \fld8 depends only upon the bounding curve of S and hence in the 

cases in which the spheroid touches the surface, we can substitute for 8 
another surface with the same contour, for which this is not the case. 

The value of \ild8 extended over the surface, when the line from the 

luminous point to the pole cuts it, may be determined in the following 
manner. Complete the surface /S by a surface inchiding the source and not 
cut again by the line in question : then the normal to the complete surface 
being everywhere directed outwards, we have 



jnd8^ 47r<^o, 



the integral being extended over .the whole surface : but for the part com- 
pleting jS>, we have 



/' 



hence I Xl(iiSf-=47r<^oi 

Js 

the integral being extended over 8 and the normal being directed away from 

the luminous point. When the normal is directed towards this point, so as 

to make an obtuse angle with the line joining it to the pole, we have 



/. 



ndS='-4nr<f>, (11). 

s 
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The case, in which the line from the source to the pole passes through the 
bounding curve or infinitely near it, is at present excluded, the value of the 
integral being then indeterminate. 

61. Let us apply these results to the case in which some foreign sub- 
stance is present in the ether external to the luminous point and to the pole 
at which the eCFect is to be determined. 

Exclude this body from the region of integration by a surface S drawn 
infinitely near its surface and let <r be a surface excluding the luminous 
point : then the normal being reckoned positive when it is directed into the 
region of integration, we have 

in which equation the value of fl is changed from what we had before on 
account of the change in the values of ^ and ^n occasioned by the intro- 
duction of the body. 

If, as we are free to assume, the surface cr be a very small sphere, the 
introduction of the body into the field will cause a comparatively small 
alteration in the values of <f> and <f>n on the surface of <r, except in certain 
cases, such as that in which the body is a concave spherical reflector with 
the luminous point at its centre, and since the sphere is very small, the 
influence of this change on the integral over its surface is also very small. 
If then <&o denote the value of ^o before the introduction of the body 

indo- = 47r4>o, 

and 47r<^o = 47r<E>o + [ftd/S (12), 

from which equation ^o ^^^^ ^^ in general determined, if 4>o and the values of 
if> aiid ^n on S be known. 

Let us now suppose that the body is opaque and has a black surface that 
reflectis no light : then' on the side turned towards the luminous point, the 
disturbance is the same as if the body were not there and on the side turned 
away from the luminous point there is no disturbance at all. Hence in (12) 
the integration is to be extended over the part of iS alone that is turned 
towards the source of light and is bounded by the tangent cone to S from the 
luminous point, and in fl the values of ^ and <f>n are the same as they would 
be if the body were absent. 

It follows then that for points outside the cone, |fldS = and hence 

^= 4>o, or the presence of the body is without effect : while for points within 
the cone on the side of the body opposite to the source, 



/ 



adS = - 47r4)« 
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from (11), and 47r<^o = 47r4>o - 47r4>o = 0, 

or there is no light at such points. 

We are thus led to the laws of geometrical shadows. This result has 
however been obtained on the assumption that the wave-length is infinitesi- 
mal and we have excluded the cases in which the line from the source to the 
pole passes very nearly through the boundary of S and in which a finite 
portion of this curve is on one of the spheroids ri-\'rQ — const. We then have 
the phenomena of diffraction. 

62. As a further application of the analytical expression of Huygens' 
principle, let us determine how the vibrations of the polarisation-vector 
change as we pass along a ray, that is, in what manner ^o depends upon z^^ 
where z^ is the distance of the point considered from a wave-surface, this 
distance being measured along a normal to the surface*. 




c. 



Fig. 19. 

Let 8 represent a wave-surface, P the point at which the effect is to be 
determined, PQ the normal to S, and (7i, C, the centres of principal curvature 
of the sur&ce at the point Q. 

In the system of curvilinear coordinates Uy V, W employed in § 54, let 
the surface Tr= const represent the wave-surface, then the primary disturb- 
ance on the surface 8 may be taken as 

<^(0 = ^6«<-'-^ (13), 

A being a function of U, F, W, all the differential coefficients of which 
remain finite : taking this surface as that of resolution, the effect at P is 
given by 

^,(^) = ^e«(-<-w-)Jt^(l + cos5)6— '•dfif (14), 

r being the distance of P from the element d8 and the angle that the 
radius-vector makes with the normal to the element. 

,* Poinoar^, Thiorie Math, de la Lumitre, ii. 174. 
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Let us now take Q as the origia of a system of rectangular coordinates, 

the tangent plane to the surface at Q being the plane of xy and the principal 

sections of the surface at this point being those of xz and yz : then if ^ be 

the angle that the element dS at the point (x, y, z) makes with the .plane 

of xy, 

dS = dxdy /cos <!>, 

and ^.(f)=-e..M-«oJj£^±^),-^^dy (15). 

Now by drawing a series of spheres round P as centre, so as to determine 
a number of curves on S, it is easy to show by reasoning analogous to that 
employed in § 60 that the above integral extended over any part of /8> is zero, 
unless this part has contact of any order with one of this system of spheres: 
it follows then that we may con6ne the integration to a small area including 
the point Q, the dimensions of which are actually very small, though large in 
comparison with the wave-length X. 

The factor j— will not in general vary very rapidly and will have 

r cos <p 

sensibly the same value over the whole of this area, and we may therefore 

assign to it the value that it has at the point Q, where 

r=QP=^ Zq, cos 5 = cos ^ = 1, A = Ao, 

,, , A l+cos5 , 2Ao 

so that , — becomes — -. 

r cos <l> Zo 

On the other hand the variations of exp (— ucr) are rapid, for the 
differential coefficient of this expression contains /c as a factor and is 
consequently very great : it thus becomes necessary to determine its value 
for points on the surface near to Q, 

Let fi, /% be the principal radii of curvature at Q, then the equation to 
the surface is approximately 

^-2^ + 2/-,' 
whence r = Vic* + y'+ (^o--^)*N^o + Ati«' + /iay", 

where /ii = <^^r— , /i, = -'^^.— ; 

hence <^o (0 = s^ iloe^^"^" ^-"^ ||e-uc(Mia?+^«) dxdy. 

Let us now write ^ = x V^, V^y V^» ^^^ take, as we are at liberty to do, 
the form of the area, over which the integration is to be extended, as a small 
rectangle with its edges parallel to the coordinate axes: then since the 
dimensions of this area are very large compared with the small quantity X 
the limits of the integration for f and rj are ± oo , and we have 

^,(^) = _i_^,e-(-^-"^-«.)f e-^^^^d^r e-^^dri (16), 

J-iTTZ^ J -00 J —00 
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and since I e^*"* du = (l ± i) a/ ^, 

we have J_^ 6""^ df = (1 + *) y :p^^ . 

according as /Lt is positive or negative. 

Let us suppose in the first place that the points are in the order Q, P, 
O,, C7s, then /Xi and /i, are both positive, and 

Secondly, if the'points occur in the order Q, Ci, P, (7,, /ii is negative and 
/x, is positive, whence 



v/i 






°V (,.-if>.-^) ^-'-'--"-" <'»)• 



Finally, when P is further from the surface than both Ci and 0„ both /Xj 
and fAi are negative, and 

27r-?o 2 V/A,/ia 



-V (^-i;(;-/^ ^-^'-'-" <>»>• 



Now the actual effect being represented by the real part of the above 
* expressions, we see that on traversing a ray frx)m a wave-surfiEU^ the phase 
changes suddenly by 7r/2 on passing through either of the centres of curva- 
ture, and in calculating the retardation it thus becomes necessary to subtract 
X/4 fi:x)m the actual length of path on crossing either of the points*. 

The points Ci and C^ are called the focal points of the ray and near them 
the disturbance becomes very great. When the focal points coincide, the 
retardation is obtained from the actual distance by subtracting X/2 on 
traversing this common point. 

63. In considering the application of Huygens' principle to the determi- 
nation of the effect of a black screen of any form placed in the vicinity of a 
luminous point, we excluded certain cases and to these we must now turn 
our attention. 

* For an experimental Terification of this resolt see Gooj, Ann, de Ch, et de Pkys. (6) xxir. 
It7(1891). 
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Suppose that we have a luminous point C with a perfectly black screen 
near it : round the screen draw a closed surface at all points infinitely near 
that of the screen itself and divide this surface into two parts by the line of 
contact of the surface with a tangent cone having its vertex at (7. Let us call 
the part* of the surface turned towards the luminous point S' and that turned 



Ns 





Fig. 20. 

away from it S'\ and let us complete these surfaces by another surface S, in 
such a way that C is entirely enclosed by the surfaces S + S' and iSf + S", 
while the point at which the effect is to be determined is excluded. 

Then if ^ denote any one of the components of the polarisation- vector or 
an allied function satisfying the relation 

^ = «*^** (20), 

and ^0 be the value of ^ at the point 0, <P the value that fp would have at 
any point, if the screen were removed, we have at all points of 8 and 8' 

*-*. ^-s • <"). 

and at all points of 8'' 

*=<*• ^i^^ '-■ <22). 

and taking 8 + 8" SiS the surface of resolution, Huygens' principle gives 

<l>o = i-l ^dS^^ f ndS (23), 

since the integral extended over 8" vanishes, where 

^_d <f>{t- r,/a>) 4>n(t - ro/6)) 

dn To To * ^ ^' 

the norm- J being reckoned positive when it is directed on the«ide of 8 on 
which the point is situated. 
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This expression for fl may be simplified, if the only part of the surface of 
resolution, at which ^ and 30/3?i do not vanish, be plane*. 

Write 

^ 27rJ3n r^ ^ lir J To 

so that 2^0 = "^ + %• 

Both yjr and x satisfy the diflferential equation for ^ and it is easy to 
show that they also satisfy the surface conditions, if the surface be plane. 
For writing 



^ 2Tr Jdn 



on r 







then ^jr' is the potential of a double layer, the density being ± fp (0/27r : such 
a potential shows a discontinuity at the surface equal to 2<l>(t), On the 
other hand '^~'^' is continuous at the surface, as it remains finite when 
ro = 0, and hence >/r shows a discontinuity equal to 2^(^), whence if the 
surface be plane yfr takes at the surface the same value as <]> and consequently 
the same holds for x- 



Agai„.let ^'^.^jmas. 



80 that X ^ ^^^ potential due to a surface covered with an attracting mass, 
of which the density is — ^n(0/2^« Then ;^— x' *^^ ^^^ differential coefficients 
are continuous at the surface, and since x' ^^ continuous, ;^ is so as well. 
Also 

dn dn dfi 

and dx/dn is discontinuous and changes suddenly by 2^ (t) on crossing the 
surface : hence since d(x^ x)l^ ^^ continuous, dxJdn shows a discontinuity 
at the surface equal to 2^n(0> ^^^ therefore at the plane surfiEkce 

Thus the differential coefficient of x ^^ ^^^ surfieu^ is the same as that of <^, 
and the same must hold for 'ifr. 

Hence both -^ and x satisfy all the conditions, and taking the axis of z 
in the direction of the normal, we have for the special case under considera- 
tion 

2.Mt)=jli^^^^^dS (25). 

Let ^ (<) = -««(-«-'■.-*) (26); 

* Schuster, Phil. Mag, (6) xxxvn. 648 (1894). 
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then retaining those terms alone that contain /c as a factor, we have 

A. J TiTq OZ 

^-r4 J_|i^< L-'«('-.+^*+«) d5 (27), 

\ flfQ uZ J 

since r^, i\, dr^jdz vary but slowly over the part of the surface that contributes 

ft 

sensibly to the value of the integral. 

A point in the aperture or very near to it being taken as origin, let 
^if yi> ^\ he the coordinates of the luminous point and a?©, yo» ^q those of the 
point at which the effect is considered : then, if 

we have r,^p,^r^lZ^^ ^, 

7^0 — P« - r o — ~ » 

Po ^ Po 

the dimensions of the aperture being supposed to be small, and writing 
S + po + />! = — € we obtain 



//."{• (5^)«e:*s)-'^(i*,')l«j, (28). 



64. Let us first suppose that the terms involving the square of the 
coordinates of a point of the aperture vanish : this will occur when 

Pa —fii = 00 or when />© = — Pi- 

When p^=sp^zs CO ^ the source of light is at infinity and the waves incident 
upon the aperture are plane: the secondary waves from the aperture are 
parallel and interfere at an infinitely distant point. On account of the 
optical equivalence of paths between the conjugate foci of a lens system, 
this case may be realised with a spectrometer, in which both collimator 
and telescope are focussed on infinity and the diffraction screen is placed 
between* them. 

When po = ~~ />i A^d Pi ^ negative, the wave incident on the aperture is 
spherical and concave to its direction of propagation, and the centre of the 
sphere is on the screen of observation. This case is obtained upon a screen 
by placing the aperture between the screen and a lens adjusted to give upon 
it an image of the radiant point. 

When />o = — />i *^d pi is positive, the incident wave is spherical and 
convex to its direction of propagation : the diffraction phenomena are virtual 
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and apparently formed on a screen through the source of light. This is the 
case of an aperture held in front of the eye or of the object-glass of a telescope 
adjusted for distant vision of the source of light. 

In these cases we have what are known as Fraunhofer's diffraction 
phenomena. 

When the term («* + y*)0>i'"* + />o""0/2 ifl not zero, we have Fresners dif- 
fraction phenomena : these occur near the limits of the geometrical shadow of 
the screen, and in the main correspond to the case iu which the line from the 
radiant point to that at which the effect is required passes very nearly 
through the edge of the screen. In the case of this kind of difiraction we 
have often to deal with apertures that are very large, but as the only effective 
part of the aperture is that near the point in which it is met by the line from 
the radiant point to the pole, we may still employ the values of r^ and Tq ob- 
tained above and may extend the limits of integration as far as we please 
from the limiting line of the aperture, provided we go far enough. 

66. The above results have been deduced from the formula 

in which the integration is extended over the apertures in the diffraction 
screen, but we might employ a formula, in which we have to integrate over 
the opaque parts : for describing a small sphere o* round the luminous point, 
Huygens' principle gives 



J 9 J S Jo 



where the second and third integrals are extended over the parts of the 
sor&oe sorrounding the screen, that are turned towards and away from the 
radiant point respectively. 

Now the introduction of the screen has only a very slight effect on the 
values of ^ and 8^/dn on the sphere o*, and since this surface is very small we 
have 



/. 



where 4>« is the value of ^o before the introduction of the screen ; also since 
^ and d^/dn are zero at all points of 8", 



ndSf=0, 

8" 

whence 



/, 



Js' 
Suppose now that we have two cases, that only differ from one another by 



98 The Analytical Theory of Light [oh. vi 

the interchange of the opaque and transparent portions of the screen : then 
in the one case we have 



47r<^o = j 



nds, 



the integration being extended over the apertures and the normal to dS being 
directed away from the radiant point : in the second case we have 



47r<^' = 47r<E)o+[fl'diSf, 



the integration being now taken over the opaque parts of the screen and the 
normal to dS being directed towards the luminous point. But the opaque 
parts in the second case being transparent parts of the first case, and the 
normals in the two cases being oppositely directed, we have 

whence 

Now 4>o is the value of <^o ^t the point under consideration when there is 
no screen. In the case of Fraunhofer's diffn^tion phenomena this is zero, 
except at the image of the radiant point, and therefore at all other points 

Thus the intensity at all points, except at the image of the radiant point, 
is the same in the two cases and the pattern has the same form when the 
diffraction screen is generally transparent and studded over with opaque 
discs, as when it is generally opaque and perforated with exactly correspond- 
ing apertures*. 

In the case' of Fresnel's phenomena this is not so, for then ^o 1^ and the 
disturbances corresponding to 4>o and 0o have different phases and give rise 
to interference, that modifies the intensity and changes the character of the 
pattern. 

• Babinet, C. R. iv. 638 (1887). 



CHAPTER VII. 



FRAUNHOFER'S DIFFRACTION PHENOMENA* 

66. The formula relating to the case of Fraunhofer's diffraction phenomena 
may be written in the form 

^^('^'-t^fi^lh^'^^'^y <i> 

where !>= — i, ^=_t 

( and «7 being the ooordinates of the point considered on the screen of 
obeervation relatively to the image of the radiant point as origin. 

Before proceeding to apply this formula to the diffraction patterns 
produced by apertures of special form, let us first consider some general 
properties of the solution f: 

(a) If the wave-length vary, the aperture being given, the composition 
of the integral is unaltered, provided ^ and 17 be laken inversely as X. Thus 
a diminution of X leads to a simple proportional contraction of the difiOraction 
pattern, acoompamed by an augmentation of brilliancy proportional to X"*. 

(6) If we write mx for x and ny for y, the wave-length remaining 
unaltered, then writing f/m for { and 17/n for 17, ^(0 becomes mnif>^{t) and 
the intensity becomes mWl : hence the linear dimensions of the diffraction 
pattern are inversely as those of the aperture and the brilliancy at corre- 
sponding points is as the square of the dimensions of the aperture. 

Thus it is possible to deduce from the pattern due to any aperture, that 
given by an aperture formed from it by an alteration of the abscissad and the 
ordinates of its boundary in any given ratios : thus the pattern due to an 
elliptic boundary may be obtained from that given by a circular hole. 

The shrinkage of the diffraction pattern consequent on the increase in 
the dimensions of the aperture has an important bearing on the theory of 
optical instrumenta According to geometrical optics, the images of two 

* Soihwerd, Die Beugungieneheinungen^ Mannheim, 1S35. 

t Loxd Bajleigh, Eneyel. Brit., Artiole *• WaTe Theoxy," Vol. xxir. p. 480. 

7—2 
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radiant points are regarded as distinct, however close they may be : in other 
words, the pattern due to each is supposed to be infinitely small, or which 
is the same, the wave-length is assumed to be infinitesimal The fact that 
the wave-length is finite imposes a limit on the resolving or separating power 
of an optical instrument. 

In order that the image of a radiant point may be sharp, the illumination 
must become insensible at points very near the geometrical focus, and this 
can only be effected by discrepancies of phase among the secondary waves 
from the elements of the aperture. Whatever may be the discrepancy of 
phase that is required to cause a marked reduction in the illumination, it is 
clear that the larger the aperture the less it is necessary to deviate fix>m 
the principal direction in order to obtain the specified discrepancy and 
consequently the smaller will be the image*. 

(c) If the wave-length and the scale of the aperture increase in the 
sanxe proportion, the size and form of the^pattem remain unchanged. 

(d) Suppose that th^re are n equal, similar and similarly situated 
apertures in the difiraction screen, and let ax, &a (h^l, 2, ...n) be the 
coordinates of corresponding points of the n apertures, and suppose moreover 
that these apertures are covered with retarding plates, Sh being the 
retardation of phase introduced by that covering the hth aperture. Then 

^, (e) = - :^ -i- ^» ««-< tjju^iPi^k+'OUi^^^-iiidafdi/ ..... .(2), 

the integration being extended over a single aperture. Writing 

K=2cos(paA + ?6A-SA), 2 = 28in(jpaA + ?6A-SA), 
1 1 

c=jjcos(pX'\'qy)dxdy, 8^ jjmii(px + qf/)dxdy, 

we have ^o(0 = -t — ^'*(c + «)(K + *2)«--* (8), 

and the intensity is 

-(K'+S-)/. (4), 

where /, is the intensity due to a single aperture. 

If the apertures be arranged so that their corresponding points are in 
lines parallel to the axis of x and equidistant firom one another, then 

aA = (A-l)ir, 6a=0, 
and if in addition 

8a=(A-1)S, 

* Lord Bajleigh, loe. cO. 
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we have K + *2 = i ^(^-"^np^-^) = (^»(iHr-«) - l)/(^(i>'-«) - 1), 
whence 

K* + 2* = sin* f -2^ — j /sin* ( T ) = sin* nw/sin* w, say, 

, y , sin*nw ^ ,^. 

and / = n* - . ■ /o (6). 

The maxima and minima values of the second factor of the right-hand 
member of this equation occur when 

sin nu w sin u cos nu — cos w sin nw __ 
n sin u n sin* u " ' 

giving the two equations 

sinnu ^ nsintxcosnu — cosi^sinnu ^ ,^v 

' =U, -;— 7 = U (0). 

nsmu nsin*u ^ 

The roots of sin ntt/(nsin w)= are given by nu = Aw, k being an integer 
that is not a multiple of n : these values of u annul the expression for the 
intensity and thus determine the position of the minima. When k is 
divisible by n, the expression takes the form 0/0, the value of which is 
found to be unity. 

The maxima of the second factor in the expression for the intensity are 
determined by the roots of the second of the equations (6), or of 

tan nus=n tan u (7). 

These values of u may be classed in two groups, according as they annul 
both tannu and tani^, or neither of these quantities. The first group of 
values are given by u = mir, and to these correspond what may be called the 
principal maxima, the value of the intensity becoming 

/«n*/o. 

In addition to these maxima, there is a series of secondary maxima 
corresponding to the second group of the roots of (6). Now between two 
consecutive principal maxima there are n — 1 minimA : hence since tna.Titnft^ 
and minima must occur alternately, there are n — 2 secondary inATimA between 
two consecutive principal maxima. Writing (7) in the form 

sin* nu n*8in*u 
1— sin*ntt 1— sin*u' 

sin*nu 1 



we deduce ... — , ,. ,v.« t 

n*sm*w l4-(w* — l)sin*u 

so that at the secondary maxima the intensity is 



n* 



^ l+(n*-l)sin*tt'*' 
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whence it follows that the intensity at the secondary maxima is in general 
less than that at the principal maxima and the more so the greater the 
number of apertures. 

Thus on certain lines parallel to the axis of y the illumination will be 
increased, while on others it will be annulled, and the pattern due to a single 
aperture thus appears to be traversed by parallel dark lines, that are the 
nearer together the greater the distance of the apertures from one another 
and the greater their number. 

When the apertures are very numerous and very close together, the 
pattern of the single aperture may be very considerably, modified, and in 
this case the effect of the factor /, in the expression for the intensity is 
chiefly shown by a reduction in the intensity of the successive principal 
maxima, some of which may actually disappear owing to the vanishing of /^.^ 

67. Having established these general results respecting Fraunhofer's 
dilSraction phenomena, we may now pass to the consideration of the patterns 
produced by some of the more important forms of aperturea 

In the first place let us suppose that we have a rectangular hole of width 
2a in the direction of x and length 26 parallel to y, and that this has 
properties such that a disturbance of unit amplitude incident at a distance x 
from its central line becomes a disturbance of amplitude cos our, where a is 
a constant*. 

Such an aperture may be called a simple grating, the length of a complete 
period of which is or — 27r/a, so that if there be N such periods in it, we have 
Xfir = aa, N being necessarily even. 

Then the origin being taken at the centre of the aperture 



Xpopi dz ' \ p + a p-a j q 



2 XpoP 

whence, remembering that oa is a multiple of 27r 
. ,^. A dpo M> ' sin 36 ^^^. 

^^^ \p^Pidzf-a^ ^^ q 

..,^ sin — (pTa). » 

Xp^Pidzpta Nv, qb 

and the intensity is ' 

* Schuster, PhiL Mag. (5), Txrvn. 509 (1894). 



66-69] Simple Orating 103 

The last two factors of this expression have the form m^uju^ the minima 
values of which occur when u = mTr(m= 1, 2, ...) and the maxima values are 
given by u «= and the roots of the equation 

u = tan u 

which has already been discussed in § 33. 

Thus there are two diffraction patterns grouped about the points 
given by 

l> + a = 0, ? = 0, 

or f=±^*X, 17 = 0, 

cr 

and these are traversed by dark lines, of which the equations are 



f-*(i*l)5^ '-*'»?'^ 



Within the rectangles contained by pairs of consecutive lines and not far 
from their centres the brightness rises to a maximum, but the intensity at 
these points falls considerably below that at the centres of the patterns. 

If iV be very great, the successive maxima along the axis of f are very 
close together, so that the whole light is concentrated near the lines 

f = ± poV^. 

68. In the case of a luminous line parallel to the sides of length 26 of 
the rectangle, the intensity may be represented by 



jldy,^^Jldv (10), 



the integration being extended from a large negative to a large positive 
value of 17, the largeness being estimated by comparison with \p9lb. Since 
6 is supposed moderately laige, the whole diffraction pattern would occupy 
but a very smi^l portion of the field in the direction of y, so that we may 
without sensible error suppose the limits of 17 to be ± 00 . We have then for 
the expression of the intensity 

pi J -/'''' ""^^vrxlyJ {jrJ W^;^ ^ ^' 

the same law as for a luminous point when horizontal directions are alone 
considered. 

69. The formulse relating to a simple rectangular aperture are obtained 
from (9) and (11) by writing a = 0, Nirja^a in these formute. We see 
then that in the case of a rectangular aperture the definition of the image of 
a vertical line is independent of the vertical length of the aperture. The 
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distribution of brightness* in the diflFraction-pattern of the line is shown by 
the curve ABC representing the values of ^"^sin'w from u = to w = 27r; 
the line OA is a line of symmetry, the part of the curve corresponding to 
negative values of u being similar to ABC. 




Fig. 21. 

Suppose now that the subject of examination is a double line, the com- 
ponents of which have equal brightness and are at such an angular interval 
that the centre of the pattern due to the one falls on the first minimum of 
intensity in the pattern of the other. The curve of illumination for the 
second line will be OA'C and that representing half the combined brightness 
will be E'BE. At the point B midway between the central points of the 
two patterns, the intensity is '8106 of that of the central points themselves, 
and this is considered to be about the limit at which there would be any 
decided appearance of resolution of the lines. But in the case considered 
the angle subtended by the components of the double line at the aperture is 
X/2a, 2a being the horizontal aperture : hence, in order that a double line 
may be resolved, its components must subtend an angle exceeding that 
subtended by the wave-length of light at a distance equal to the horizontal 
aperture. 

Let us consider the application of this result to the determination of the 
resolving power of a prism f. Let A^B^ be a plane wave-surface of the light 
before it falls upon the prism, AB the corresponding wave-surface of a 
definite part of the spectrum after the light has passed through the prism. 

The path of any ray from the wave-surface A^B^ to il or £ is determined 
by the condition that the optical distance i^ids is a minimum, and as AB is 

* Lord Bayldgh, Enc. Bnt, xxnr. 431 ; PhU. Mag. (6), vni. 261 (1S79). 
t Lord Bayleigh, loe. eU. p. 271. 
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supposed to be a wave-surface, this distance is the same for both points. 
Thus 



j fids {{or A) ^j fids (for B) (12). 



Now when light of a neighbouring part of the spectrum is considered, we 
may, though the path of the ray from A^B^ is changed, neglect this altera- 
tion in dJculating the optical distance, since in virtue of the minimum 



e 




Kg. 22. 

property it affects the result by quantities of the second order only in the 
change of refirangibility. Hence the optical distance from ^o^o to il is 



/' 



(ji + Sfi)d8, the integration being along the path Ao...A, that frx>m A^B^ 

to £ is given by l(fi + V)^* ^^® integration being along B^...B, Thus 
from (12) the difference in the optical distances is 

\Zlids (along A ••• -B) — /Sm^ (along il, ... A). 

The new wave-surface is formed in such a position that the optical distance 
is constant and hence the dispersion, or the angle through which the wave- 
Burfifcoe is turned in consequence of the change in the refrtingibility, is the 
ratio of the above^difference to AB. 

If there be only one dispersive substance, ihfida^hfi.s where s is the 

thickness traversed by the ray : hence denoting by Sx and ^ the distances 
within the prism traversed by the extreme* rays, the dispersion is repre- 
sented by 

a ^ 
where a is the width of the emergent beam. 

In general Sy is small jand s% is the aggregate thickness of the prisms at 
their thick ends : calling this t, the dispersion is given by 

^-tS^/a (13). 
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But the condition for the resolution of a double line, the components of 
which subtend an angle 0, is that exceed X/a. Hence in order that a 
double line with components having indices /a and fi + Sfi may be resolved, 
it is necessary that t should exceed the value given by 

t = \IBfi (14). 

This expresses that the relative retardation tSfi of the extreme rays caused 
by the change of refrangibility is the same, X, as that incurred on passing 
from the principal direction to that of the first minimum of illumination, 
when the refrangibility is unaltered. 

If we assume Cauchy's formula fi = A+ 5X~*, then 

8/i = - 25X-»SX. 

In the case of Chance's " extra-dense flint " the indices for and the D line 
of lower period are 

fjLc = 1-644866, fij, = 1-650388, 

also \c = 6-562 x lO"' (cent.), X^, = 589 x lO"* (cent.); 

.-. 5 = -984x 10-" 

^_ X* _ lO'^X* 
*°^ *""25SXT9688X- 

For the soda-lines SX = *006xlO-* and thus the thickness necessary to 

resolve these lines is 

t = 1-02 (cent). 

The number of times the power of the spectroscope exceeds that required to 
resolve the D lines may be taken as its practical measure : thus in the case 
of an instrument with simple prisms of " extra-dense " glass, the power is 
expressed nearly by the number of centimetres of available thickness. 

70. In order to increase the resolving power of a rectangular aperture, it 
is necessary to reduce the width of the central band, and this may be effected 
by the suppression of the secondary waves fi^m. the central part of the 
aperture. At the same time, since this has the result of increasing the 
brilliancy of the succeeding bright bands of the diffraction pattern, care must 
be taken not to carry this suppression of the central waves too Csir* 

As an example of this result, let us take the case in which the aperture is 
reduced to two narrow slits of width 2e at its edges: then if 2ci be the 
distance between the centres of the slits, so that d + e==a, the formula 
obtained in § 66 for a number of similar and similarly situated apertures 
gives 

« 

* Lord Bajleigh, loc. eit. 



69, 70] 



Betolvtion of Dauble Sources 



107 



or io the case of a luminous line parallel to the slits 

^=l^(&)'r-^)"-^ m 

Now d being large compared with 6/ the fluctuations of (sin pey/(pey are 
very slow compared with those of coa* pd and consequently the centre of the 
pattern consists of a number of equidistant fine bands of equal brightness, so 
that the arrangement is useless for the purposes of resolution. 

Michelson* has however shown that by making the distance between the 
slits adjustable, the variation of the visibility of the bands affords a means of 
measuring the angular magnitudes of small sources of light and of resolving 
these sources when double. 

If ^(d^, yi) be the intensity of illumination at the point (xi, yi) of the 
source, then at any point of the diffraction pattern the intensity will be 



J'=^jj Ii>{^^ yi)dx4y^. 



Now if the angular dimensions of the source be small compared with X/6f 
and we confine our attention to the brightest part of the field, we may write 

/ sinjpg y /sin g6y _ , 
throughout the range of integration, and we obtain 






C08* pd. <l>{xi,yi)dxidyi (17). 




Fig. 23. 

Suppose that we have two equal symmetrical sources of uniform illu- 
mination with their centres at Oi and Oj in the line of separation of the 
filita. Let 

• Miohdion, FhiL Mag, (6), xxx. 1 (1890); zxxi. 256 (1891). 

t For a diMQMioii of other oases lee Hamy, BvM. Aitnm. x. 489 (1893), xi. 48 (1894); C. R. 
851 (1098). FUon, PHI. Mag. (5) XLvn. 441 (1899). 
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then integrating from to £ and from D to E 

In the first integral put Xi'-r = w, and in the second a^ — 2« — r = «;, then 

Expanding the first of these integrals we obtain 

I f(w) dw + cos -r— f — + — ) I /{w) cos — ^ dw 

. 47rd / r xA f *" -, v . ^firdtv , 
— sin--— ( — +— I f(w)sm-^ dw, 

in which the first term is half the area of either constituent of the source 
and the last term is zero, since /(i^) is a symmetrical function. The same is 
true of the second integral Writing then 

r f{w)dw = ^n, r f{w)cos^^dw^^Qn (19). 

we obtain 






whence we have for the visibility of the fringes 



F=Qco8^' (21). 



With a single source the visibility is Q. 

Thus with two equal rectangles of height 2A, we have 

f(yS) = A, n = 4Ar, 
^rtrdw J ( . 4f7rdr\ /f4nrdr\ 



^ I f^ 4m'dw , / . 47rdr\ /f4m'dr\ 



. 4f7rdr 
4irdr Xpi 



V 



1 
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Again, with two elliptic discs, having axes cr and cr parallel and perpen- 
dicular respectively to the direction of separation of the slits, 

\pi 

J. /4nTd'UT\ 

and F=2 — . j — cos— — . 



\p 



1 



71. Before passing on to the consideration of a number of rectangular 
apertures in the diffiraction screen, let us take the case in which we have 
only (wo, one of which is covered by a retarding plate bounded by parallel 



V' 








Let us suppose that the apertures are parallel to one another with their 
centres on a line perpendicular to their lengths : let 21 be the lengths, 2h 
the width of the uncovered, 2k that of the covered aperture, and 2g the 
opaque space between them. Then if S be the retardation of phase intro- 
duced by the plate, 

\ Ptp^dz q \ p Pi' 

and the intensity is 

+ 2 sin pA sin jpA? cos {8 - p (2^^ + A + A?)}] (22); 

ftnH when the object examined is a long luminous line parallel to the length 
of ihe slits, 

27rA ^ . ^ 2wk 



- AH fdo^y 2Xpo r • « 27rA ^ , . _ -,... ^ 





+ 2sin?^sin^cos{8-^zf(2^ + A + ifc)l1 (23). 

As a first application of this expression, let us suppose that the breadths 
of the interfering streams are equal and that the streams are contiguous ; 
then A? = A and g-0, whence 

"^{^m-^-'^H-^ •<^>- 



•i 

I 
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and the minima are given by 

sm — — ^* =0 or c = ±n\^ , 

where A is the retardation introduced by the plate, measured in length in air. 

Thus the 2nd, 4th,... bands on each side of the central line occupy the 
same position as if there were no retarding plate, while the 1st, 3rd, ... bands 
on each side are displaced in the direction of the retarded stream. This 
result we shall have occasion to employ later. 

The chief interest of the expression (23) lies in its application to the 
phenomenon of Talbot's bands. These are dark lines that are seen, when a 
tolerably pure spectrum is viewed with the naked eye or a telescope, half of 
the aperture being covered with a thin retarding plate. A peculiarity of 
these bands is that they are only observed when the plate is held on the side 
towards the blue end of the spectrum*. 

Since the object examined is a line of white light, the constituents of 
which have been separated so that the different colours occupy different 
angular positions in the field of view, the aggregate illumination at any point 
M is found by integrating the expression for the intensity so as to include all 
the components that have their foci near enough to if to afford a sensible 
contribution to the illumination. We may thus with convenience regard M as 
origin, so that f is the coordinate relatively to M of the focal point correspond- 
^ing to a component for which the retardation of phase is S, and the required 
result is obtained by integrating with respect to f between — oo and + oo . 

A different value of \ and of £ corresponds to each value off; but in the 

integration the variation of X may be neglected, and regarding S as a fiinction 

of f , we may put 

S = 8o + t!rf, 

where Sq and car are the values of 8 and dB/d^ at the point if, car being positive 
when the blue end of the spectrum is seen on the side on which the retarding 
plate is held. 

Let us write for shortness • . . , 

Ai = 27rA/(Xpo), A, = 27rfc/(\po), S^x = tar - 27r (2^^ + A + ir)/(Vo), 
the expression for the intensity becomes 

+ 2|*^sin*,f.sinfc,f.oo8(8o+flr,f)^l ,.(25). 

* Stokes, Phil. Tram. cxxxTxn. 227 (1S4S) ; MatK and Phys. Papert, n. 14. Lord Bajleigh, 
Ene. Brit. xxit. 441. For the case 0f. .Iidbct's lines with a cironlar aperture, see H. Strove, •' 
M4m. de VAcad. dti Sc. de St Piteribotar^ (T)|-ttzx. No. 1 (18S3). | 



\r .■.:^', 



:^^- 



A. 
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The last term within the vinculum is equal to 

2 cos S, / sin Ai^ . sin ijf . cos^,f . ;^ = cos 5, . to (say). 

But 2 8inA,f.8inA.f.co8i;,f=sin«^li^L±^f + sin»^ii§^^f 

-8in« ^-^-^^' g-sin« ^'"^~^' ^ 

and |"^!i^df = ^vy; 

in which in every case the positive value of the square root is to be taken ; 
hence 



= if 5r,» > (A, + *,)», 

= ir{K +*, - V^») if (*, + *.)» > <7,« >(A, - Ai)*, 

=» 2nrhi or 27ri,, according as A, J ifc„ if (Aj - k^ > g^. 

Thus writing g^ = iirg'KXpt), 
when /' > (A + jfe)" ; 

when ^* lies between (A + ky and (A •- it)" ; 



^-^(i)'i*-*-»'«»Mi 



/ 

pop 






(28), 



or 

pop 

■ according as A or A; is the smaller of the two, when ^*<{h^ kf. 

Now g' = vr\pj{2ir) — 2gr — A — A?, and it therefore follows that if -or be 

negative, there will be no bands, since in that case g is negative, and numeri- 

;. cally greater than A + A;; but that if car be positive, ^ may be made to assume 

': any value from — {2g + A + A;) to + oo by altering the thickness of the plate, 

since the value of cr varies as this thickness, and so long as it lies within 

certain limits, there will be bands visible in the spectrum. 

Xt Leit T^tTuTt be the values of the thickness of the plate when ^^0, 

1 — (A -"Jb^^ illd — (A + A?) respectively; then if T be less than Tt or greater 
i than 23!^'-^ 2^i* tilery are no bands ; for values of T between 2', and Ti or 

i ■ • 
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between 22^0 — T^ and 22*0 — T^ there will be bands with visibility given by 

{h + k- V^)/(A + k\ and for values of T between T, and 2T^ - 2^, there will 
be bands with visibility 2A/(A + k) or 2A;/(A + k) according as A < £. 

Now in passing from one band to the next, i changes by 27r and f by 6, 
where e is the distance between the bands, and for this small change of f we 
may regard the changes of i and f as proportional : hence 

but when T = To, which is called by Stokes the best thickness, 

v^z^{2g + h + k\ 

SO that in this case 

e-^\po/{2g + h+k). 

The bands are thus spaced in this case exactly as those due to the 
interference of two streams of light of the colour considered, coming from 
a luminous line seen in focus and entering the object-glass through two 
very narrow slits parallel to the line and situated at the centres of the 
covered and uncovered apertures. 

72. In considering the general properties of Fraunhofer's diffraction 
phenomena, the case of a number of equal, similar and similarly situated 
apertures in the diffraction screen was discussed, and it was pointed out that, 
when these are numerous and very close together, the pattern of a single 
aperture may be very considerably departed from. 

The most important instance of such a series of apertures is afforded by 
an ordinary diffraction grating, formed by tracing a number of equidistant 
parallel lines on a glass plate. These lines, by diffusive reflection of the 
incident light, appear to act approximately as opaque intervals ; and the 
transparent spaces being in this case rectiangular, the intensity due to 
a luminous line parallel to the cuts on the grating is proportional to 

n«C08»SI 7^-rT\ 11 

,;;^;;^^A^/^ » 

p =— (sint + sin S) 

a being the width of the transparent, d that of the opaque spaces, and t, 8 
the angles of incidence and diffiraction. . 

If a be very small compared with d, the last factor iBA(29).ixar^ very 
slowly with S compared with the last but one, and tl^^jftta^ 
a laree number of principal maxima before the last factor, Mionef its first 
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miniiuuni. The patten tloen will practically consist of the lateral spectra 
given by 

sin i + SID £ = m\/(a + d), 
of which several will be visible. 

The first minimum of the mth spectrum occurs in a direction given by 
sin i + sin 5 = (m + 1/n) X,/(a + d), 
and in order that two lines of w&ve-lengthe X and \ + SX should just be 
resolved; the principal maximum for the latter must be in this direction. 
Hence the condition for resolution* is given by 
(m + l/n)\ = m(X + 8X), 
or SX/X = l/(mn) (30). 

73. Closely allied in theory to the ordinary grating is Michelson's 
Echelon grating-f-, which is built up of a number of equally thick plates 
of glass arranged in a series of equal steps. Here there are no opaque 
intervals in the case of normal incidence, but the stream traversing any 
step is retarded in phase by an amount '2m^(ji. — \)tf\ with respect to that 
transmitted through the step below it, t denoting the thickness, /j. the 
refractive index of the plates. 



Fig. M. 

In this case, calling s the breadth of a step and assuming that the steps 
descend on the side of positive x, the intensity in a direction i is by (5) 
proportional to 



n» COS'S-' 



sin n ^ (8 sin S + /* — 1() 



I n -lin - (a sin S + /* — 1 () 

and the.pripoipal maxima are in directions given by 
' y:;: .tBinS + Ot-l)( = mX 

* LMfBqfmk^^^Ail. Mag. (t) 1..T11. 199 (1871). 
t dmtr. JMhu-Sei. (4) t. 816 (l^^S); AitTophgi. Jouth. •> 
SCPSilBM).' ^. 




7(1898); J.dePha*.^)Yi 
8 
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Now the last factor in (31) becomes almost insensible when sin Z exceeds 
\\s in absolute magnitude, and hence the light is concentrated in the two 
spectra, for which m lies between (a* — 1)^/^ ± 1. If, however, the retarda- 
tion introduced by a step be an exact multiple of X — a result that may be 
obtained by a slight inclination of the echelon — there will be a single 
spectrum situated at the centre of the field. 

A serious disadvantage of the echelon grating is the overlapping of the 
spectra of different orders, which renders it only suitable for use with light 
that is initially nearly monochromatic. Suppose that the incident light has 
wave-lengths between X + SX, then in order that there should be no over- 
lapping, we must have 

m (X + SX)- (/t -h ^ SX - 1) < = (m -h 1)(X- 8X) - ^^ - ^ Sx - l] ^, 

or ' r2m-2^<+lW=X, 

and writing for m its approximate value m = (/i — 1)^/X, we obtain very 
approximately 

x"'"20Lt-l-Xd/t/dX)e ^^^^' 

the factor /x — 1 — Xc{/t/c2!X for most kinds of glass varying between Oo and 10. 
The first minimum of the 77ith spectrum is in a direction given by 

« sin S =s (m + 1/n) X — (^ — 1) ^ ; 
therefore if the lines X and X+ SX be just resolved, 



VI 



(X+ SX)- L + ^ 8X - 1^ < =(m + 1/n) X- (/t - 1)^, 



6X_ 1 . X i*\A,\ 

^^ X 7 ajrT"^n{(/A-l)-Xdu/dXU ^^ ^* 



For the dispersion we have 



s^+^t= 



8 COS O jT H- -TT ^ = ^> 

aX OK 



whence d| ^ (m - 1 - X^W^X) f 

aX 8\ 



(35). 



74. Another method of treating the question of gratings, that is not 
without its advantages, is to deduce the effect of the ruling from the result 
of the theory of a "simple grating."* Any grating may be regarded as the 
superposition of a simple aperture and of a number of simple gratings ; for 
whatever be the law of its ruling, its transmitting properties are expressed 

* Schuster, Phil, Mag. (5) xzzyii. 509 (1894). 
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by >vritiDg the amplitude of the disturbance in the transmitted wave as 
a periodic function of x, and this by Fourier's theorem may be obtained 
as a series of terms, of which the first is constant and the others are 
simply periodic. 

In the case of an ordinary grating with transparent intervals of width a 
separated by opaque spaces of width d, the transmitting property is a periodic 
function of period a + d = cr, and starting from the centre of one of the bright 
spaces, this function has a value unity from to a/2 and from a — a/2 to <r, 
and a value zero from a/2 to a — a/2. Expressing this function then as 
a series of the form 

6p/2 + tjcos TTx/o- + i,co8 27rx/a + ... , 
we have 

6,n = - |/u)co8 acr = — ^ ( 1 + cos mTr) sm -^ — , 

and the series is 

a . 2 if 1 . mTra 2mirx 

- + — Z — sm cos . 

<r IT \ tn (T c 

Thus considering only directions perpendicular to the lines of the grating, 
the amplitude of the disturbance in a direction Z is proportional to 



«»Si---f^ + -2- o^, ^_ , s— ir-h -(36), 



pi w 1 m . 2m9r tur / _ 2nwr\ 

^±— 2^(P + — J 

where 21 is the total length of the grating and p = 27r(8ini + sin S)/X. 

Hence the positions of the lateral images are determined by 

p^± 2fn7r/a' or sin i + sin^S = ± mX/<r ; 

that is they are formed in directions such that the retardation between the 
secondary waves from the edges of the grating amounts to mnX, 

On either side of these spectra the illumination is distributed according 
to the same law €ts for the central image, vanishing for example when 

<r(8iniH-8inS) = ±mX ± A?X/n k<m 

or when the relative retardation amounts to {mn ±k)\^ 

If j5m denote the brightness of the mth lateral image, B^ that of the 
central image and B that of the central image when the whole space of the 
grating is transparent, we have, since 

n<r f ^ 2m7r\ 
°^°2^(P^-^j 
Tkr / ^ 2m7r\ 
2mlP^^ 

8—2 
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is very small except near the place p = 2m7r/<rf 

m7ra\^ / . mird 
o , ^ , sin \ / sm 

^m _ COS' Om 

Ba cos' t I mva I ^ \ mira 




B. 






Bm 1 • .mwa 
B rnrir a 



Hence under the most favourable circumstances, less than l/m'Tr* of the 
original light can be obtained in the mth spectrum. 

The mth spectrum will vanish if sin (mwa/o') = or ma/a- = m' ; whence 
it follows that if the ratio of the widths of the transparent and opaque 
spaces can be expressed €ts the riatio of two integers, the spectrum of the 
order equal to the sum of these integers is wanting. 

75. It is at once clear from the above method of investigation, that any 
departure from regularity in the ruling of a grating, whether arising from 
variations in the hardness of the surface ruled or from irregularities in the 
screw with which the spacing is effected, will introduce other tertns in the 
series representing its transmitting properties and give rise to additional 
spectra. These spectra are in general of less relative importance and are by 
reason of their fEiintness known as " ghosts." 

So long €ts the defects in the ruling are very slight, their effect on the 
spectra escapes notice, but when, as may easily happen, there is a periodic 
variation in the spacing with each revolution of the screw, the ghosts may 
become relatively important. ' 

As an instance of such periodicity* let us suppose a cas6 in which the 
edges of the rth transparent interval are at distances from the centre of the 
grating given by 

<r{r T | + 2)8sin(r + i) ^} (37), 

the width of the opaque spaces being <r (1 — a). Then the function to be 
expanded has a period 7<r and is equal to unity when x lies between 

and cr(| + 2y8sin-V 
• or between 

<r|r-| + 2i9sin(r-|)— I and a- |r + | + 2)8sin(r + J)— i , r <% 

or between <r J7 — ^ + 2)8 sin (7 — J) — x and ya, 

and has otherwise the value zero. 

* Peiroe, Amer. J, of Math, il 830 (1879). 
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Expressing this function by the series 

6p/2 + 26„, cos (m7ra?/(7<r)) (38), 

we have 6© = — x sum of transparent intervals 

2 

6m = — \f{t) cos — . dz 



7<r J 7cr 

TWIT 






Z . mTr 
— Ssi 



sin 



|r-| + 2y88m(r-i)^}] 



Now 



= — (l + cosmTr) 2 sm — -^r + « +2/88in(r+ i) — k 



e^ ■*"*•< = l+/8(«**-e-*0 + S(«^-«~*^+ — » 



and the nth term of the series is 

n+l 






if n be odd and 



fC?<- 



In 
^ |g — 1 | n — g -h 1 ^ 

• In 



if n be even. Hence collecting the terms 



«-o' (|n)' 



and 



#aOO 



8in(a + 2/8sin«) = ilp8ina+ 2 -4, {sin(a + «x) + (— l)*8in(a-«x)} ...(39), 



msoo 



where A.^ 2 (-1)-,^^ (40). 

•.0 |n |n + < 
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From this result it follows that 

6^ = -- (1 + cos mir) z iloSiul 2 +rj — 



rmr 



#=« (r«v-i r 
• 2 -4, s 2 sin 
#=1 I r=o L 



TT 



(wa + 25) g- + (m + 2«) 



M 



+ (-l/T'8iu [(ma-25)^ + (m-25)%]|] 



= — (1 + cos mm) 



sin 



mir 



. . (a — 1 + 7) mv 2 

^» «° — ^ — 



sin 



27 






sm^ 2 

2«)ir 



27 

. (m - 2g) 7r \ 

' sm - 



27 



f 



Hence the series is 



2 "•^^ 1 ^ 2m7ra? 

a + - 2 - jDm cos 

TT |»«i m 7<r 



where 



^ - . (a-l)m7r 

7 



. sin 27W7r '^* - sin 2 (m 4- «) tt 



sin 



WITT ^=1 



. (m + «) TT 
sin ^ — 

7 



sin <^?i::i^ 



with . . ^^ = unless y = hy when it becomes = 27 cos kir, 



and 



(41). 



(42), 



^=T(-l)><^rf/'y>"" (43). 

—0^ ^ |n|n + < 



From this result it follows that the amplitude of the disturbance in the 
direction S perpendicular to the lines of the grating is proportional to 



cos B 



sxn^fpT— -J 



2m 



8inpZ^?~|«l ^B^ 

jl ^ m«i ^ _ _L 2m7r n7<r / 2m7r \ 

V*^ 7<^ / i 



P ± 



7<r 2m 



.(44), 
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21 being tlie length of the grating, which is here supposed to contain an 
even number (n) of complete periods. The lateral images are determined by 

sin i + sin S = + mX/yo; 

Now neglecting the cube and higher powers of the small quantity (2mTrl3/y) 
we have 

and Bty^i = 7-4q sin [ka — 2 (a - l)/7} tt, 

Bt,-i = 7^1 sin [ka - (a - l)/7} tt, 
Bty = 7-4o sin iaTr, 

Bky+i =-7-^1 sia {*a + (a - l)/7l ^» 
5*y+a = 7-4, sin {ka + 2 (a - l)/7} tt, 
Bkr±m'=0 mf>2. 

Hence, whenever m = ky, that is in directions given by 

sin i + sin S« ± A?X/<r, 

corresponding to the lateral images given by an ordinary grating of period <r 
equal to the mean interval of the transparent spaces, we have bright spectra 
and on either side of these a series of faint spectra or ghosts, that are the 
less conspicuous the further they are from the principal spectra. 

76. Another peculiarity exhibited by certain gratings is that of exercising 
a converging or diverging influence on the spectra formed by them*. This 
has been attributed by Comu to a regular variation in the spacing of the 
lines, and elementary reasoning shows that a gradual increase in the interval 
of a plane grating has the effect of a convex lens €ts regards the spectra on 
one side of the central image and acts as a concave lens with respect to the 
lateral images on the other side. 

Let us suppose that the sur£BU)e on which the lines are traced is curved, 
and that the lines are determined by the intersection of this surface with a 
series of parallel planes, one of which is the normal plane at the centre of the 
grating, and that the spacing is such that the distance of the A;th plane from 
the centre of the series is represented' by 

« = <rA + cr'ifc» + cr"ifc» , (45). 

When the striated surface is irregular, the spectral images are defective, 
but when it is approximately a surface of the jsecond degree with a plane of 
symmetry parallel to the lines, the images may be very distinct and the 

• MMcart, Ann. de Vic, Norm, Sup. L 260 (1864). Mercayng, C. -B. xcvu. 570 (1883). 
Bydberg, PhU. Mag, (6) xxxv. 190 (1893). Comu, A$$, Fran^. pour ravancement det Se, Nantea 
(1S75). p. 376; C. R, lxxx. 646 (1876); cxti. 1216, 1421 ; cxvn. 1032 (1893); J, de Phyt, (3) u. 
886, 441 (1893); Siance$ de la Soc Fran^. de Phyt. (1893) 216, 223. Lord Rayleigh, Enc. 
Brit. xxiT. 438. 
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inevitable astigmatism, though considerable, is of little coosequeace. In 
considering the focal properties of such gratings the curvature parallel to the 
lines may be neglected and that' normal to the lines has alone to be taken 
into account. This is equivalent to assuming that the surface and the 
incident wave are both cylindrical, the generating lines of these cylinders 
being parallel to the ruling of the grating. The problem is thus reduced to 
one of two dimensions. 

Let QA, QP be two rays starling from a point Q and fiJling oh the 
concave side of the striated surface AP, the centre of curvature of 
which is 0. 




Fig. 3S. 

Let QA = p, OA^a. the angle QAO = a and the angle AOP = a>, then 
AP = 2a sin m/2 and the «»gle QAP= w/2 + a - «/2. Hence 
QP" = p* + 4o« sin' «/2 - 4ia/) sin w/2 sin («/2 - a) 

= (p + a sin a dn w)* — a' sin* a sin* a + 4a (a — p cos a) sin* w/2. 

Now as far as sin' oi 

4 sin' (b/2 = sin* a + (1/4) sin* a 
and to the same order 

Qi*' = {p + osinofdnwy + ocosaCocos a -p) sin* W + J (i(a-p cos a) sin' « 
and QP = p+aBia asujw + ^cosaf ] a'sin'oi 



-J 



am a cos a /cos a 1 



l> 



. 1 f 8in*gcosa /coaa 1\ 1/1 cosa^ Icos'a/cosa 1\*) , . ^ ,.„, 



0) 
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Again let Q' be another point on the same side of the normal OA and let 
Q'A=^p,Q'AO=^(x \ then Q'P is obtained from QP by writing p for p and 
d for ou 

Suppose now that il is a point on the central line of the grating and 
P a corresponding point on some other line, then Q' will be a focus of the 
diifracted light if 

QP±Q'P^QA±q'A^-m\ (47), 

fn being a positive or negative integer, and the upper or lower sign being 
taken, according as the grating acts by reflection or transmission. Taking 
the former case we have 

, . . • /v • . 1/cos'a . cos'o' cosa cosa'\ , . . 

^ 2\p pa a ) 

1 f sin a cos a /cos a 1\ sin a' cos a Vcos a' 1\) . . , 

1 f sin'g cosa / cosa 1\ 1 /I cosa \ __lco8'a / cos a 1 V 
21 '^^ V p a/'^'iaAp'' a J " i~^ \p^ "a) 

. sin* a' cos a' /cos a' 1\ . 1/1 cosa^ 1 co8*aVcosa' IV) a • <. 

= m\ , (48). 

Now if P be on the Hh, line 

a sin o) = <rA; + a-'lc^ + a"]^ 
and writing h = cr*/<r', c = <y*/a''', the equation becomes 

,. . /v f l/cos*a cos'a' cosa + cosa' sina + sina'\ ,,„ 

(8ma + 8ma')<r*+5 + — -, + r <y*Ar* 

• '2Vpp a J 

1 f2 / cos'a co8*a' cosa + cosa^ sin a / cos* a cosa x 
2(6\p p' a ) . p \ p a ) 

_mn^/cotfa;_co8aV8ia«-f8ma)^^^ ^^^ 

So long as o'it* is small, this equation will hold for all values of k, if 

<r(sina-f-sina') = m\ (50), 

and 

cos* a cos a sin a __ 1 ' 
p a b "^ d 

cos'a'^cosa' s^^^^'^^lf 
p' a 6 "" 5j 

We thus have two femilies of curves, called by Comu " focal curves " and 
by Baily ^'diffraction curves,"* that are conjugate to one another and have 

* Phil. Mag, (5) xv. 183 (1888). 



.(51). 
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the property, that if the source be at any point on one of the curves, the 
spectra lie on the conjugate curve. Writing 

a/6 = tan (</> + ^), (a - d)/(a -f- d) = tan </> tan ^, R-^ = a"' 4- Ir^ 

the equation to the curves may be put under the form 

K cos* a .^c%\ 

P=o 72 ^ 72 ^ (^2). 



2 



cos (^1 + </> j cos ^1 + f j 



Among these curves there is one, the principal focal curve, that merits 
special attention, as it passes through both the source and the spectra, when 
the former is at any point upon it. This is the curve for which d = oo and 

its equation is 

cos' a cos a sin a .^^. 

• p a 



or 



P°°'^^^{ j(a-?4,) + "^^°'"^ ^^*^' 



where tan j> » a/6. This latter -form of the equation leads to an elegant 
geometrical construction of the curve*. 

When the spacing is correct, 6 = x , and iihe principal focal curve becomes 

p = acosa (55); 

a circle on the radius of curvature of the grating as diameter. This is the 
arrangement usually adopted with curved gratings and it is clear from 
(48) that in this case the outstanding aberration is of the fourth order 

and equal to 

a • ' 

5 (sin a tan a + sin a tan a') sin^ ci>f . 

o 

If the grating be curved with a very small systematic error in the ruling, 
then j> in (54) is very small and we have sensibly 

p = a coiS ^ cos (a — ^), 

a circle of diameter acos^ inclined at the small angle ^ to the normal to the 
grating at its central point. 

Finally when the grating is plane, a = oo and the principal focal curve is 

tf. p *~- ^ o cou 01 cos ot. ••.••..•...••.••.«*•••••..•• .1 oo I, 

a cissoid of Diocles with its cusp at the centre of the grating and its 
asymptote at right angles to the plane of the grating at a distance 6 on the 
side on which the spacing increases. 

77. We will now consider, a case that is of primary importance in the 
study of diffraction, on account of its application to the theory of optical 
instruments, namely that in which the aperture is circular. 

* Coma, J, de Phyt. (8) ii. 891 (1898). 

t Rowland, PhxL Mag, (5) zvi. 197 (1883). Olazebrook, ibid. (5) zv. 414; x^i. 377 (1883). 
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Let the centre of the aperture be taken as origin, its radius being R, and 

let us write 

x = p cos 0, y = P sin 0, 

p^a-cosff, 5 = <rsin5', 
so that 

<r = Vp^T?' = 27rr/(X/>o), 

where r is the distance of the point of the pattern under consideration fron) 
the image of the luminous point. Then 

\piPt dz Jo Jo 
or if pa = f 

and the intensity is 



'^M*"H^1 "^* 



Thus the illumination vanishes in accordance with the roots of Ji (t) = 0, 
and calling these ^i, ^„ ... the radii of the dark rings in the dififraction 
pattern are 

27rB' 2wR' 
The values of the first six roots of t/, (f ) = ai-e 
3-831706, 7-015587, 10173468, 13323692, 16470630, 19615858. 
For the maxima we have 

and thus the maxima occur in correspondence with roots of J^ (^ = 0, the 
first six of which are 

0, 5186630. 8147236, 11619857, 14795938, 17959820; 

and since when ^ has one of these values 

2J.(?)/r=^.(r). 

the intensity of the maxima is 

* For the properties of Bessers and Stmve's functions required in this and the succeeding 
■ecti o ns see Appendix L 
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The total illumination distributed over a circle of radius r is 

since Jo (0) = 0. J, (0) = 1 . 

If r and consequently f be infinite, «/o(?^) and J^ (f) vanish, and thus the 
proportion of the whole illumination that is without a circle of radius r is 
^0^ (?) + J\ (0 and since for a dark ring J, (f ) = 0, the fraction of the light 
that is outside any dark ring is J^iX)- 1*he values of this fraction for the 
successive roots of Ji(f) = are '161, 090, '062, '047, ..., so that more than 
^ths of the whole light is inside the second dark ring*. 

78. When the object under examination is a luminous line, the various 
elements of which are to be regarded as independent sources, the intensity 
may be determined by integrating the expression for the intensity due to a 
luminous point. In this way Struvef has obtained by the aid of properties 
of Bessel's functions an expression suitable for numerical calculation. Lord 
Rayleighj has however shown that the problem may be solved more easily 
by a method due to Stokes§, in which the integration over the dififraction 
aperture is postponed until that with respect to the direction of the luminous 
line has been effected. 

Since the intensity due to a luminous point is obtained by multiplying 
^•(0 '^y *^^ conjugate expression, we have 

and the intensity due to a luminous line parallel to the axis of y and of 
breadth (io^i- is 

In the present shape of the integral, the integration with respect to q 
must be reserved to the end, but if we introduce the factor Exp(T fiq), where 
the sign — or + is to be taken according as 9 is positive or negative, we shall 
evidently arrive at the same result as before, provided that in the end we 

* Lord Rayleigh, Phil Mag. (5) xi. 414 (18S1) ; Enc. Brit, xxiv. 483. 

t Wied. Ann, xyu. 1006 (1882) ; MSm, de VAcad. det Se. de St Pitenbourg (7) xxx. No. 8 (1882). 

X Enc, Brit, xxiv. p. 488. 

§ Edin. Tram, xx. 817 (1858). 
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suppose i9 to vauish without limit, and when this factor is introduced we may 
integrate with respect to q first. Thus 

Now Lt^^ I "5^ — ( *\L ~ ^» unless the range of integration for y include 
the value y, in which case it is equal to 27r and therefore 

where Y is the common part of the ranges of integration for y and y cor- 
responding to any values of x and x, and since the aperture is symmetrical 
with respect to the axis of y 

= — [-—] — 2 I I Y cos px cos px'dxdx'. 



Now Y is the smaller of the two quantities 2 ViP — a^, 2Vi? — a'- and 
therefore 



% 

J' = — [—•] — ^]( / Vi? — fl^ cos pA; cos px'dxdx' 

+ 1 / Vi? — x'^ cos pa; cos pa:'da? dx' > 
= — f-^*J — 8| /. ^B?" a? cospx cos pxdxdx' 

p^\OZj IT p Jo ^ 

w 

-*$m^'-m «• 

where f = p-B = -r f , f being the abscissa of the point considered relatively 

to the image of the luminous line. 
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The points of maximum and minimum illumination occur in accordance 
with the roots of 

a? my ' 

or 3^,(2?) = 2?Zr.(2i:), 

which, when f is very large, become approximately the roots of the equation 

sin(2?-7r/4) = 2/V^. 

Since Hi (25') is essentially positive, the intensity is nowhere zero. 

79. Let us now examine the case, in which there are two parallel and 
equally luminous linear sources, the components of which subtend an angle 
at the aperture equal to that subtended by the wave-length of light at a 
distance equal to the diameter of the aperture. Since 

27r-ft ^^^ i= A 

the corresponding value of ^ is tt. Writing 

..^. 7r g.(2g ) 1 (20» -(2^y 

^^^ 2 (2?)» P. 3 P.3'.5'^l'.3».5».7 "■■ 

the intensity at the geometrical focus of either of the lines is proportional to 

LiO) + Liir). 

and that at the point midway between the geometrical images of the lines is 

2L (7r/2). 

Now i(0) = -3333, Z(ir/2)=1671, i(7r)=0164, 

so that the ratio of the intensity of illumination midway between the images 
to that at either image is 

2£(,r/2) 
Z(0) + i(7r) - ^''•'- 

But in order that the lines may be fairly resolved, this ratio should not, 
as we have seen, exceed the value '8 approximately, and hence it follows that 
for resolution the angular interval between the lines must exceed that sub- 
tended by the wave-length of light at a distance equal to the diameter of the 
circular aperture. 

80. If we now integrate (59) from f to oo , we shall obtain the illumina- 
tion due to an uniform luminous area bounded by a straight line parallel to 
the axis of y, at a point situated at a distance ^ from the geometrical image 
of the edge. This point will be without or within the geometrical image of 
the source according as ^ is positive or negative, and denoting the intensity 
of illumination by /(0» we have 
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if the unit of intensity be such that the illumhiation due to an infinitely 
extended plane area be unity. 

Hence i (^^ i;) = C f^ ^-^ dK 

with the condition that for f = 0, /(+?) = J . But 



w 
'2 



and from this it results that G = 4/ir, and 



2 7r« o' ' 25+1 (1.3... 2« + 3)» 
using the ascending series for Hi, 

' For large values of the argument, it is more convenient to use the semi- 
convergent series for H^ and this, retaining only the principal terms, gives 

2 /I 1 \ 1 C08(2r4-7r/4) 
For very large values of f this reduces to 

and thus at great distances from the geometrical image of the border of the 
radiant area the illumination is inversely proportional to the distance f and 
to the radius of the aperture. 

81. The case of a difiraction aperture in the form of a sector of a circle 
is interesting on account of its application to the heliometer objective*. 
The fundamental formulse of the problem were first given by Struve, but the 
cane was first fully worked out by Bruns in a manner substantially the same 
as that given below. 

Let 2/8 be the angle of the sector, then writing Ra = ? we have 

^ (e) « - id««-< -^ I?? ^ l^zdz r e^^<^(^'^ d0 

Xpop, dz ^ Jo J -fi 

\popi dz ^ Jo [Jo Jo J 

• StniTe, Mim, de VAead, de$ Se. de St Pitersbourg (7) xxx. No. 8 (1882). Bruns, Antron, 
Nmekr. taw. 1 <1888). Straobel, Inaugural-DisserUtioD, Jena (1888). 
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Now f e*'«>»'^d^ = JoW.'^+ 22 -sinn^. Jn(^), 

Jo 1 ^ 

and sin n{P — ff)-\' sin n ()8 + ^) = 2 sin wy8 cos nff, 

whence 

</,, (0 = - ^-< M ^« rg f ^ j^j;, (^) + 22 - sin nfi cos n^J^ wl ^cZ^. 



But 



I zJo.dz^zJu j zJndz=2znl. - — , ^ v . — . » . ox -'^i 
Jo Jo ,=o(w + 2«)(n + 2«+2) 



n+tt+ii 



therefore 

Xpffii dz f 

- 1 |M (r) + 4 1^ 2iK2M^2) •^»'+' ^^ J, (~ lysinfe/Scos^^l J ...(60). 
and the intensity of illumination is 

Cms 00 9« t-n ia"| 



.(61). 



The diffraction pattern is thus symmetrical with respect to lines parallel 
and perpendicalar to the bisector of the angle of the sector. 

In the case of the heliometer objective, fi = ir/2, and since 

i cos (2« - 1) ^ = sin 2n^/(2 sin ^). 
1 

we have 



/ 



= V^«(£) ^L4'^''<?>-^iiH^'if (2n-l)(2n4-l) "°^"^-^-<^}J 

(62). 
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When fl* = onr, the intensity may be simply expressed in tenns of the 
Bessel's and Struve'a functions /, and ff, : for in this case 

— -4^lf(^.*"« W' 

whence "^ " V^i". (&)" ^ W«) +^-<«l <«*>■ 

When 0" = ir/2, the intensity is given by the simple expression 

■ ^-x^.0T-'--<" *«'>■ 

and when5'=±ir/4 



CHAPTER VIII. 

FRESNEL'S DIFFEACTION PHENOMENA. 

82. In the more general case of Fresnel's diffraction phenomena, the 
diBturbaoce at the point {x,, y*, ^) due to a radiant point at («i, y,, x,) is 

or writing 

and remembering that 

<f= - cos . + . .in « - y'^' IJ-., (.) + J^, W), 

*• "^ " " ' x^ ^£ "'"'*" ?/*"* '•'-* '"■"* * '^' '"•"'l""'*^ * 

xJ(ta)i|J-_,(t) + iJ,(t))e-l»& , 0), 

the mt«gnitioD being extended over the diffraction ap^rlara*. -^^h 

The expression for ^(0 thus depends upon intc-griils c(1imfotta< ^H 

■r.-j(lxyj„i.U,)e->^-,U (2), ^ 

,T.->J(ii)-«'J,(i«)iri»"''<lc - (3), 

where v is real and assumes in the case considered the value 1/2. 
Now hy successive integration by parts, using the ftnnuil^ 

wefind 7.-'-^V.(y.')+'l'-f.(j'.»)l«-*" •• "" (*)' 

• Lcnimel, Abh. drr K. Sattr. AJcad. der WUm. IT. !St, HI (WMWS). 



a 
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where {^, = 2(-l)'(y/«)''+»J»+»(^) (5). 



y being written for ka^ and z for h:. In the same way troxa the formula 

^ {^ J, (z)} = ^ J^, (z) 

^ir— 1 
we obtain 7,= ^- {^.^^(y, «) + ty_H.,(y,^)}e-»>« (6), 



where F,(y, «) = 2(- l/Cy/*)-— J_^(*) (7). 



Similarly from the formula 

wefind ^, = _^l!;|^,(|,,) + ,I7-^,^,,)|e-to. (8). 

and from the formula 

[^•'+' J, (-e) d-e = - ^--^^ J,_a {z) 



we obtain 



where U^{2^ly, z) and V^{2^ly, z) are the series obtained from (5) and (7) 
respectively by writing therein g^jy for y.' 

Since (^)^./r+f (ic) = 

for « = 0, if y be positive, we have if Z > 

where y^kr^ and z^Zr ; and again since 

(Za:)'-*-iJ^,^i(Za?) = 
for « == 00 , if y be less than unity and l>0, 

J* {lxyj^^{lx)e''Tdx=^- ^^ [V^^(y.z) + cV^^,(y, z)] 6-'L.(ll), 

and if y be not less than 1/2, these equations are also true when 1 = 0, 
Hence if.y be less than unity and not less than 1/2, 

+ t{[7.+x(y,r)-7-.+i(y,^))]6-| (12). 

Now consider the integral 

J 

9-2 
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Since .7._.(/x) = 2(-l)'^ ^"'^ 



o' ' 2'-'+" r(s + i)r (!/+«) • 

wo have 



I (/ar)'J^,(/a;)e-<«-4t.)*'ia: 

J 



*V ^^ 2'->+» r (« + 1) r (./ + «) 2 (a + i *»)'+• 



e *a+tki 



(2a + ki)' 

whoro A"* - 4a« + A', sin <f> = A/^. 

ThiH equation holds for all positive values of i/, so long as a is positive, 
however Hinall it may be : it also holds for a = provided the integral on the 
h)ft still retains a meaning, which is the case i{ v^i and <f. With this 
condition wo then have 









,(13) 



Again, from (8) and (9) 
t ['(/«)' -'J, ilw) «-»*-• rf* = ^ [c^- (p O) + 1 U^, g . o) 

-[u.{l.lry.U.,.[llr)]'e-^] 

and if «/ > - J and 1^0, 

whoucMt 
« r (/iT)' -» J, (te) e - **«•' (to - ~ I J7» (p ir) + i tr,+. g . ir] J e-i*^ . . ^ 

and 

t [J (/.r)- './,(&)«-»*"* da' = ^F^lt^. (p O) +tU.^, (p 0)J*... (16). 

* For tho properties of Lommers f unotions U^ (y, x) and Fy {y, z) see Appendix II. 
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83. Applying these formulae to different cases of diffraction, let us first 
consider that in which the aperture is a rectangle of width 2a in the direction 
of the axis of x and of length 26 in the direction of the axis of y. 

Taking the origin at the centre of the rectangle, the limits of integration 
for X are ± a and for y are ± 6, and since for these limits the integrals a^ are 
zero, we have 



>-Pop\ 



u 
2 



X 26 y^. \U^{u\ v) + iU^(u\ v')}e"T.., (17), 



where 



(18). 



^ \Po piJ X Vpo* />i/ 

and the intensity is 

X ^r{Ui*{.u'. «')+ J7,»(tt', tO} (19). 

Now in Fraunhofer's special case of diffraction, p^"^ + pi"^ = 0, so that we 
obtain this case by writing usu^==0: but when u=0. 



TT 



TT 



sin'i; 



and the expression for the intensity becomes that found in the last chapter, 
namely. 

In the general expression (19) relating to FresneVs phenomena, the last 
two terms have the form 



TT 



and we have to examine the character of this function. 



(20), 



For a given position of the screen of observation, that is for a given value 
of K, if is a maximum or ia minimum for values of i; that make dM/dv = 0. 
But 

dM 
dv 
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hence if is a maximum or a minimum when either v* ^/j (v) = a/ — sin v = 0, 
that is when t; = n^r (n = 0, 1, 2 . . .). or when ti"*I7| (w, v) = 0. Now 

V* Jj (v) = - j^ [^J^ (v)}, and fTi (t^, v) = - ^ — fTi (m, v), 

and therefore the maximum and minimum values of M occur in corre- 
spondence with either maximum or minimum values of U^ (u, t^) or of 

v^J^\ (v) = A / - cos v. The intensity at the minima is never zero, since 

U^ and [7} do not vanish simultaneously, as may be seen at once from their 
expression in terms of Fresnel's integrals. 

In order to distinguish between the values of i; that give the maxima 
and the minima^ we must form the expression d^MIWi now 






Hence the roots of i^J^{v)=^0 correspond to , maxima or minima of M 
according as t^J^U^ or cost;.{7| is positive or negative, and the roots of 
w"^f7'| = give the maxima or minima according as v*t/j(v)I7| or sini;.l7| is 
negative or positive. 

If, however, J^ {v) = and U^ (u, ») = simultaneously, d^M/dtf^ = 0, and in 
this case 

'^^2^p^.U, = -2np^U, (23). 

which does not vanish unless i;=sO, because for these values of v, v^J^ and 
U^ have their maximum and minimum values. 

Again d^M/dt^ = 0, if J7| (w, ») = and U^ (ti, v) = 0, while yM/dv" does not 
vanish, but is equal to 

— 7n;*tt~*Jjl7'| = — 7rrtt"*JjJ| (24). 

Hence the roots of U^ (u, v) = 0, other than t^ = 0, that satisfy either of 
the equations t/^(v).=0, J7|(w,t;)=»0 correspond to neither a maximum nor 
a minimum value of M. 

Now when t; = 0, that is at the centre of the pattern 

^-l[<>J-,{u,*ln,)iy-^{u,(u.O)^lu,(u.«)}...(U). 
and when U^ («, 0) = 0, ' 
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^"' \/£f^!(«.0) = l-/y/j-{^t(«.0) = l-j'^co8j«(l-y«).dy, 

and therefore TJ^ (u, 0) is positive and for these values of u, if is a minimum. 
When, however, t; = and U^ {u, 0) f 0, then dM/dv = and 

^ =- _,[r*j^_jir,] = - -;^i/,(«. 0). 

and ilf is a maximum when u is between u^ and ti^+i, and a minimum 
when it is between w»i+i and t^»+, (n = 0, 1, 2...) where ti^i, t^n+i--- are the 
successive roots of U^ (m, 0) = 0. 

The edge of the geometrical shadow of the screen is very approximately 
at the point for which u = i;, the shadow lying on the side for which u<v. 
Now when w < v we have 



-l[v,f^.o}-V,f^.<,}]^,......m; 



hence for points within the shadow that satisfy the equation v^J^ (v) = 0, that 
is for which v = n7r(n = l, 2, ...), 

p. <»,.)- 1 [n f-^. o} -n f !^. o}] «» n,, 

^ «^„a.(^.)-l^[K.|fii^^o}-r.f-±^,o)], 

and this expression is essentially negative, so that within the shadow the 
roots of v*J|(t;) = give the minima. Further it follows from (26) that the 
equations tf^J^ (v) = and u'~^ U^ {u, v)^0 have no common roots when u < v, 
and that only one root of the latter equation lies between two consecutive 
roots of the former, so that the roots, of u"*[7|(w, v) = jjive the maxima 
within the shadow* 

# 

84. When the diffiraction is produced by an opaque rectangle of breadth 
2a and length 26, we have to integrate for x from — oo tjo — a and from a to 
00 , and for y from — oo to — 6 and from 6 to oo . Hence 

* See Plate I. for a graphical representatioii of the equations J\ (p)=0, V\ (ti, v) =0. 
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and the intensity is 

^= x^.' ©'• ^«-'^' -k i^^' (^> ^)+ ^*' <^' ^)^ 

x^,{F|««t/)+n»(u',t;')} ...(28). 

In this case, since the values of V^ (w, 0) and F|' (w, 0) decrease continu- 
ously as u increases, the intensity at the centre of the geometrical shadow 
varies continuously as the screen of observation is moved towards or away 
from the opaque obstacle without passing through maxima and minima. 

The function that we have here to consider is 



M^^{V^-{u,v)+V^*{u.v% 



Now if u be constant 

Hence for a given value of u, the expression is a maximum or a minimum 
when, either 

V* J| (v) = a/- sin t> = 0, or Fx(u, v) = 0, 

and since v* Jj W = - g^ (t*^-* («)). ^k («^» ^) = ~ ^ "aJT 

the maxima and minima occur in correspondence with either maxima or 
minima values of either v*J- j (v) or F| (v, vX 

To distinguish between the maxima and minima we have 

"#-5H'^-n'-^>}=5(^-'.--.-'--.n} <m 

whence it follows that to the roots of t^J^ (v) = correspond maxima or minima 
values of M according as J*.^ V^ is positive or negative and that the roots of 
F| (tt, v) = determine maxima or minima according as J| F.^ is negative or 
positive. 

At the centre of the pattern, where t^ = 0, we have ' 

^-^^/f ''.(•.«) •• <»». 

and since V^{u, 0) is always positive, if is a maximum at this point 

When f^J^{v) and V^{u^v) vanish simultaneously, d^M/dtj^^O', in this 
case 

^^^i/tj.i (v) 7_i (tt. ») = - ^ •»/.! (t>) F, («. «) (32) 
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PLATE U. 
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and this is not zero, since «7_j (v) and F| (u, v) do not become zero at the same 
time as J| (v) and V^ («, v). To such values of t; therefore correspond neither 
maxima nor minima of M. 

These are the only exceptional cases, for a graphical representation 
(Plate n) of the equation Fj (u, ») = shows that at all points of this curve 
dujdv is always positive : now 



du u * 



dv ^T . f^ 



.(33), 



^1 + :^^-* 



and since F| does not vanish with V^, V^ will not do so. 
For points within the geometrical shadow u>v and 

F.(^.)-'[nf-^.o}+nf4^,<.}]c«s» 

We have then when w = n^r 



''.<-)-l[nf-=^^o}.n{te^^o}] 



COSnTT 



and the expression «/.^ F| that determines the maxima and the minima has 
the positive value 



^^/lhf-=^^fnf■^^o}] 



COS' nir. 



Accordingly within the shadow the roots of v^t/.| (v) « give the maxima. 
Farther it follows from (34) that within the shadow, the equations r^J^ (v) = 
and F| {u, v) = have no common root and that only one root of the latter 
occurs between two consecutive roots of the former equation, and accordingly 
the minima of M are given by the roots of V^ (u, v) ^ 0. 

85. Let us now take the case of the diffraction caused by a train of 
waves passing an infinite screen bounded by a straight line. Taking this line 
as the axis of y, we have as the limits of integration and oo for x and — oo 
and + 00 for y, and consequently from (13) and (16) we have 
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and the intensity is 

^=v^.(l)'*s-s[h(fi-i)--.(F«)F 

. M"°(£-i)^'''S'")}']-<'*>' 

or in terms of a new unit of intensity, that is practically the intensity at a 
point on the screen due to the uninterrupted wave, 

This formula holds for all points, whether within or without the geometri- 
cal shadow of the screen, I being negative in the first case and positive in^the 
second ca8e,'but it is convenient to alter the expression so that in both cases 
I is regarded as positive. Now, since 

we have 

and writing P/k = u, the intensity at points outside the geometrical shadow 
is given by 

^. = |ico8(|-^) + iJ7i(«.0)}Vji8in(|-^) + iCr,(«,0)|* 

= {co8(|-j) + ir,(tt,0)}V|8ing-^)+iFi(tt.0)J\..(38). 

while for points within the shadow we have 

7,= jico8(|-^)-if7i(tt.0)|V{i8m(|-:^)-itr,(«,0)p 

=iF,«(«,o)+iyi»(«,o) : (39).. 

u in both cases being regarded as positive. At the edge of the shadow where 
'I f= 0, the intensity as given by the above expressions is 

(/.), = (/.).= 1/4. 

Now F|' (u, 0) and F|* (u, 0) both decrease continuously as u increases 
and only vanish when u is infinitely great : hence on moving into the geo- 
metrical shadow away from its edge we find a regular decrease of intensity. 
Outside the shadow the illumination is never nil : for that to be the case, we 
should require that 

r,(«,0)=-2co8(|-5). Fj(«,0) = -28in(|-^), 



/. 
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or Fj«(w,0)+F,«(t/,0) = 4, 

and this is impossible, since V^ (w, 0) and F| (t/, 0) are both numerically less 

than 1/V2. 

In order to determine the maxima and minima in the space outside the 
geometrical shadow, let us write 

p=i8inQ-J) + jir,(«.o), Q=ico8g-j:)+ii;j(«.o)...(4o). 

then 5f = icos(|-^)+iiri(«.0) = ie. 

and since U-i («, 0) + U^ (u, 0) = u"* [«*/_i (»)],_ = a/— . 

^-»-(i;S^i''-'<"'»> 
=i|yi.-i''.<-»>-*-»(M)}-MVI-'}- 

Hence 

du du du 2y iru 

and the maxima and minima occur in accordance with the roots of 

c<»(|-f)+iF,(«,0) = (42). 

Now F| (u, 0) is always negative and less than 1/V2 in absolute value and 
therefore this equation is only satisfied if cos (o "^ 2) ^^ positive and less than 

1/^/2] in other words when u lies between (4n + 1) ir and (4» + 3/2) w or be- 
tween (4n + 7/2) TT and (4n + 4) w, (n = 0, 1, 2 ... ). 

Since ^V^ {u, 0) is small and approaches the value zero as u increases, the 

roots of (42) are approximately the same as those of cos (9 "^ t] ^ which 
gives 

u^la^^, (n = 0.1,2,...) (43), 

a second approximation to their values being 

u=: — 2 — w + coswTr F|( — 5— ir, 01 (44), 

and since the intensity of the maxima and minima is 

/=jsin(|-^) + jr,(„.0)}\ 
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it follows that the maxima occur when n is odd, and that the minima corre- 
spond to the even values of n*. 

The locus of a band in space is given by 

XuVpo pi/ v>o pJ 
where u has the value corresponding to a maximum or a minimum. Since 
PtN 'S^oi this is approximately the hyperbola 

having its vertices very nearly at the source of light and the edge of the 
diflfracting screen. 

86. It has been pointed out in Chapter II. that in the cases of inter- 
ference therein considered the phenomenon is considerably modified by the 
efifect of diffraction. As an instance of the disturbance thus produced, let us 
consider the case of Fresnel's biprism-f*, the acute angles of which are equal, 
and let us suppose that the source of light is a radiant point in the plane 
through the edge of the prism perpendicular to its flat face. We have then 
to deal with two correlated sources of light — the virtual images of the lumin- 
ous point produced by the two halves of the prism — the streams from which 
pass through the corresponding parts of the prism. 

Let the coordinates of these two sources be ( ± c, 0, z^ : then since it is 
clear that the disturbance at the point (^o> yoi ^o) due to the source (— c, 0, z^ 
is the same as that at* the point (— ^o> yo> ^^ due to the source (c, 0, Zi\ we 
have 



2ifc* 



.(45) ; 



where 

X po X Vpi poJ! 

* The approximate yalue of u giyen by (44) only requires a small correction e determined by 

the corresponding intensity is P'(« + c), and 

t StroTe, Witd. Awn. xt. 49 (1882). Weber, ibid. viii. 407 (1879). 
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and writing Ui = lijk^ Wa = Wjk and adopting a new scale of intensities, we 
have as the intensity at the given point 

/ = {5cos(|-j)+ii/^l(«..0) + lco8(|-j) + il^j(«,.0)|' 

+ {|8in(|-^) + it7,(«„0) + ism(|-j) + Jt7,(«..0)}'...(46). 

• 

To determine the maxima and minima of intensity we have to find the 
value o{ dl/dxo and since 3ttj/3a?o = a>/wi, dv^ixf^^-^a'/v^ where a is a con- 
stant, we have 

|=.(p,+po(aV^g-.vj;g) 

+ 2(«. + ft) («■>'*§- "^"^^ •■•<♦''■ 



where 



,(48). 



P = |8in(|-.^)+i?7-,(«,0y 

and since g = iO. |^ = ||y/^-p}. 

we obtain 

= a(Vii; + Vi;)(P,Q,-P,Q,) ...(49), 

and the maxima and minima occur, when 

PJP.^QM (50). 

Now within the part of the field common to the two streams, as deter- 
mined by geometrical optics, li and Z, are both positive, while outside this 
region l^ and l^ have opposite signs, 2, being negative on the side of positive x 
and positive on the side of negative x. Hence giving Zj and Z, their absolute 
values we have to write for the field common to the streams 

1 ,„ , h(» = 1.2) (51). 
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.(52), 



and for the outer portions of the complex field 

P. = |8in(f-^)Tifr,(«,. 0) 

Q, = icos(|-j)T*frj(u., 0) 

the upper or the lower signs being taken according as the region in question 
is on the side of positive or of negative x. 

On the outer part of the screen therefore and on the side of positive x the 
maxima and minima are determined by 

cos g- J) +ir,(«.. 0)^8in (J- J) + irj(«„ 0) 

and as in the space considered u, has a very large value, we may write 
approximately 

F,(«„0)=0 and Kj(tt„0) = b, 
80 that the position of the maxima and minima is given by 

**"U 4J-F,(«„0) - 
To the same approximation the intensity is 

/=|cos(}-j) + iF,(«„0)}V|sin(j-j) + in(«„0)|' 

= l + 7,(«..0)cos(|-j) + n(u„0)8in(|-j) 

+ ir,«(tt„O) + iFi»(«„0)... (54), 

and the maxima and minima illuminations are 

/ = {1 ± i VF,'(«.,o)+ri«(u„o)}». 

The further we recede from the edge of this part of the field, the smaller 
V^^i'^t 0) and F^'(t/2, 0) become and the more nearly the intensity ap- 
proaches the constant value unity. . The maxima and minima become closer 
together and since F| (mj, 0) decreases numerically with increasing «, more 
rapidly than does F|(ti,, 0), their position is defined by 

2^ = (4n-l)'7r/2, (n = l, 2, 3...). 



.(53). 
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Within the space directly illuminated by both streams 

/ = |co8(|-^) + co8(|-^) + iF,(«,.0)+i7-,(«,.0)|* 

+ {8in(|-^) + 8ing-^) + irj(«..0) + iri(a..0)|* 

= 4co8«^^i^+ J{F,(«„ 0)+ r,(«„ 0)}« + i{Fi(tt., 0) + rj(«„ 0))« 

+ 2 COS ^^ COS '^li:^^^ {F, («,. 0) + F, («,. 0)} 

+ 2 cos ^^ sin IfL+^ZZ { Fj (u,, 0) + Fj («,, 0)} (56), 

and the condition for the maxima and minima is 

*^(2-i)-'*^»<""^> 8in(|-j) + iFj(«.,0) 



.(66). 



'^(t-i)+*^»(""^^ 8m(|-j) + iFj(u..O) 
or rco6^^ + i{F»(u.,0)+Fj(u.,0)}8in?^ii^ 

+ 1 {n(«.. 0)+ F,(«,. 0)}co8 "' + ^~'^ l 
X r8m^^ + J (FjCtt,. 0)- Fj(u,. 0)1 cos ^^ 

-i {l^l(«.. 0)- F,(«,. 0)}siD "'-^^-^ ] 



— w 



. u, + u. 



+ A [in(^. 0) ^»(^' 0)- ^iK' 0) ^K 0)} sin^ 

+ i {Fj«(ti„ 0)- Fj«(u., 0)- F|«(f*,.0)+ F|«(u„ 0)1 cos 



Wj + M, 



+ FjK, 0) F|(ti„ 0)- V^{u,, 0) FiK, 0)] =0, 



and omitting the small term in the last vinculum, this gives the two 
equations 

cos^ = - J {Fj(«,. 0)+ Fj(«.. 0)} 8in!ii±J^ 

-i{n(«..0)+F,(«..0)}co8l^i±^ <57). 

8in^*=-i{n(«..0)-Fj(«..0)}cos?ii±^ 

+ i lF,(u.. 0)- F,(«,. 0)} sin !fl±^ZZ (58). 

w. 10 
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of which the first gives the minima, as is easily seen from the expression for 
the intensity. 

As a first approximation we may neglect the eflFect of diffraction, this 
gives for the minima 

cos -^i — =0 or t/i — Uj = (4n — 2)'7r, (?i = l, 2, ...) 
and for the maxima 

sin = or t^ — Ma = (4/1 — 4) TT, (n = l,2,...) 

2'7r 4ca?o 



and since t^i — w^ = ^ 

we have for the position of the minima 

«.=(2n-l)^'^ ..(59). 

and for the position of the maxima 

«^ = (2n-2)?L±e?J (60). 

Let the right-hand side of (67) have the value An'n-/2 when a?o is given by 
(59) and let the right-hand side of (58) have the value Bn'rr/2 when a^ is 
given by (60), then to a second approximation the positions of the minima 
are given by 

«, = {(2n - 1) + COS n,r . ^„} ^^ ^ , 
and those of the maxima by 

c * 

I 

87. When the boundary of the diffracting aperture or screen is a circle, 
it becomes more convenient to employ polar coordinates with the pole at the 
centre of circle. In this case, supposing that the radiant point is on the axis 
of the circle that limits the transparent portion of the screen, we have 

^sy^sO, Xo==a-coQ0' , yo — o*8in^, a? = pcos5, y = psin0, 

and wntmg -r- v~' + ~) = «^' ^;^ = ^ 

the disturbance is represented by 



\pt 

— 4fs)""**"T/«"'*^<«'^-(W.^-' (61), 



.P' 
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the integration being from to r in the case of a circular aperture and 
r to 00 for an opaque circular disc, r being in each case the radius of the 
circle. 

Hence in the case of the aperture 
where w = Arr* and v = Ir, and 

while in the case of the disc 

^(«) = , ji-^^) «'(«-'+*). ,n* I {F,(«, t;) + «V,(tt. t;)}6"'^ (64), 

88. Taking first the case of a circular aperture, the expression that we 
have to discuss is 

Jf=(?y {J7,«(u, t;)+ I7,«(i/, V)] (66). 

From this we obtain at once Fraunhofer's special case by writing u s 

and this gives 

Jf=l2J, («)/«}» 

the same expression as that already considered. 

In Fresnel's general case, when v = 0, that is at the centre of the pattern 

Jf.=(?;lJ7..(«.o)^-^^..(«.o)}=(^)^ 

This expression we have already discussecl; the maxima occur in cor- 
respondence with the roots of tan(u/4) = u/4 and the minima are given by 
u^4mi7r (m = l, 2, ...), the illumination then being zero. These minima, 
that occur at the centre of the pattern for certain positions of the screen of 
observation, and the minima in Fraunhofer's special case are the only ones 
that are perfectly black; for I7^i(u, v) and Uf{u, v) only vanish together 
when !£•= 4mw", t; = 0, and when ti = 0, Ji (r) = 0. 

For a given value of u, the maxima and minima are given by 

2(?)V,(t»)l7,(u.t;) = (67). 

10—2 
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Hence a maximum or a minimum of intensity occurs when either 

^i(v) = -^^o(v) = or f/,(w, v) = -^g^ Cri(w, t;) = 0, 

and therefore the illumination is either a maximum or a minimum for values 
of t; that give a maximum or a minimum value to either J^(y) or Ui (u, v). 

To determine the values that represent the maxima and the minima 
respectively, we have 



* 

= 20{l^.(i^,-/.) + J.^ir.} (68). 

and therefore the roots of J^{v)^0 correspond to maxima or minima of 
intensity according as J^{v)Ui{u,v) is positive or negative, and the roots 
of U^ (u, v) = give maxima or minima according as Ji {v) 27, (u, v) is 
negative or positive. At the centre of the pattern where i; = 0, we have 
[c7t (t^) IT*, (u, v)],^ = 2 sin' (u/4) and thus the centre of the pattern is a 
maximum of intensity, unless the position of the screen be such that 
ti = 4fii7r, in which case, as we have seen, the illumination is zero and the 
central point is a minimum of intensity. 

The second differential coefficient of M with respect to t; is, however, zero, 
when t/i = and 17| « simultaneously, while in that case 



3^ 



= 2 (?)"!? Jo(t;)r7.(u,t;)=-2gyjjo(t^)?7;(t.,t;) (69). 



This does not vanish, except in the case already mentioned when u = 4m7r, 
vsO, and therefore at such points the illumination is neither a maximum 
nor a minimum. 

« 

Again, if J7, («, t>) = and IT", («, v) = 0, we have PMjd^ = and 






= -2(|)V.(t;)J.(r) (70). 



and therefore these values of v give neither maxima nor minima. These 
exceptional cases are distinct from the former, since Ui (u, v) = if both 
Ji{v) and Z7,(u, r) are zero, and I7i, 17, only vanish simultaneously when 
u = Arnir and v = 0. 

Within the geometrical shadow, that is at points for which ti < v, /, (v) = 
and Ut(u, t;) = have no common roots; for a graphical representation 
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(Plate III.) of the equation U^{Uy v) = shows that at such points the slope 
of the curve is such that dujdv is negative. Now 

and if Ji {v) = 0, I/, = — J7i, wherefore 

du ^ vfu 



dv 1 - (v/uy 

which is positive so long as t; > u. Hence at points within the shadow for 
which Ji (v) = 0, the sign of J© (v) U^ (w, v) is the same as when u is very small, 
but it is then negative and consequently the roots of Jj (v) = 0, with the 
exception of t; = 0, give the minima. Further since 17, {u, v) continuously 
approaches the value {v^ji^) J^{v) as u decreases, and the roots of J^{v) = 
separate those of Ji (v) = 0, it follows that for points within the shadow only 
one root of 17, (u, t;) = lies between two consecutive roots of Ji(t;) = and 
hence the roots of U, (u, v) = give the maxima. 

89. It now remains to consider the case in which the diffraction is due 
to a stream of light passing the edge of an opaque circular disc. In this 
case, as we have already seen, the illumination depends upon the expression 

lf=@'(F-.»+F.») (71). 

At the centre of the pattern, where v a= 0, we have F© = 1, Fi = and 
jr« = (2/u)' ; consequently at this point the illumination is practically the 
same as it would be at the same point if the disc were removed. 

For a given value of u we have 

= -2@'^ ^.(F_.+ F0 = -2(?)V,(u.t;) J,(t;) (72). 

Thus the maxima and minima of intensity occur in accordance with the 
roots of J, {v) = and F© (u, v) = 0, or since /i = - dJJdv, F© = - (u/v) dV^ 
the values, of t; that give either a maximum or a minimum of intensity are 
those that make </o(t;) and Vi{% v) either a maximum or a minimum. Now 

and we see that if /j(t;) = 0, the intensity is a maximum or a minimum 
according as JoFq is positive or negative, and if V^{u, t;) = 0, maxima or 
minima occur according as (v/u) J^ F_j is negative or positive. 



162 The Analytical Theory of Light [oh. vin 

When however both J^ {v) = and F© (w, v) = 0, the value of VM/dt^ is 
zero but not that of d^M/dv^ ; for in that case 



dv" 



—'iTi-'-''- ('*>• 



Hence to such values of t; neither maxima nor minima correspond. These 
are the only exceptional cases, for F© and V^i cannot simultaneously vanish. 
That this is the case is at once clear from a graphical representation (Plate IV.) 
of the equation Fo(w, v) = 0; for it will be seen that the tangent to this 
curve always makes an acute angle with the axis of v, but 

du_ 2 jv/u) F_x 

and since this is always positive, F_x cannot vanish. 

Further none of the cases in which Ji(v) = and Fo(t/, v) = have 
common roots occur at points in the geometrical shadow, where u>v; for if 
Ji (v) = then F_i = - F^ and 

du _ 2v/u . 
dv l-t^/w«' 

which is negative when u>v. Also as u increases V^{u, v) continuously 
approaches the value Jo (v) and since the roots of «7o (v) = and Ji (v) &= 
occur alternately, it follows that for points within the shadow, one and only 
one root of Fo(u, t;) = occurs between two consecutive roots of Ji(v) = 0. 
But when i; = the intensity is a maximum, and consequently within the 
shadow the roots of Ji{v)=Q give the maxima and those of Vo(u, v)^0 
determine the minima of intensity. 



CHAPTER IX. 

MORE ACCURATE INVESTIGATION OF THE PROBLEM 

OF DIFFRACTION*. 

90. Though Huygens' principle is in itself exact, the method in which it 
has been applied to the explanation of diffraction in the previous chapters is 
open to serious objection. In order to obtain the expression for the polar- 
isation-Tector at any point, it is necessary to know the values of <f> (t) and 
^(t) at the different points of the diffracting screen, and it has been assumed 
that on the illuminated side of a perfectly black screen these quantities have 
the same value as when the screen is removed, while on the remaining portion 
ihdr value is zero. The surface conditions are thus obtained by neglecting 
the effect of diffraction, or in other words it is first assumed that the wave- 
length of light is infinitesimal in order to arrive at results that are afterwards 
applied to the case in which it is finite, and this is done in spite of the {act 
that the results are then inadmissible, as they involve discontinuities, which 
are expressly excluded in the deduction of Huygens' principle. 

That this faulty method of procedure leads to final formulae that agree 
veiy doeely with observed phenomena, at any rate as regards the positions 
of the maxima and minima of intensity, may be attributed to the fact that 
the measurements are made at distances from the diffracting screen that are 
large compared with the wave-length, in which case the errors due to the 
imperfection of the method are only a small firaction of the width of the 



91. An absolutely black body is defined as one that neither transmits 
nor reflects the light incident upon it, and it is difficult to represent the 
action of such a body by any ordinary surface conditions. There is however 
a strong analogy between the effect of a thin, absolutely black screen and 
that of a branch cut in a Riemann's multiple space, one part of which repre- 
sents the physical space ; for this branch cut acts, as it were, the part of an 

* Sommerfeld, Odtt. Nachr, (1) 88S (1894), (1) 267 (1895) ; Math, Ann. xlyh. 817 (1896). 
Pdoflar^ Acta Math. xyi. 297 (1892). BUodonald, EUctric Wave$, p. 886, Camb. 1902. 
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open door, through which a stream of light can leave the physical space and 
spread into another infinite region without any portion of it returning. It 
seems probable then that an infinitely thin screen of absolute blackness may 
be regarded at any rate approximately as a branch cut in a multiple space, 
provided it be such that the light only passes out of the physical portion of 
the space. 

The problem is however still indefinite; for to determine completely a 
Riemann s multiple space we require the form, position and order of its 
branch curves, and while these curves are given by the edge of the infinitely 
thin obstacle, their order remains arbitrary and depends upon the kind of 
l^lackness that is to be attributed to the screen. . In fact bla^k bodies, though 
alike in possessing the property of neither reflecting nor transmitting light, 
may differ physically in the way in which they affect a stream of light in 
their immediate vicinity. 

While the multiple space is characterised by its branch curves, the form 
of the cut bounded by them is arbitrary, and all cuts are equivalent jGrom the 
point of view of the problem of diffraction, provided they fulfil the condition 
that the light passes always cmt of the phy.sical space. Thus the possibility 
is afforded of representing the diffiraction due to a massive black body by 
regarding it as the part of the physical space between two branch cuts 
through the same branch curve. In this case a second arbitrary element is 
introduced, namely the line on the sur&ce of the body that is to be taken 
as the branch curve, and to the various positions of this curve there correspond 
black bodies.that.are to be regarded as physically different*. 

92. It is however necessary to specialise the investigation by assuming 
that the polarisation-vector is independent of one of the coordinates, say z : 
the multiple space then becomes a Biemann's sur£a^ce with a branch point, 
where the branch curve cuts the- plane of xy. This is equivalent to the 
assumption that the screen is limited by a straight line and that the source 
is a luminous line parallel to the edge of the screen. 

The components of the polarisation-vector then satisfy three differential 
equations of the form 

which in the case of monochromatic light becomes 

, a^ + a^'^'^^^ -W' 

where k = ^irjX, 

In the special case in which k=^0, the determination of the functions 
required for the solution of the problem may be effected by the theory of 

♦ Voigt, 06tt, Naehr, (1) 1 (1899). 
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complex algebraical fuDctions, but these methods cannot be directly transferred 
to the present more general case. It is however possible to deduce from a 
solution of V*u = with certain properties, a solution of equation (1) with 
corresponding properties. 

93. Starting from a function f{z) of the complex variable z, we refer 
the jp-plane to a sphere of unit radius by stereographic projection. The 
centre of the sphere is taken at the zero-point of the £^-plane and this plane 
being the equatorial plane, the centre of projection is the south pole of the 
sphere. Then if the centre of the sphere be the origin of a system of reqtangular 
coordinates ^, 17, ^, of which ^ and 17 coincide with the real and the imaginary 

axes of the ^-plane, we obtain the function/ [^ — p j and from this the solid 

spherical harmonic of degree 

'f+*'»\ p. = f. + ^+{;. (2), 



rm- 



whence we may deduce spherical harmonics of different degrees by multiply- 
ing by p"^ and differentiating m times with respect to any axis. 

Thus taking the (^-axis as the axis of differentiation and introducing a 
suitable numerical factor, we arrive at the spherical harmonic of degree 
-(m + l) 

(_i)m+i a* a .(^j¥0i\\ 

which by Cauchy's theorem inay be written 

wherein z denotes a complex variable, that is taken by a closed path round 
the point jp = f in the plane of the variable £^, so as to leave this point always 
on the left hand. 

"This process however introduces a branch point p = 0, or jt = ± i J^ •\- tf* 
that does not belong to the original function, but this may be removed by 
adding to (3) a second integral 



^±[f(l±J^].^ ?f (4) 



obtained by the above process fix>m stereographic projection of the reflection 
of the jp-plane at its zero-point, the north pole of the sphere being now the 
centre of projection. 

In order to pass from these spherical harmonics to a solution of equation 
(1) we write 

f = #ca?/m, i7 = /cy/m, p + i;* + (;'=l, 
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and regard x and y as finite quantities, while m is increased to infinity. To 

facilitate this transformation, let us introduce polar coordinates by the 

equations 

r* = aj* + y», e** = (a? + Ly)lr. 

The expression for ^ then becomes 

?= {1 - /c»(a;» + y»)/m>)*= 1 -^V»/(2m«)-..., 
and writing 

^ = A s/f + ^' . cos a = Iter cos a/m, 
we have 

* I p • 

and there results from the sum of (3) and (4) 

ti==A.|{/(ec(*-.-r/2))_y-(gc(^+.--/2))}^«croo..d^ (5)^ 

The closed path in the jr-plane becomes in the a-plane a path in which the 
initial and final points may differ by 27r, and if the path extend to infinity, 
it must be so determined that the integral retains a meaning. 

94. Writing now /= — u>m » where jt' is a point on the unit circle, 

we obtain 

w = --l- {[- ^ '. U*'^«»*cfa 



2inuJ 



. a 

sin — 

^ ygutrcoe.^ (6), 



a 4> — 4> 

cos — cos - — — 



ft n 

if we write 

/^g*(*'-ir/2)(^'real). 

As regards the path of integration^ it is to be remarked that in the 
^•plane we only obtain a closed path if we pass round ^ = oo and /> = both 
in the same direction, and that we must approach infinity by a path along 
which the real part of iicrcosa is negative. The regions for which this is the 
case on the a-plane are denoted by shading, and the path of integration has 
to start at 00 in strip I. and to end at oo in strip II., the points a = ± (^ — ^') 
lying outside the region enclosed by the path. 

When t? = 1 we have a solution that is everywhere finite in the simple 
plane and there results 

sin a .^Aft«« J 



"•==^J 



cos a ~ cos {<l> ^<f>) 
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Fig. «. 

Regaiding cos a as the integrand, the corresponding path of integration is 
closed and includes the point cos a = coa (^ — 0'), on which it may he coq- 
tracted, so that hy Canchy's theorem 

«^ = g-roM(4-«_^«»o(i«*'+ir«hi41 /y\ 

96. Betufning to the general case, we have Ltr-«tf =• 0, provided we can 
deform the path of integration, so that it entirely lies in the sh&ded strips, 
since in these Exp (icr cos a) becomes continually smaller as r increases. 
Now this is always possible, provided that the discontinuity in the denomi- 
nator a ■= ± (<t>'— 00 does not lie between and w, that is il\^ — if>'\>ir: in 
other cases we have to exclude the point of discontinuity by a loop, as 
indicated by the dotted line in the figure, and then by Cauchy's theorem the 
integral over the loop is Exp [ixr cos (^ - 40] = ^> <^<1 ^^ remaining parts 
Tanish. Hence 

I<tr_BU = if 10 — 0'j>V, Ltr.a u = ti, if |0 — 0'|<ir, 

Let u, denote the value of u at the point (r, + 2 (« — 1) v), then 
0-0' + 2(«-l)w1-' . o da 



E».. 



'Lll{^ 



0-0' + 2(*-l)w ] 



but co8a-cos(0-0')=2*-' 11 4co; 

and taking the logarithmic differential of each side 

- 2 ^coe — coe'^^ — ^^- ^ 



cos a — cos (0 — 0') 

whence 2ii, = 5 — | ^^ Yre'"9^*da = n... 

i^ 2irtjooea — co8(0-0) ^ 
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Hence the solution u has the following properties : — 

(a) it satisfies the differential equation (1), as do all functions derived 
by the method that has been employed ; 

(6) it is finite everywhere at a finite distance, since the path of 
integration has been so determined that it is finite for all values of r and ^ ; 

(c) it ifi single-valued on a Riemann's surface of n sheets with a 
winding point of the (n — l)th order at the zero-point ; 

{d) denoting by the first sheet of this surface the assemblage of points 
for which | <^ — ^' | < tt, the function is equal to t^o = Exp [lkt cos (^ — ^')] at 
infinity on the first sheet and vanishes at infinity on the remaining sheets ; 

(6) the sum of the values of u at the points on the 1st, 2nd... nth 
sheets that lie above one another is equal to u^. 

Thus we may take u to represent the disturbance due to plane waves of 
light incident in the direction 4> = <f>' on the branch cut of the Riemann's 
surface of n sheets. 

96. Let us now take the case of n = 2 and in order to follow the course 
of the multiform solution and to obtain results suitable for numerical calcula- 
tion, let us transform (6) into an integral with a real path of integration. 

Writing (^ - ^0 = V^ ^^'^ assuming provisionally that | '^ | < tt we have 

Wi + Ms = t^ = e"^*^*. 

oos-^ 



Wi-Mi = — I J sm ^da, 

iri J cos a — cos y* 2 



TTt J cos a — cos ^ 
cos^ 



and if A = = — — I ' sm ■= da, 

tio iri J cos a — cos ^ 2 . 

then -^r- = - cos ^ 6 "^'^ « I g^*^"""- « sm jr da, 

or IT 2 J 2 

(Z , 

Taking cos ^ as the integrand and deforming the path of integration in 
the a-plane so that it becomes the imaginary axis in the cos (a/2)-plane, we 



have 
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whence integrating between and r we obtain, since A" = when r = 
and tt,-«, = -?-6'(''~**+J)r«-"*dT. 

yw y© 

We may also write 

V^ ^ -00 

and firom these two equations the values of u^ and u^ are obtained. 
Removing now the restriction that | -^ | < tt, we have 

tt = -i-e'(''~'*+i)r e-^^dr, <T = J%^coi% (9), 

which holds for both sheets, a being positive in the first and negative in the 
second sheet. 



Now we have (Appendix II., equation 28) 
F|(2<r>, 0) + *F|(2<r>, 0) = -2 -^ Ce'^^-'^du 

WTTJi 



WTT Jq a/ it Jo 



.'. -^J%-*'*dT = «-*'/* + e-^{F|(2cr», 0) + tF|(2<r>, 0)}. 
Hence for <r > 

-^r ^-•'•ciT-«-*-^ + ie-*<^{F|(2cr«, 0) + tF|(2<r>,0)} (10), 

and for 0- < 

^ r tf-'-dr^-ie— •lF|(2<r>,0)+tF|(2<r«,0)| (10'). 

97. The application of these results to the problem of difiraction follows 
at once. 

Suppose that plane waves of monochromatic light parallel to the axis 
of £ are incident on an infinitely thin black screen that occupies the positive 
half of the plane of wz, the normals to the waves making an angle <f>' with 
the plane of the screen. If we confine our attention to the plane of xy and 
assume that the action of the screen may be assimilated to that of a branch 
cut in a Riemann's surfeu^ of two sheets, the polarisation- vector may be 
represented by 

u = (il/V7r)e'("''+'"-«>«(*-*'>+'^*}r e-'^dr (11), 
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wherein a = JIkt . cos (<^ - <^0/2, 

and ^ is a constant, ^ being measured from the branch cut and < ^ < 2v 
in the physical sheet, — 27r < ^ < in the auxiliary sheet. 

Now in the physical sheet we recognise two portions that are separated 
by the line ^ = 0' + tt, the edge of the geomeltrical shadow : in the first of 
these regions, that is outside the shadow, | ^ — ^' | < v and consequently 

tt = -4 .6'<-*+'^-«*(*-*')> + ^i7|(2cr«, 0) + *F|(2<r>, 0)}e'('^-«'-+<*> ....(12X 

while within the shadow | ^ — ^' | > ^> and hence 

u = -^{7,(2a«,0) + tF|(2<r>,0)} €'(«•<-«'+"*) (12'). 

Since F| (2<r*, 0) and F| (2<r*, 0) vary but slowly in comparison with the 
exponential 6'"'^ we may say that the disturbance outside the shadow is 
approximately the same as that which results from a superposition of the 
incident waves and of cylindrical waves emanating from the edge of the 
screen, while within the shadow the disturbance is that due to the latter 
waves alone. 

From the expressions (12), (12') we obtain for the intensity within the 
geometrical shadow 

/=y {nH2<r'. 0)+ n«(2<r». 0)} ; (18). 

and for the intensity outside the shadow 

/ = 4»r|t7,(2<7«;0) + co8(«r»-^)|V |in(2<H, 0) + 8in(«r»-^)n ...(180. 

expressions that have the same form as those obtained for the values of the 
intensity by the approximate method (Chap. VIII. (38), (39)). 

In order to compare the results obtained by the two methods, let us 
suppose that the incident waves are parallel to the screen, then in the 
formulsB of Chapter VIII., we have to write 

h = k\t^ . Z = ic sin d, 

where is the angle that the direction considered makes with the edge of 
the geometrical shadow, and the approximate method has 

P/Jfc = HT sin« e, 
in the place of 

2<r* = 4icr cos' ^ ^ ^ =4/cr sin*^ , 

given by the present investigation. Near the edge of the shadow, the 
expressions become identical, for as far as terms of the fourth order they 
both become icr6^. 
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98. The above investigation may also be applied to the case, in which 
the diffracting screen, instead of being absolutely black, is perfectly reflecting. 
Such a screen may be approximately realised by the employment of a 
highly polished silver sheet. 

Taking again the case in which plane waves of light are incident on the 
screen, we may reduce the general problem of diffraction in which the 
polarisation-vector has any direction with respect to the plane of incidence 
into the two simpler cases, in which the vector is respectively perpendicular 
and parallel to this plane. 

Now when two homogeneous media are separated by the plane of yz the 
general 8ur£Bu;e conditions are, as we shall see in the next chapter, that 
(oh), tohi},' '6X9 and 'or, are continuous across the interface. The plane of 
incidence being that of xy and the polarisation-vector being parallel to the 
axis of jer, we have in the case of monochromatic light in the first medium 

and in the second medium 

but if % be the angle of incidence dhu/dy* = — /c^ sin* i . w and in the first 
medium 

3^ • • • r, 

:r-r + AC* COS* I . W = 0, 
OSCr 

while in the second medium 

^ = («» sin' t - /c'«) «/ = /8V (say), 

which gives . w' =f(y) e^* +/i (y) 6 "^*. 

Suppose that the second medium is on the side of negative x; then since 
ti/ does not become infinite with x, we must have/i (y) = 0, if fihe chosen so 
that its real part is positive : hence 

«^=/(y)«^* and < = -a>'*^ = -/8a>'«ti;', 

and since 'or, and a>hu are continuous across the inter£Bu;e, we must have in 
the first medium just outside the interface 

•or, = — /3a>*w, 

and since when the reflecting power is very great, k and consequently fi is 
very great, we have in the case of perfect reflection w^O. 

When the polarisation-vector is in the plane of incidence, the auxiliary 
w. 11 
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or light- vector is- is parallel to the axis of z and we obtain as in the former 
case 

But tJa is continuous and dtffjdx^dv/dt; 3«r,/9a; is therefore discontinuous 
and its values at two points close to the interface in the first and second 
medium respectively are as co'^ : 6)' or as iic* : k\ Hence in the first medium 
at the interface 

and in the case of perfect reflection this reduces to 9cr,/3a; = 0*. 

Thus when the polarisation-vector is perpendicular to the plane of 
incidence, we have 

ir— + .5-1 + /(^ = 0, and w=^0 when a? = 0, a? > 0, 

and when the polarisation-vector is in the plane of incidence 

^• + ^4-/c«tir,= 0, and |^* = when x^O, x>0. 

Supposing again that the direction of incidence of the waves is defined by 
^ = <f)\ and denoting the function u in § 97 by u (^') in order to indicate its 
dependence upon the angle i^\ we obtain the solutions of the two problems 
by writing 

w=A\u {4/) - -M (- <^')} «****'» 

since from symmetry we then have for <^ = 0, w = and 3cr,/3^ = 0. 

The difiraction phenomena may therefore be regarded as due to the 
action of waves incident in the direction <f> in the phjrsical sheet together 
with waves incident in the direction — ^' in the auxiliary sheet of a Biemann's 
surface of two sheets. 

Now in the physical sheet of the surface we recognise three distinct 
regions, separated by the lines for which ^ = w — ^' and ^ = 7r + ^'; in the 
first of these, extending from <^ = 0to (f> = 7r — <f>\ we have <f> — <f/<7r and 
^•\-^' Kir and consequently from (10) 

J 



lar, 

A 
2 



+ t [^3 (2^. 0) + F, (2c^,^ 0) + 1 { Fi (2cr«, 0) + F^ (2cr,«, 0)}] 6' (-*-«-+'/4)^ 



where cr* = 2/cr . cos'^ (^ - ^')/2, a^ = 2/cr . cos' (^ + ^')/2 ; 

* Poincax^, loc, eit. 
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the second region extends from ^^ir—ff)* to ^ = 7r + <f>' and therein 
<f> " <f)' < TT, ^ + if>'>'n', whence from (10) and (10') 

^' ^ {«**e+itr cot (*-♦')} 



+ ^[^l(2cr», 0)± F|(2cr,«, 0) + . { Fj (2<7«, 0)± Fj(2crA 0)}]e'(-*-«^+'/4), 

while in the third region occupying the remainder of the physical sheet, 
^ — ^' > w, <^ + ^' > TT and 

r] " " 4 '^ '^^ (2<^» 0) + V^ (2^A 0) + t { Fj (2(7», 0) T F| (2(r,«, 0)}] 6»(-<— +'/*). 

We may thus represent the effect of the screen approximately by a train 
of waves emanating frt)m its edge, which we may call waves of diffraction : 
in the first region the disturbance is due to the interference of the incident 
and reflected waves and the waves of diffraction ; in the second region we 
have the superposition of the incident waves and the waves of diffraction ; 
while in the third region the waves of diffraction alone are operative. 

For the intensity in the three regions we have 
/. = A* [1^7, (2a«. 0) + cos (<7« - ^)| T |iF, (2<r.«, 0) + cos (<r,« - ^)|]' 

+ 4*[|in(2«r*. 0) + 8m(a^-|)} + |iF,(2<r,». 0) + sin (<r,» - |)|T. 

J,=A' riF,(2<r», 0) + cos(<r»- J) ±iF,(2<r.«. 0)]* 



+A* hVi{2<T*, 0)+8in(<,^- j) ±iFj(2<r.». 0)]*, 



I*^'^i{yi(^. 0)T F,(2«r,.0)}«+{Ft(2a».0)T Fj (2«r,», 0)}«]. 

the upper and lower signs referring to the cases in which the polarisation- 
vector is perpendicular and parallel to the plane of incidence respectively. . 
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CHAPTER X. 

REFLECTION AND REFRACTION AT THE SURFACE OF 

ISOTROPIC MEDIA. 

99. We have seen that the characteristic equations of the polarisation- 
vector d are for free space 

(fs= — curltj, iarr=curle (1), 

* 

where •or is an auxiliary vector, that we may call the light- vector to dis- 
tinguish it from the polarisation- vector d, and the vector e is defined by its 
components 

(^.e..<,) = i(A.A.|^)(o.«ci.) (2). 

• 

These equations were deduced from the principle of interference combined 
with the assumption that a train of waves is propagated with a speed that is 
independent of the intensity of the light and of the direction of the waves. 
We may therefore, when dispersion is neglected, extend their application to 
the case of any transparent isotropic medium, provided we regard a> no longer 
as an universal constant, but as a function of the period of the waves under 
consideration. 

The interfacial conditions that must be satisfied at the passage from one 
isotropic medium to another follow at once from the above differential 
equations, if we assume that the transition takes place by a rapid, but con- 
tinuous change of the properties of the one medium into those of the other 
and that the differential equations still hold within the region where the 
variation occurs. For taking the interface as the plane of yz^ the equations 
give that dvrjdx, d^t/dx, de^dx, det/dx remain finite, and that consequently 
'or,, 'or,, es, e^ must be continuous across the interface x^O, To these we may 
add two further conditions : for since the curl of a vector has no divergence 
anywhere, div.(2= 0, and div •or = 0, and hence u and vti must also be continuous. 
These last two conditions are not however independent of the four former. 

100. These boundary conditions lead at once to the geometrical laws of 
reflection and refraction ; for since they hold for all values of t, y, and z, and 
these variables occur in the expressions for the polarisation-vectors of the 
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incident, reflected and refracted waves only in the combinations of the form 
Ix + my •\-nZ'\'8t, it follows that s, m, and n must have the same value for 
each of the streams, m and n being in general complex quantities in the case 
of unhomogeneous waves. 

We see then that the periodicity is the same for the three streams, and 
when the waves are homogeneous, taking the axis of y perpendicular to the 
plane of incidence, m =? for all the waves, and 

sin ijX = sin iijX = sin r/X', 

where t, ti, r are the angles of incidence, reflection and refraction, and X, \' 
are the wave-lengths of the light in the two media. 

Hence the reflected and refracted wave-normals are in the plane of in- 
cidence ; the angle of reflection is equal to the angle of incidence ; and the 
sine of the angle of incidence 4>ear8 a constant ratio to the sine of the angle 
of refiuction, this being the ratio of the wave-lengths of the incident and the 
refracted light 

101. Since the vectors d, w ^nd e are connected by purely geometrical 
relations, we may in discussing the problem of refleqtion and refraction employ 
which we please as representative of the streams of light, and as the cal- 
culations are rather simpler with the light- vector •or, we shall in this chapter 
adopt this vector in our investigations. 

Let the plane of incidence be that of az and let the normal to the planes 
of constant amplitude of the incident waves be in this plane : then we may 
represent the light-vector «r by the expression 

«r=:Zexp{*(Za?-hn^-h«^)} (3), 

defined by the direction-cosines a, fi, y, bars (— ) being placed over the letters 
to denote that the corresponding quantities are in the general case complex. 

Since div^rasQ we have al-^yh^^O, and the axial components of the 
vector may be written 

(wi»«^i, Wi) = (n,S, ~ODexp{*(te + njp + «i)} (4), 

where,'^ being a complex angle defining the vector with respect to the plane 
of incidence and v being the coefficient of extinction, 

ifc = 2w tan ^ VI - i;«/X, 5 = Xcos^Z/(27r Vf^) (5). 

Hence it F,G he the components of the complex amplitude perpendicular 
and parallel to the plane of incidence 

F^kD, S = 27r5V(T=^/\ = 57i« + n» (6). 

Substituting the values (4) in the equations (1), we obtain 
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which determines I when 8 and n are given. There are then two values ± I 
corresponding to waves of given period, the traces of which on the interfau^ 
move at a given rate : one of these is a wave approaching the surface and the 
other is a wave leaving it. 

Similarly if accented letters refer to the second medium, we have 

but as in the present investigation there is no question of an incident wave in 
this medium, we require only one of the two values of ± V thus determined, 
and this will be the one with the positive sign, if we regard the value + ? as 
referring to the incident wave in the first medium. 

We have then the following expressions for the system of waves : 

Incident wave 

(-BTi, -BJa, -or,) = (n, i, - /) D exp [l (j,X'\-nz-\- si)]. 

Reflected wave 

(lari, tsr„ «r,) = (n, \, I) A exp {t (- te + fief + et)]. 

Refracted wave 

(w,, «r„ «r,) = (n, k', — V) D' exp [t (I'x + nz + st)}. 

Introdacing now the boundary conditions, the continuity of «r, or of u, 
when fl: = 0, gives 

kD + hD, = Jfiy (7); 

the continuity of e, requires that 

<^l(kD-hD,)^<o'H'krD' (8); 

the continuity of «rt leadfi to the relation 

l(5-A) = i'-D' (9); 

and from the continuity of «ri or of e, we have 

5+A = 5' (10). 

Introducing the components parallel and perpendicular to the plane of 
incidence these equations become 

{i/(^+ ??)*} (5 - (?.> = {'I'lil'* + n«)»} 5'. 
{n/(i« + n«)*} (5 + 50 = {n /(?« + n«)*} Q\ 
or if %, r be the complex angles of incidence and refraction defined by 

n= 27r8iniVl — i^/X=27rsinrVl — i/'*/X', 
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we have F + F, = F' (7'), 

(JP — ^j) sin I cos I = P' sinrcosr (S'), 

(5-50cosi = G'cosr (9'), 

(5 + 5i)sini = 5'8mr (IC); 

k ^ F^ F' ,,-, 

whence - — = = = r — ^^^ — = — 17=-: (11), 

sin (i + f) cos (i — r) cos (i + r) sin (i — r) sin 2t 

. ? = .^l =-A (12). 

sin {% + r) — sin (i — r) sin 2i 

These equations determine completely the specification of the reflected and 
the refiracted streams. 

* 

102. When the incident waves are of constant amplitude and the second 
medium is the more highly refracting, i and r are in all cases real, and the 
reflected and the refracted waves are also of constant amplitude. Writing 

GlF^{GIF)e^, (?ilF, = (GJF,)e^\ ^'lF'-^{0'IF')e^\ 
weobtain •pC08(i-r) = --~cos(i + r) = j;7, 

From these equations the elliptic constants of the reflected and the 
refracted streams may be obtained in terms of those of the incident stream, 
and we see that reflection and refraction introduces no new difference of 
l^iase between the components parallel and perpendicular to the plane of 
incidence, other than that oi ±ir implied by a change in the sign of the 
amplitude of the vibrations. 

If the ratio ^JF be real, the incident, reflected and refracted streams are 
all plane polarised; and the azimuths 4>,4>i>4> of the light- vectors with respect 
to the plane of incidence are connected by 

cot ^' = — cot ^ . cos (i + r) = cot ^ . cos (i — r). 

In interpreting this result, it must be noticed that, in accordance with the 
specification of the three streams adopted above, the vectors are regarded as 
j^oeitive, when in each case the components in and perpendicular to the plane 
of incidence are related to one another and to the direction from which the 
stream travels in the same way as the axes of a?, y and z. Thus positive 
values of F-^jF and F'jF mean that the directions of the incident, reflected 
and refracted light- vectors are the same : on the other hand a positive value 
of OijO signifies at normal incidence that the directions of the reflected and 
the incident light-vectors are opposite, at grazing incidence that they are 
identical 
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103. When the incident stream consists of common light, we may in 
accordance with what has been shown in Chapter II, represent it by two 
components of equal intensity, that are polarised in planes parallel and per- 
pendicular respectively to the plane of incidence, and from the results obtained 
in § 101, as also from considerations of symmetry, the reflection and refraction 
of these components may be treated separately. 

Let us represent these components by 

2^n exp [l (1„PS +nnZ+8nt + On)} Or S(?„ CXp [c {l^ + U^JS -{- 8nt + 6n)}, 

according as the vector cr is perpendicular or parallel to the plane of incidence 
with the condition 2-Pn*= 2(?n' = -Zi, 2L being the intensity of the light. 
Then in the reflected stream the components become 

SjFn ^T^^^x exp {t (- i„a? + nny + «n« + a„)}, 

and -.2(?n^-^^^exp{*(-i«a? + nny + «»e + 6«)}, 

and in the refracted stream 

sin 2t 

SIT) 94. 

and 2Gn -^ / ♦ . ^ x e^P {* (J^^ + nn«^ + ««* + 6n)}. 

sm \X -t" T^) 

If now the incident light be practically monochromatic, we may neglect 
the change in the values of r^ in passing from one constituent of the streams 
to another and we see that in general the reflected light is partially plane 
polarised, having a polarised part with its light- vector tj parallel to the plane 
of incidence and of intensity . 

sin*(t — r) f - ^ co8'(t-hr) l , 
sin* (t + r)\ coe*(i — r)) ' 

and a part consisting of common light of intensity 

g tan«(i-r) ^ 
tan*(i + r) 

Similarly the refracted light may be regarded as made up of a stream of 
common light and a stream of polarised light with its light- vector perpen- 
dicular to the plane of incidence, the intensities of these streams being in 
terms of a new unit 



sin* 2i 



L and . ^.. . — z\ — t-t-. r — Ixi. 

sm*(i + r) (cos»(i — r) J 



sin* (% + r) 

At the particular angle of incidence given by i + r = 7r/2, the intensity of 
the common light in the reflected stream is zero, and the whole of the 
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reflected light is plane polarised with the light-vector «r in the plane of 
incidence. Now this phenomenon was first observed by Mains* in 1808, 
when viewing the light reflected from the windows of the Luxembourg 
palace through a doubly refracting prism. The angle of incidence at which 
this occurs, Mains called the polarising angle and he stated, as a definition of 
the plane of polarisation, that the reflected light is then polarised in the 
plane of incidence. It follows then, in accordance with what we have 
assumed, that the light-vector cr is in, and the polarisation-vector d is per- 
pendicular to, the plane of polarisation f. 

Since the polarising angle / is determined by the condition I-\-R=^7r/2, 
we have by Snell's law that / := tan~^ fi, a result that was found experimentally 
by Brewster in 1815 1. 

104. Returning now to the case in which the incident stream is plane 
polarised, let 0, 0i, O' be the azimuths of the planes of polarisation of the 
incident, reflected and refracted streams respectively, measured from the 
plane of incidence. Then writing for shortness 

/= tan (i -^ r)/tan (i + r), /' = sin 2i/{sin (i + r) cos (i — r)}, 

^ = — sin (i — r)/sin (i + r), ^ = sin 2t/sin (i + r), 

we have Ai sin 0i —/A sin 0, A'smff ^f'A sin 0, 

AiCoa0i=^gAcoa0, A'coQ0'=g'Acos0, 

, 11 fcos»5, sin«50 1 1 (cofl»^ . 8in>^ 

whence _=_|_^ + -^|. _=_|_^+_-J. 

Also tan ^1 = (//^r) tan ^, tan^ = (/7flOtan5; 

* Mim. de la 8oe. d'Areeuil, n. 149 (1809). 

f Thfl qaesiion of the direotion of the Tibrations in polar^ed light has been mneh diaoosMd 
both theoretioally and experimentally. It most be remembered that in all oases we ha^e to deal 
with two Teotois, one purallel and the other perpendicolar to the plane of polarisation, and in 
ooosidering experimental detiBrminations. of the direotion of vibrations we haye first to decide 
with whioh of these veetors the phenomenon, that we obserre, is oonneoted. Cfl Babinet, C B, 
ZZDL 614 (1849) : Pogg. Arm. Lxxym. 580 (1849). Haidinger, Wien. Ber. rm. 52 (1852) ; xn. 685 
(1854) ; xy. 6. 86 (1855). Ingstrdm, Pogg. Ann. xo. 582 (1858). Stokes, Comb. PhiL Tram. ix. 
85 (1856): PML Mag. (4) xm. 159 (1857) ; xyin. 426 (1859). Holtsmann, Pogg. Ann. xoix. 446 
(1856). Eisenlohr, Pogg. Ann. oiy. 837 (1858). Lorenz, Pogg. Ann. an. 815 (1860) ; oxir. 288 
(1861). Fizean, Ann. de Ch. et de Phys. (8) lyiz. 385 (1859). Quincke, BeH. MonaUber. (1862) 
714 : Pogg. Ann. oxvm. 445 (1863). Lord Bayleigh, PhiL Mag. (4) xll 107, 447 (1871) ; xliz. 81 
(1871). Bowland, PhU. Mag. (5) xvn. 413 (1884). Garyalio, TKtu: Ann. de VieoU Norm. 
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hence when 8 is varied, the angle of incidence remaining constant, we have 

sec' e^de, = {fig) sec« BdO, sec» 0'dff = (/'//) sec« 0d0, 

or A,^ dO, ^fgA^e, A'^B ^f'gA^d. 

Thus if the intensity of the incident light and the angle of incidence remain 
unaltered, while the polarisation of the incident stream varies, the amplitudes 
of the vibrations of the vectors of the reflected and the refracted streams may 
each be represented by the radius-vector of an ellipse, and the area described 
by this radius- vector is in a constant ratio to the area described by a vector 
representing the amplitude of the vibrations of the vector of the incident 
stream*. 

Now 6^ is always numerically less than 0y and the rotation Ri of the plane 
of polarisation, measured from the primitive plane towards the plane of 
incidence, is for the reflected stream given by 

tan JJ, = tan (^ - 50 = tan ^ ^?^^if^i±^?ii±^ 

^ ^ cos(i-r) — cos(i + r)tan'^ 

sin 25 



cos 25 + tan i tan r ' 



When the angle of incidence remains constant, this rotation increases with 
the azimuth of the primitive plane of polarisation : while if 5 be constant, 
it is a maximum and equal to 20 at normal incidence. 

On the other hand O' is greater than and the rotation R of the plane 
of polarisation of the refracted stream away from the plane of incidence is 
given by 

taniZ' = tan(5'-5) = tan5-^^;^5?^^^; 
^ ^ cos(i — r) + tan*5 

the angle of incidence remaining constant, this is a maximum when 

tan*5 = cos(i — r), 



and the rotation then is 



^^,rl^cos(i-r)| 
l2Vcos(i-r)) 



When is constant, the rotation continuously increases from zero at normal 
incidence to the value 

I 1+/Atan«5j 

at grazing incidence, fi being the. relative refractive index of the second 
medium. 

* Goran, Ann, de Ch, et de Phys, (4) xi. 826 (1S67). 
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105. Among the methods that are employed for producing polarised 
light, we may mention that of transmitting a stream of common light through 
a pile of plates, and though the polarisation of the emergent light is by no 
means perfect, polarimeters in former years were frequently made with this 
form of polariser. The employment of a pile of plates as a polariser is now 
somewhat unusual, but it is a problem of considerable interest to determine 
how the degree of polarisation of the transmitted light is related to the 
number of plates, a:nd what are the intensities of the reflected and the trans- 
mitted streams*. 

« 

Let us suppose that the plates are all of the same material and thickness 
and are placed parallel to one another, the plates themselves and the inter- 
posed layers of air being sufficiently thick to prevent the colours of thin 
platea 

There will then be no regular interference, and as we have seen in § 40 
we have only to deal with intensities : whence taking the intensity of the 
incident light as unity, the intensities of the streams reflected from and 
transmitted through a single plate are 



R-,, a-p)Vg' J, Ji-pYg /13V 



where p is the intensity of the light reflected at the first surface of the plate, 
and 1 to g the proportion in which the intensity of the light is reduced by 
absorption in a single transit through the plate. 

Denoting by Rp and Tp the intensities of the reflected and the transmitted 
streams in the case of a pile of p plates, let us now determine in terms of 
-R^, Tp, Ri, Ti, the values of iZp+i and Tp^i in the case of (p-h 1) plates. 
This pile may be considered as made up of a group of p plates to which a new 
plate has been added, and from this mode of regarding the pile, it follows that 
the reflected light will consist of that reflected from the group of p plates, 
together with that which has traversed the group and has been reflected 
once, twice, ... from the single plate. Hence since there is supposed to be 
no regular interference between the streams, 

Rp^,^Rp+Tp^R,(l'^R,Rp + R,*Rp^+...)^Rp-\-^^^^^ ...(14). 

In the same way 



.(15). 



r^, = r,2V(i+ie,2jp+i2i»i2p«+...)=f^^^ . ... 

But we may regard the pile from another point of view and suppose that the 
single plate is placed before instead of behind the group of p plates. Hence 

* Stokes, Proc. R, S, zi. 545 (1862) : Phil, Mag. (4) xxiy. 480 (1862). Kirohhoff, VarUs, iibtr 
MatK Optik, p. 166. 
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JBp+i and T^+i must remain unchanged in value when the suflSxes (1) and (p) 
are interchanged, so that 

^-^+1-^=^+1^ <^«>' 

whence multiplying by (1 — RiR^I{RiRp\ we obtain the relation 

iZp + ^^ = iZa + ^^ .....(17). 

Let \±J^lL^^a. Lt^Jp?L = co8^ (18); 

then since Ri and 2\ are essentially positive 

^ 1^ ^^ = ^ (19) 

sin/8 sina 8in(a + )8) ^ ^' 

Now from (16) 

1 T^'-Ri* 
jRp-Kp+i — -g- -Kp+i H ^p — -Bp+ 1 = 0; 

let iZp = Sp+x/S,+ l/iJa, 

then s^ + ?^llLg^5^^ + ^;S^«0, 

<7 . o Sinacosff ^ ■ sin'g ^ ,, 
'^ 8m/8 '^ 8in*/8 ^ 

the solution of which is 

S, = (- ^)'(Jf co8|>5 + Nainpfi), 

where M and N are constants. Hence 

p _ sin g Moos(p + l)fi-{'N'sin(p'hl)ff sin(a + )8) ^ 
^"" sinks' Mcoapfi + N^npfi sin/8 ' 

but i2^ = 0, i2i a sin /9/6in (a +/8), whence if = 8ina, i\r=scosa, and 

p _ sinjPiS 
^ sin(a+pA')' 
Also from '(17) 

rp«=l + iZp«-2iZpC0sa= . //'' ° ^. , 
•^ T y sin*(a+pp) 

and hence - r% = -^ =-^—7 7^ (20), 

sm pp sin a sio (a + pfi) 

the constants being determined from (18). 

106. This, method fails, if a = ; we then have 

(i-i2,)>-r,»=o, or (i-.ij,-ro(i~i2i + 2'i) = o; 
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and since Ri and T^ are proper fractions, this relation gives 

/ii + r, = i, 

which expresses the fact that the plates are perfectly transparent. 

In this case we may proceed as follows : the complete transparency of the 
plates gives that Rp-\-Tp^\, and therefore 



This equation gives 






=1+*. 



-'p+i •'p -^1 



and hence jr = C^+l>2f» . 

holding for all values of p. Writing then p=^l, we find that (7=1, and 
therefore 

or introducing the vidues of Ei and 2\ from (13) and writing ^ = 1, 

2V.= Ln^— iL = ?2e (21). 

^p iH.(2p-i)p' ^ l+(2p-l)p ^^^^• 

When the number of plates is infinite, the intensity of the reflected light is 
unity, which explains the brilliantly white appearance in reflected light of a 
finely divided substance, that is transparent in masa 

107. Supposing still that the plates of the pile are perfectly transparent, 
we may now determine the degree of polarisation of the transmitted light, 
when common light is incident upon it. 

Replacing the incident stream by two components of intensity L polarised 
in planes parallel and perpendicular to the plane of incidence, the intensities 
of the corresponding transmitted streams will be 

^l-(7» + 2;K)f' ^ ^l«/. + 2|>/»' 

where ^« tan(t — r)/tan (t + r), ^r = — sin (i — r)/sin (t + r). 

Let t — rasp, t + rsiT, then since sintasftsinr 

di dr dp da - j / \ 

- — .^- = , — r-^ = 2 :—- = COS I cos r do (say), 

tant tanr tan t — tan r tant + tanr 

whence dpsssinpdo), d<r^mi<rd(o (22). 
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Also f =7 — r- =9 — r- » 

•^ tan« <r ^ cos* p 

-J _ tan' <T — tan' p _ sin' a — sin' p _l—g^ 
^ tan' a sin' o- cos' p cos' p ' 

/*' a' 

.-. Y—f'i = fZ^ ^^' o- = fi^' cos' o- (say), 

^^ ^''"TT2pr'' ^'"l + 2pjy«co8'o-* 

The intensity of the transmitted light is then 

Q/« I J'-^-^Z l+p(l+cos'o-)g' 

cr -hir - ^^ (1 + 2pjBr') (1 + 2pfi' COS' 0-) ' 

that of the polarised part is 

^ ^ (1 + 2pir') (1 + 2pir« cos' 0-) ' 



and the measure of the polarisation is 



X ~^'2 4- Q'i" jy-« cosec' or + p (2 cosec* o- - 1) 



cosec' p + (2p — 1) cosec* a—p 



.(23). 



rr • 1 — fl' cosec* p , 

smce jBr-' = — r^ = r^-1. 

^r' 00300* o- 

Hence % will be a maximum, if cosec'p4-(2p — l)co8e<i*<r — p is a 
minimum which gives by (22) 

cosec" p cos p + (2p — 1) cosec* a cos o- = 0, 

• « , sin'crcosp tano- sincr 1 

whence . 2p— 1 = • — ^-r^ = — i •—- — -^-r, 

^ cos a sm* p tan p sm /o fg 

fix)m which we see that cos a is negative, so that t + r-> 7r/2 or i is greater 
than the polarising angle. Substituting for p in (23), we find 

2/i* 
^"(l+;i*)sin't 

When |) = 00 , * + r = 7r/2 or i = /, and since sin* / = /a*/(1 + fj}\ % = 1 ; 
hence as the number of plates is indefinitely increased, the angle of 
incidence, at which the maximum polarisation occurs, approaches indefinitely 
to the polarising angle and the polarisation tends to become more and more 
perfect. 

108. We have seen that when the incident waves are homogeneous, the 
coefficients of reflection and re&action are real for all angles of incidence, 
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provided the second medium is more highly refracting than the first ; but 
this is no longer the case if the first medium refract more powerfully, for 
then the law of refii'action for homogeneous waves ceases to be true, when 
the angle of incidence exceeds the critical angle sin~^ fi, /i being as before 
the relative refiractive index of the second medium. 

Now since we have in general 

V = -^ Vl — J/". COS r = -rr (cos r + ivcos R), 

At A« 

n' =-^Jl — 1/*. sin f = Y?'(s^^ r + iv sin JJ), 

A, At 

where cos r cos U -f sin r sin U = 0, 

and since in the case upder consideration W is real, because the incident 
waves are homogeneous, it follows that sin U = 0, cos R= ±1 and therefore 
cos r = 0, sin r = 1, a negative value of sin r being clearly foreign to the case. 

Hence sin r = l/<s/l — i/*, cos f = — iv/Jl — v*, 

the negative value of cos 22 being taken, because the second medium being 
on the side of negative x the positive value would correspond to a stream 
increasing indefinitely in intensity with the distance from the surface. 

To determine v^ we have from the equality of the values of n for the two 
media^ the generalised law of refraction 

sin %/X = Vr^^ . sin fpC = 1/X.', 

whence if il' be the propagational speed of the unhomogeneous waves of given 
period 

sin i/ft> = l/flt' = !/(©' Vr^), 

giving Vl — j;* = ©/(«' sin %) = /i/sin i, 

where fi is the relative refractive index for homogeneous waves of the same 
firequency. Hence 

y =s Vl — /i'/sin* i, sin r = sin t7|i, cos r = — i Vsin* % — fi*//jL. . .(24). 

Substituting these values in the expressions for the coefficients of 
reflection, we find that 

_ _ sin (t — ^) _ cos % + 1 Vsin' i — fi* ^ 

^-""sin(i + r)"cosi-W8in«t-y^«"''" ^^^^' 

y^ tan(t-r) ^ /i«cost>Wsin»i-/[i» ^^^ 

tan(t + r) ,i«cosi-i Vsin»i-/A« ^ ^' 

, . 6 1 . a 1 Vsin« i - /x* ,^^^ 

where <»n^ = — tan jr = -- r-^ (27). 

Z fi^ 2 fi^ cos I ^ ^ 
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Thus the amplitudes of the vibrations of the vectors for the streams 
polarised in planes parallel and perpendicular to the plane of incidence are 
unaltered by reflection, while the phases of the vibrations are accelerated by 
a and 6 respectively. 

Hence if the incident light be polarised in any azimuth with respect to 
the plane of incidence, the reflected stream will be in general elliptically 
polarised and of the same intensity as the incident stream, the component 
polarised in a plane perpendicular to the plane of incidence being accelerated 
in phase relatively to that polarised in the plane of incidence by an amount A, 
given by 

. , (1 — It') tan jr . / . - . r 

A^6 — a^ '^ ^ 2 cosivsm't — u* ,^^^ 

which is zero, when % s 7r/2 and when i = sin~^ /^ that is at grazing incidence 
and at the critical angle. Further since 

A / 

tan -^ = cot i v 1 — /i* — fi^ cot' i, 

tan (A/2) is a maximum, when cot't = (l — ;i')/(2;i*) or sin' * = 2/i*/(l + /i*) 
and its vcJue then is (1 — fi^)/{2/i) or cot (2 tan"* /i), whence A = w — 4 tan""* /a. 

Let us now determine the refractive index required to give a prescribed 
difference of phase. Solving (28) for sin' i we obtain 



2 sin*i = (/i' + l)cos'^- ± cos ^ \/(/*' + l)'cos'-^ — 4/i*. 
Now the expression under the radical is 

cos'^^/i-tan^?^)(;i + tan^!^)(/i-cot^?^ 

and hence for sin' i to be real, the value of fi must not lie between 
tan {(tt — A)/4} and cot {(tt — A)/4} and since cot {(tt — A)/4} is greater than 
unity, the maximum value of fi is tan {(tt — A)/4}. 

Thus A increases from to tt — 4 tan~^ fi, as i increases from sin~* /i to 

sin""* {V2 . /i/Vl + /i'} and then decreases to as i increases to ir/2, and 
for a given value of A to be possible, ft must not exceed the value 
tan {(tt - A)/4}. 

Thus if A = 7r/2, fi must be less than tan (tt/S) or Vl — 1, and taking air 

as the second medium, the index of the substance must exceed V2 + 1 or 
2*414, that is the substance must be at least as highly refracting as a 
diamond. 
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If A = 7r/4, /i must be less than taa(37r/16), or the index of the substance 
must be greater than cot (87r/l 6) = 1*4966. When this is the case, it is 
possible, as with FresneFs rhomb, to convert by two reflections a stream 
polarised at 45° to the plane of incidence into a circularly polarised stream. 

Turning now to the coefficients of refraction we have 

sin2t , 2/icost ^^ 
^ "8in(i + f)-^^r::7«^ ^^^^' 

f'^ sin2i 2/i«cosi ^^^ 

•^ 8in(t + r)cos(t-r)' V/[4*cos»i + 8inH'-/A« 

Thus when the light-vector of the incident str^m is perpendicular to the 
plane of incidence, that of the re&acted stream is in the same direction and is 
represented symbolically by 

, 2it'cosi i* 8» 
^''^ / . T- ' .' FeV-'.e'T'^^'M^t^ (31); 

on the other hand when the light-vector is in the plane of incidence, that of 
the refracted stream is 

Vl - M« 

•defined by the complex direction-cosines sinr, 0, — cosr, do that its axial 
•components are 

V 1 — u* 

^, I (82), 

2costVsin«i-;.>^^VT^ ^>^,....^^ 

^md the extremity of the vector describes a small ellipse \ymg in the plane of 
incidence with its axes along the axes of x and z, the direction of revolution 
being the same as that in which the incident wave must revolve in order to 
decrease the angle of incidence. 

109. A difficulty here arises in connection with these results for the 
jrefrBCted stream, as they apparently contradict those previously obtained for 
the reflected light, according to which the whole of the intensity of the 
incident stream is to be found in the reflected train of waves. What then is 
the source from which the energy of the refi:ucted stream is derived ? 

Now if we multiply the second triplet of equations (1) by tJidjT, vr^dT, 
^^dT respectively, where dT is an element of volume, and integrate the 
jsum of these products over a region 2\ we have 



|JiK» + isr.« + tir,«)dr 



-/{-(l-S)-®-^)-®-!)}^- 



12 
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wheaui integrating the terms of the right-hand side bv parts, we find by the 
aid of the first triplet of equations (I) 

^ Ji y («» + 1» + »»> + w,» + w,» + w.'i dT 

= «* I {(^iW — w,r) cos fuc + (wjtt — v,«p)oo6iiy 

+ (»,i? - w^) 006 Mx) d5 (33), 

where dSvisxi element of the boandiDg sorfaoe of T and n is the Donnal to 
d8 directed oatwaids. If now we extend the r^on of mt^;ratioQ so kx 
that the polarisatioo-vector vanishes on its bounding sorfisux, this formula 
expreflBes that the integral on the left side does not alter its value with the 
time, and we may r^^ard it as expressing to a fiskctor independent of the time 
thef whole of the energy of the luminous disturbance in the r^on in question. 
The right-hand side then expresses the energy that crosses the boundaiy of 
T, when the polarisation-vector does not vanish on its surfiEU^ 

Let us then determine the energy that enters per period into the second 
medium through the interface of the media. By (33) since cos Jiy =» cos lur = 0, 
this is represented by 

«'« r (ft /(w, V - ^r/uO dS. 

Now the actual values of cr/, cr/, cr/ being the real parts of their symbolical 
expressions, we see that in the case of total reflection, each term of the int^ral 
has the form 

' JdsJj2il8in(?^ + s)cos(?^+s)ift 

^jdsTA sin ^^-h 2S) (ft = 0. 

Thus on the whole no energy passes across the interfiebce into the second 
medium, the flow of energy changing its direction four times during each 
period 

110. . It has been assumed in the above investigation that the second 
medium extends so br from t^e surface at which reflection occurs, that the 
l^ht^vector becomes insensibly small at its second limiting surfisKie. When 
however this medium is an extaremely thin plate, the superficial undulation 
within it gives rise to an homogeneous refracted wave at its second surface 
and the reflection ceases to be total. 

To investigate this case, let us take the faces of the plate as the planes 
ir=0 and x = '-d and suppose it to be bounded by media having different 
optical properties. Then assuming for the sake of generality that the 
incident waves are unhomogeneous, the complete specification of the systems 
of waves will be as follows : — 



109, 110] 



Reflection from a Thin Plate 



179 



(34). 



.(35). 



In the first medium, 

incident wave _ 

(wj, tj„ tj,) = (n, ^, — i) jDexp [iiix'^-nz^'St)] 

reflected wave 

(wj, tjj, w,) = (n, ikj, I) Di exp {t (— te + ri? + «0}-- 
*In the second medium, 
wave incident on the second surface of the plate 

(w„ w„ tj,) = (n, i', - r) U exp {t (^a; •{•■^z-\-8t)} (36), 

wave reflected at the second surface of the plate 

(wi, tj„ tj,) = (n, &i', O 5/ exp [l (- lx-k-nz'\- 8t)\ (37). 

In the third medium, 
emergent wave 

(tsTi, tj„ tj,) = (n, r, - n 5" exp (t (tx + njs + st)] (38). 

The boundary conditions are the continuity of 

tj,(oroft^), oohu, tj,, tjj (or of ©H;) (39), 

when x==0 and x = '-d. Hence introducing the components of the light- 
vectors parallel and perpendicular to the plane of incidence, we have as in 
§ 101. 

P + Pt^F' + Fi', {F - F,) Bini cosl = (F'-F^') Bin r COS f[ 

((?-(?,) cos » = (5' -5,') cos r. (5 + 5,) sin t = (S' + (?/) sin f J 

(40). 

and 

qT + i-'F' = q"F', iqT - q'-'F^') sin »= cos r = ^'F" an %" cos i" | 

(3'5' -5'-'5/) cos r = g"S" cost". (q'O' + q-'Sr')Binr='fG''aal^' } 

(41). 

where g* = exp (— «Z'd), q" = exp (— d"d), 

and t, r. t" are the complex angles of incidence, refraction and emergence. 
The last set of equations gives 

^F' _ g'-'^/ fF" 



or 



sin (r + O cos (r - »") cos(r + »")8in(f-i") 8in2r 
sin(r + il') -8in(r-i") sin 2r 



(42) 



q'O' 






r// 



(43). 



— g smr 



rH;(l-r) 



smt 



12—2 
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where /" = tan (%" - r)/tan (i" + f ), g" = - sin (%" - f)/8in (i" + f) . . .(43). 
Substituting for P\ Fi, G\ S/ from these equations in (40) we obtain 

/= * Sin r , , , ,_,,v sm i a it 



and 



sin (i + r) cos (i — r) g'"* - cos (t + r) sin (* — r) gy 
cos (% + f) sin (i — r) g'-* — sin (i + r) cos (i — r) g/ '' sin 2? (1 •-/") 

g ^ q, 

sin (i + r) ?'"' + sin (t - f) 5^' - sin (i - r) g'"* — sin (i* + r)^g'' 



7v/' 



or 



sin 2i sin r (1 — 5^')/sin ? 



g G^ g"5'' 



i-'-iW i^'g-isf' (l + ^Xl-nsini/sin*"/ 

where /= tan (i - r)/tan (i 4- r), ^ = - sin (* - r)/8in (? + f ) (45). 

111. Let us now apply these general formula to the case, in which, 
the first and third media being identical and more highly refracting than 
the plate, homogeneous waves are incident at an angle exceeding the critical 
angle*. 

In this case g is real and equal to exp {— ^i Kly} sin* * — 1/x} where X 
is the wave-length of homogeneous waves of the same frequency in the plate 
and Ik is the refractive index of the surrounding medium relatively to the 
plate : also ^ = ^' = exp (*a), / = f" = exp (tt), where 

.6 ai. tt A* Vit* sin* * — 1 
tan^ = ;.»tang= cost ' 

Hence g. _ (!-?")«"• (1 - O (^ - ?''*-') ^^.. ,^. 

Uence ^ - j,^,^^ 1 - 2?'' cos 2a + j'« '^ <*^)' 

^''"'^^ P'= (l-g'yV4y8in«a "<^^>- ten^ = I3^tano (48). 

* Stokes, Trafu. Cam5. PM'Z. £foe. Tm. 642 (1849) ; MaXK and Phyt. Papen, n. 56. 
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If p be taken positive, y^ must be chosen so that cos -^ and cos a have 
the same sign : therefore sin >fr must be positive, since sin a is positive 
because a lies between and tt. Thus of the two angles lying between — tt 
and + IT that satisfy (48), we require that which lies between and tt. 

To obtain the value of FijPy we have merely to write 6 for a in the above 
equations. 

Considering now the transmitted light, we have q" = exp {— 1 2ird cos i/X'}, 
X' being the wave-length of the given light in the media bounding the plate, 
and 

g" _ g (1 - e^^) ^a^i _ 2i4 sin a {e^ -^ (jH^-^) }^^^^, 
1-9'V«« (l-g'«)»-|-V8in>a ^ 

= pV(*'"^^^^0 \ (49), 

, ,^ 4g'''sin*a ,^^^ ,, 1— a* ,--v 

where ^" = 7^ ,,;, . . ., . , ...(50), tan^'=-;i---tACOta (61). 

(1 -}")* + 45^' sin" a 1 + g^* ' 

If we take p' positive, >/r' must be chosen so that cos y^' is positive, that 
is, of the two angles between — 7r and tt that satisfy (51), we must take that 
which lies between — 7r/2 and 7r/2. Now from (48) and (51), '^' = -^ + 7r/2 + rnr 
and we therefore must take yfr =ylr-' 7r/2. 

The value of P"/F is obtained by writing 6 for a in the above equations. 

Since p'-|-/o'"= 1, it follows that the sum of the intensities of the reflected 
and the transmitted light is equal to that of the incident light and it is 
therefore necessary to discuss the expression for the reflected stream alone. 

Let us suppose that the plate is a thin film of air contained between the 
flat face of a prism and the convex surface of a lens, upon which the prism 
rests, the curvature of the lens being so small that the defect of parallelism 
of the surfaces of the film may be neglected. 

. At the point of contact itself, (2 = 0^ and therefore q' ^1, p = or there is 
absolute blackness : as d increases, q' decreases, but this decrease is at first 
extremely slow, for docy^, where y is the distance from the point of contact, 
and in consequence the intensity varies ultimately as ^. There is apparently 
then perfect blackness for some distance round the point of contact. Further 
on ^ decreases rapidly and finally becomes insensible : hence the intensity at 
first increases rapidly and afterwards more slowly until it attains its final 
value equal to that of the incident light. 

Next as regards change of intensity as dependent upon colour, we have 
that a and 6 depend upon X, but their changes are so small that they may 
be left out of account ; the quantity that has to be considered is q'. Now 
the smaller X is, the more rapidly ^ changes on leaving the point of contact, 
and the central spot must therefore be smaller for blue light than for red ; 
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that is beyond the edge of its central portion there is a preponderance of the 
colours of the blue end of the spectrum. 

Finally the effect of the polarisation on the size of the spot has to be 
considered. Let Siy s^ be the ratio of the intensity of the transmitted light 
to that of the reflected light according as the incident stream is polarised in 
a plane parallel or perpendicular to the plane of incidence : then 

«i/«« = sill* a/sin" 6 = {(/a* + 1) sin' i — 1 )*. 

Now according as 8^ (or «,) is greater or less, the spot is more or less 
conspicuous as regards extent and intensity at some distance from the point 
of contact. Very near the critical angle, we have s^ = fi^Si and therefore the 
distinctness of the spot is the greater for light polarised perpendicularly to 
the plane of incidence. As i increases, the spots seen in the two cases 
become more and more nearly equal in size, and they become exactly of the 
same magnitude when sin*i= 2/(1 + ;i'), that is whep the difference of phase 
between the oppositely polarised streams, arising from reflection at the 
surface of the film, attains its maximum value. When i exceeds this value, 
the order of magnitude is reversed, and the spots become more and more 
unequfid as i increases. When % = 7r/2, Si—fi^ so that the inequality becomes 
again relatively, large. 

112. The above investigation of the problem of reflection and refraction 
has been based upon the hypothesis that the transition from the one medium 
into the other takes place so rapidly, that the region within which the 
optical properties are variable may be regarded as vanishingly small. 

One of the consequences of this assumption is that a stream of light plane 
polarised in any azimuth with respect to the plane of incidence gives rise, 
in the case of ordinary reflection, to a reflected stream that is in all cases 
also plane polarised, and in particular that at an angle of incidence tan~* /i, 
the plane of polarisation of the reflected light coincides with the plane of 
incidence, and consequently at this ai\gle light polarised in the perpendicular 
plane ceases to be reflected. 

This is however by no means always the case and it was found by 
Brewster* and by Biotf that with certain highly refracting substances 
there is no angle of complete polarisation, while Aiiy$ confirmed this result 
fix)m observations of the behaviour of Newton's rings in polarised light and 
made the further deduction that the phase of the component stream polarised 
perpendicularly to the plane of incidence undergoes a continuous variation 
as the angle of incidence passes through the polarising angle, instead of 
changing abruptly as the theory requires. 

• Phil. Trans, err, 230 (1814); cv. 162 (1816). 
t Tndti de Phyt, it. 288 (1816). 
t Camb. Phil Trans, it. 279 (1831). 
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This question has been carefully investigated by Jamin* by direct 
measurement of the difference of phase and of the ratio of the amplitudes 
of the vibrations in the component reflected streams polarised in the principal 
azimuths, and he found that with few exceptions a stream of light polarised 
in any azimuth with respect to the plane of incidence except 0*^ and 90*^ 
occasions by reflection an elliptically polarised stream, its elliptic character 
however being only strongly marked at angles of incidence near the polarising 
angle. At the principal incidence itself the axes of the elliptic vibration of 
the polarisation-vector are in the principal azimuths, so that the components 
of the reflected light polarised in these azimuths h^ve a phase-difference 
of 7r/2. 

Jamin further recognised that transparent bodies may be arranged in 
three classes with respect to their action upon the light reflected from them. 
In the case of .some substances, the phase of the component polarised in the 
plane of incidence is by reflection at the principal incidence retarded by 7r/2 
relatively to that of the component polarised in the other principal azimuth : 
with others, it is accelerated by this amount ; nviiile intermediate to these 
classes there is a third, characterised by the property that the reflected light 
remains plane polarised. Substances belonging to these three classes he 
termed media of positive, negative and neutral reflection respectively, and he 
stated as a general rule that they are included in the first, or second class 
according as their refractive index is greater or less than 1'46. Later investi- 
gations have however considerably modified this result. 

The elliptic polarisation produced by reflection at the surfeu^ of trans- 
parent media has also been investigated by Quincke f, Wernicke^, Comu§ 
and others ||. 

The ellipticity of the polarisation of the reflected light is found to be to 
a great extent dependent upon the means employed to polish the reflecting 
8ar£u)e and upon the time that has elapsed since the surfieice was made, and 
it is scarcely perceptible in the case pf clean fireshly formed surfaces, such as 
a clean sur&ce of waterlT or a crystalline surface newly made by cleavage**. 
This &ct indicates th^t the*defect in the former investigation of the problem 
of reflection arises firom the neglect of the thickness of the transition-layer, 
and that we must regard two homogeneous media as separated by a region 
of small but sensible thickness, within which the optical properties vary. 

113. As we are ignorant of the nature and properties of this surface- 
layer, we must content ourselves with an approximate solution of the problem 

• Ann, de Ch. et de Phyt, (3) xxix. 263 (1850); xxxi. 165 (1851). 
f Pogg. Ann. cxxvm. 355 (1866). t Wied. Ann. xxv. 908 (1885). 

S C. R, cnn. 917, 1211 (1889). 
y Cf. Winkelmann, Handb. der Phyt. n. 761—771. 
IT Lord Bayleigh, Phil Mag, (5) xxx. 400 (1890) ; xxxiiz. 1 (1892). 
** Drade, Wied, Ann. xxxn. 582 (1889) ; xxxvux. 265 (1889). 
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of reflection. This we shall base on the method employed above, assuming 
that the ratio of the thickness of the layer to the wave-length of light is so 
small that its square may be neglected and that for all quantities that occur 
with this ratio as a factor we may substitute the values that are obtained by 
neglecting the thickness of the layer*. 

Let us suppose that the medium, in which the incident light travels, is 
homogeneous from oo to a;=0, that the transition-layer occupies the space 
from a? = to a? = — (i and that from this lower plane to a; = — oo the pro- 
perties of the second medium are unvaried ; and let' us further assume that 
the characteristic equations within the surface-layer have the form (1) and 
(2) in which cd is regarded as a function of x. 

Taking the plane of incidence as the plane xz, we obtain by multiplying 
the last two of each pair of triplets (1) by dx and integrating from to — c2 

I i)dx = — I ~ dx + bt/ — tj„ I wdx = — tj/ 4- tjj. . 

Jo Jo OJB Jo 

I vr^dx=j -^ dx^e^ + Cf, I Wtda? = Ca' — e,, 

where the accents denote the values of quantities at the plane x=^ — d. 

Now we have seen in § 99 that if the thickness of the layer be insensibly 
small, the quantities cti, cr^, tj,, v, 6^=5 ooH;, e^ = od^w are continuous across the 
interface: we may then, in accordance with the' assumption made above, 
place these quantities outside the sign of integration, assigning to them their 
values at the plane a? = — d Then writing, for shortness, 

f a^^dx ^ - Qoi/% [ fo^T'dx^r-Pto'^d (52), 

Jo Jo 

where P and Q are simple numerics, we obtain the system of equations 

[tirj.^= |^tir, + Pdv+^^d]^_^ (53), 

[^^ = [v, - Pdwl^.rf ; : (54). 

. [^]«= [^-^«^+^G^L^ (55)' 

[«ili-# = [«^ + ^«d]*— d (56X 

Let us take as the specification of the system of waves, the expressions 
given in § 101, omitting the bars over the letters, as we shall only apply the 

• Drade, Wud. Ann. xxxti. 582, 865 (1889) ; xliii. 126 (1891) : Lehrbuch der Optik, p. 266. 
Yoigt, Komp, der Theor. Phyt. 11. 700. Of. also Zeoh, Pogg, Ann, cix. 60 (1860). Van Kyn Tan 
AUcemade, Wud, Ann, zx. 22 (1888). Yon der MuhU, Math, Ann. v. 505 (1872). 
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results to the case of homogeneous waves. Then neglecting terms involving 
d* and remembering that «* = «' (i' + n'), equations (53) — (56) give 

{kD + *xA) = e-<*^ (k'L^ + iJc'l'dPLf) 
= kSf{\-\-d'd{P-l)], 

f 

Z (D-A) = c-^" {i'5' + t(f» + n»)(iP5'- tn«d5'} 
= 5'{i' + t(f'» + «»)d(P-l)}, 
D + 5^ = €-^^ (JBf + d'dSf) 
= 5'; 

whence introduciDg the components perpeDdicular and parallel to the plane 
of incidence and the angles of incidence and refraction 



F^-F, 



(F " Fi) sini cosi ^ F' -jsinrcosr 



i = F' jsii 



1 + i -^ cos r 



(P-i)dJ 

-t^8in'r(Q-l)<il 



► ...(57). 



(Q-Ot)cosi =g'|cosr + «^(P-l)dl 
{0 + Ui)ani =G'sinr 



Hence 



sin (* + r) COS (i — r) + * -T-/ d {{P — l)sinicos*co8r — (Q — 1) sin' r] 

A* 



Pr 



27J- 

sin (i — r) COS (i + r) + t -:-7 d ((P— 1) sinicos* cos r + (Q - 1) sin'r} 

A» 



P' 



sin 2t 



.(58), 







9. 



27r 
8in(i + r) + 1 -r^ sin i (P— 1) d 

A* 



27r 
— sin (i — r) — t -^ sin i (P — 1) d 



sin 2t 



,(59). 
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and omitting as before terms involving d^, 

F tan(»+r){ X 8in(t+r)cos(t+r)8m(t — r)cos(t — r) j 

(60). 



|^_8Mt-r)L ^^ sinysinr | 

O sm (1 + r) 1 X ^ ' sm {% + r) sm (i — r)) ^ 

ff J COS (t — r) I X sm (t + r) cos (» + r) sm (i — r) cos (t — r) ) (jt 



cos(» — r)| X 8in{t4-r)cos(t + r)8m(t— r)cos(i — r) . )G 

(62). 

At the polarising angle % + r = 'rr/2 and 



-^1 4'Tjr/n IX . /r^ i\ -*) sin*»cosi F 

^■ = .-rf{(P-l) + (Q-l)M-} 3i„.g.^3g. g 

= .Jd{(P-l) + ((2-l);.-.l^^^^ 



(63). 



Hence if the incident light be polarised at 45"^ to the plane of incidence, 
the ratio of the amplitudes of the vibrations in the component reflected 
streams polarised in planes perpendicular and parallel to the plane of inci- 
dence is 

and the difference of phase between these components is 7r/2. Thus the 
reflected light is elliptically polarised with its planes of maximum and 
minimum polarisation in the principal azimuths. 

The quantity e is called the coefficient of ellipticity, and referring to (52) 
we see that its value is 

VI 



^5 vij^« r^ (/i'-/^')(/ix'-i) j^^ 

X 1— /i* Jo fJLg* 



where fi^ denotes the refractive index within the layer relatively to the first 
medium at a distance x Irom the plane at which this medium ceases to be 
homogeneoua 

If /JL>1, it follows that € will be positive so long as the refractive index 
of the transition-layer is at all points between the values 1 and /i : if /li < 1 
the reverse is the case. As it is natural to assume that the index of the 

■ 

layer is between that of air and the second medium, we should expect to find 
that in most cases the reflection in air is positive : negative reflection 
requires that the polished layer must be the more refracting, and this is 
most likely to occur when the index of the refracting substance is smcdL 



113] Thickness of the Surface-layer 187 

So long as the plane of polarisation of the incident light is not in one of 
the principal azimuths, a plane polarised stream will at any incidence give 
rise to a reflected stream of elliptically polarised light, the diflPerence of phase 
between the components polarised in the principal .azimuths being given by 

^ c. . u? sin i tan t 

tano = 4€ . - — —. r: 

Vl -f-ii* tan^i — |i» 

since however eis small, the ellipticity is only marked at incidences near 
the principal incidence. The ratio of the amplitudes of the vibrations is 
except at principal incidence approximately the saiAe as that given by 
the simple theory, viz. : — 

cos {% + r)F 
cos (i — r) Q' 

In the case of bodies of positive reflection it is possible to assign an 
inferior limit to the thickness of the surface-layer : for the value of € being 
given d will be a minimum, when fi^ is constant and of such a value that 
(ai* — fix^) (/ia;* — 1)//A»* is a maximum, that is when fi^* = A*- This gives 

d ^ € fi + 1 1 
X"7r^-1 V^* + l' 

Thus for heavy flint glass fi = 1-75, e = -03, whence dpi, = 0-0175. 



CHAPTER XI. 

DOUBLE REFRACTION. 

114. It was disoovered by Erasmus BartholiDOS that a stream of light 
on entering a crystal of Iceland spar is in general divided into two refracted 
streams. By a carefal series of experiments he fonnd that the direction of 
one of these streams was determined by the ordinary law of refraction given 
by Snelly while the other stream was bent according to a different law, that 
had not been previously recognised. 

An account of these observations was published in Copenhagen in 1669, 
and their publication led Huygens to investigate whether the new refraction 
could be accounted for by the principles that he had already suocessfiilly 
applied to the explanation of ordinary refr-action, and for this purpose he 
proceeded to determine with accuracy the experimental laws of this new 
phenoipenon. 

According to Huygens' principle the existence of two refracted streams 
shows that an elementary disturbance at a point on the surbce of the crystal 
occasions two disturbances spreading out into the medium at different rates, 
so that the wave-surfisM^ that determines the direction of the refracted 
streams must be a double surfause or a surfieu^ of two sheets. As one of the 
streams follows the ordinary law of refraction, the corresponding wave-surface 
must, as in the case of isotropic media, be a sphere, and since it appeared 
that the law determining the refraction of the other stream, though less 
simple, was not much more complicated, Huygens assumed that for it the 
form of the wave-sur&ce was. a spheroid. .Now from the measures that he 
made, it appeared that the radius of the spherical wave-surfece was practi- 
cally equal to the polar semi-axis of the spheroid, whence he inferred that 
the two surfaces touch in the axis, and finally observing that a rhombo- 
hedral crystal of spar behaved in precisely the same way whichever pair of 
bees the light passed through, he concluded that the polar axis of the 
spheroid must be symmetrically placed with respect to each of the planes 
of the rhombohedron and must therefore coincide with the direction of the 
axis of the crystal 
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Huygens also discovered that each of the two refracted streams had 
acquired new properties with respect to their transmission through a second 
rhomb of spar. To this phenomenon, which has already been described in 
§ 12, Mains afterwards gave the name of polarisation, and he found that the 
properties of a stream of light completely polarised by reflection are the 
same with reference to the plane of reflection, as are those of the ordinary 
stream with respect to the principal plane of the crystal and those of the 
extraordinary stream with respect to the perpendicular plane. Thus accord- 
ing to Mains' definition the ordinary stream is polarised in the principal 
plane, the extraordinary stream in Jthe plane perpendicular to the principal 
plane of the crystal. 

The correctness of Huygens' measures and deductions remained unrecog- 
nised for over a century, and little, if auy, progress was made in the quanti- 
tative determination of the laws of double refraction, until Wollaston* in 
1802 undertook at the suggestion of Young an experimental investigation of 
the subject. Wollaston's measures confirmed the accuracy of Huygens' law 
for the case of Iceland -spar, and the evidence in its favour was further 
strengthened in 1810 by the publication of a memoir by Malusf, that gained 
the prize offered by the French Academy for an essay on the question of 
double refraction. 

115. It was at first assumed that Huygens' law applied to all crystals 
that exhibited the phenomenon of double refraction, but Brewster^ in 1818, 
while examining the rings surrounding the optic axis of a crystal in polarised 
light, discovered a number of crystals possessing two optic axes. He deter- 
mined moreover that though these directions must not be regarded as the 
fundamental axes of the medium, they are connected with them by simple 
relations, the fundamental axes in fact being the internal and external 
bisectors of the angle between the optic axes and a direction perpendicular 
to their plane. . 

Brewster also succeeded in establishing a connection between the optical 
properties of crystals and their crystallographic form. Crystals are referred 
• to six systems based upon their grade or type of symmetry and these 
systems are further grouped into three classes that correspond to the 
arrangement of crystals into divisions determined by their optical charac- 
teristics. 

In the isometric class, containing the cubic system alone, there are three 
principal planes of symmetry at right-angles to one another and six secondary 
planes of symmetry that bisect the angles between the principal planes. 
Optically, crystals of this class are isotropic and the wave-jsurface for them is 

* PML Tram. xcii. SSI (1802). 

t MSin. dss Sav. Strang, ii. SOS (ISIO). 

t PhiL Tratu. crm. 199 (1818). 
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in general a sphere, but there are a few cubic crystals possessing hemihedral 
or tetartohedral merosymmetry that exhibit rotary properties and for these 
the wave-8ur£a.ce consists of two concentric spheres. Such crystals though 
still isotropic show weak double refraction. 

The isodimetric class comprises all forms that have a single principal 
plane of symmetry. In this class there are two crystal systems: — 

(a) the tetragonal system, having four secondary planes of symmetry 
all at right-angles to the principal plane and inclined to one another at 
angles of n7r/4 ; 

(6) the hexagonal system with six secondary planes of symmetry inter- 
secting the principal plane at right-angles and each other at angles of i»r/6. 

Crystals of this class are optically uniaxal, the optic axis coinciding with 
the principal axis of symmetry for all wave-lengths and temperatures, and 
the wave-surface is Huygens' system of a sphere and a spheroid touching one 
another in the axis. There are however some crystals having merosymmetiy, 
that show rotary properties, and in these cases the sheets of the wave-surfiBioe 
no longer have a common tangent plane. 

In the anisometric class there is no principal plane of synmietry and this 
is characteristic of three crystal systems : — 

(a) the prismatic system, that has three secondary planes of symmetry 
at right-angles to one another; 

(6) the monoclinic system having one secondary plane of symmetry ; 

(c) the anorthic system with no plane of symmetry. 

Such crystals are optically biaxal, and in their case the wave-6urfiM>e is a 
sur£EU^ of the fourth degree with a centre of symmetry and three rectaxigolar 
planes of symmetry determining by their intersections three axes of optical 
symmetry. 

In the prismatic system, the axes of optical symmetry coincide with the 
crystallographic axes for all wave-lengths and temperatures. In the mono- 
clinic system, one of the axes of the wave-sur£EU^ coincides with the crystallo- 
graphic axis in all cases, while the positions of the other two change with 
the wave-length and temperature. In the anorthic system, the orientation 
of all the three axes of optical symmetry is dependent upon the wave-length 
and the temperature. 

Uniaxal Crystals. 

116. Referred to a rectangular system of axes, of which the x-azis 
coincides with the optic axis of the medium, Huygens' wave-sur&ce con- 
sists of 

the sphere a:" 4- y* 4- ^ = o' 

and the spheroid ?^±^ + ^l^l ^ ^^^' 
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where a and c are the principal wave- velocities, or if cr be the ray- velocity in 
a direction making an angle ^ with the optic axis, the equations of the 
sheets of the wave-surface may be written 

1 sin'-^fr cos'-^^ 
-* = «'. ^—f^ + -^ (2). 

whence we obtain — — i~ (^ — i) s^'*^ (3)» 

or the difference of the squares of the reciprocals of the ray-velocities in any 
direction is proportional to the square of the sine of the angle that this 

direction makes with the optic axia 

\ 

117. \ Since the wave-surface is a surface of revolution, it follows from 
symmetry that the extraordinary ray and the normal to the corresponding 
plane wave lie in a plane through the optic axis. Taking this plane as that 
of xz^ let {x\ z) be the coordinates of the extremity of an extraordinary 
ray ^08 1 the corresponding plane wave W is perpendicular to the plane xz 
and cuts it in the line 

xaf za^ 

touching the ellipse :j + "1 *=" ^ 

at the point (a/, z'). 

But if a> be the wave-velocity and ;^ be the angle between the normal to 
the wave and the optic axis 

fl? sin ;^ + 2r cos % = », 

whtocte a^Yc" = sin ;f /«, //a* = co8x/« •* (4). 

Substituting these values of af^ z in the equation of the ellipse, we obtain 

tt)*=c>8in'% + o*cofi?;f. 
Thus in polar coordinates the surface of wave-quickness consists of 






the sphere a> = a 



'A'.' 



and the ovaloid a>* = c'sin*x + o*C08*;f J ^ ^* 

and in Cartesian coordinates the equations of these surfeices are 

a^ ^ %^ ■\- S^ zs: q} \ 

(«' + y« + -p«)" = c»(ic» + j^) + aV J ^^^* 

118. A comparison of equations (2) and (5) shows that we pass from the 
one to the other by changing 

o, c, cr, "^ into a~*, c~*, «""*, % 

respectively, and accordingly to each proposition referring to rays there 
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corresponds a similar proposition relating to waves. Thus we have in corre- 
spondence with (3) 

0,2 - a* = (c« - a*) sin* X (7),- 

or the difference of the squares of the wave-velocities in any given direction 
is proportional to the square of the sine of the angle that the direction makes 
with the optic axis. 

From equations (4) we have 

*a«X = ^p=^t^»V^- (8). 

thus the tangents of the angles between the optic axis and the ordinaiy and 
the extraordinary rays, corresponding to waves that have the same direction, 
are in a constant ratio, and the angle between these rays is given by 

tang=:tan(Y-.^) = ^^'^"'^^X^(^'-^)sinxco8X (9) 

^^ ^^ a« + c»tan«x «' ^^ 

this angle is the greatest when 

tan X = ± ajc, or tan -^ = ± cja, 

that is when the sum of the angles % and '^ is a right-angle ; its value then 
is tan-»{±(a«-c»)/(2ac)}. 

119. We see firom equation (8) that % < V^ or the ordinary ray is 
fEirther firom or nearer to the optic axis than the extraordinary ray of a wave 
in the same direction, according as a ^ c, that is according as the spherical 
sheet is without or within the spheroidal sheet of the wave-8ur£ace, the 
spheroid being in the first case prolate and in the second oblate. 

There are then two classes of uniaxal crystals and these Biot*, to whom 
their discovery is due, denominated attractive and repulsive respectively, 
ascribing the existence of the extraordinary ray in the theory of emission to 
attractive or repulsive forces emanating from the optic axis. These classes 
of crystals are now called positive and negative. 

120. The surface of wave-slowness in an uniaxal crjrstal, being the 
inverse of the surface of wave-quickness, consists of a sphere of radius a"^ 
and an ellipsoid of revolution about the optic axis, the polar and equatorial 
semi-axes of which are ar^ and c~* respectively. ' 

Let Q be any point on the spheroid, QM the perpendicular firom Q on the 
equatorial plane, the centre of the surface, then 

c»Oif » 4- o»Qif » = 1 or c»OQ« -h (a« - c») Qif » = 1 ; 

but if 01, 0i, 0zt be the angles that the optic axis makes with the axes of 
x, y and z respectively, the equation of the equatorial plane is 

X cos ^i 4- y cos tf, + ^ cos tf j = 0, 

* Mim, de laprem, clai$e de VInst. xm. (2) 19 (1814). 
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and hence the surface of wave-slowness consists of 
the sphere a:" 4- y' + «' = a~* 

and the spheroid qO). 

c*(«" + y* + ^) + (a'-c'Xa^cos ^1 + y cos^j-h-Bcos ^,)» = 1 

Suppose now that a plane wave is incident at an angle i on a plane surface 
bounding an uniaxal crystal, and let the plane of incidence be taken as the 
plane of xz and the surface of the crystal as that of ocy, the positive quadrant 
xz containing the direction in which the light travels*. 

Since the ordinary wave within the crystal follows the ordinary law of 
refraction, its normal makes an angle r^ with the normal to the sur£stce 
jriven -by 

sinro = asint/ft (11), 

£i being the propagational speed in the outer medium, and the ordinary ray 
coincides with the wave-normal. The plane of polarisation is the plane 
containing the wave-normal and the optic axis, and hence if Ot, )9«, 70 be the 
direction cosines of its normal 

Oj cos ^1 + )8o cos tf,+ 7oCOS tf, = 0, 

Oosinro +7oC08ro«0, 

whence the equation of the plane of polarisation of the ordinary wave is 

cos n COS 0, a; + (sin r© cos ^, - cos r, cos ^1) y — sin r© cos d, 2r = 0...(12). 

As regards the extraordinary wave, if r^ be the angle that its normal 
makes with the axis of z^ r^ is determined by writing 

d; = sint/Xl, y = 0, jrs= sin t cot re/ft 

in the equation of the spheroidal sheet of the surface of wave-slowness. 
This gives 

c* (1 + cot* re) + (a* - c») (cos ^1 -f cos ^, cot r,)" = nVsin* i, 
or 

£{c» + (a*-d*)cos^^i}sin«t-ft«]tan«re + 2(a*-c»)cos^iC08^,sin*ttanr, 

+ {c» + (o'-c»)cos*^,}sin«t = (18). 

If the propagational speed in the outer medium be greater than the 
greatest principal velocity in the crystal, this equation gives two real roots 
of opposite sign for tanr«, of which the positive one is that required, as ftom 
the nature of the problem r^ is positive and less than 9r/2. Hence r« is 
determined and the velocity of the wave is given by 

a>*=nsinre/sini. 

The corresponding ray is in the direction of the perpendicular from the 

* Beer, Einleittmg in dU Mhere Optik, ind ed. p. 278. 
W. 13 
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centre on the tangent plane to the surface of wave-slowness at the point in 
which the normal to the wave meets it and is therefore parallel to the normal 
to the surface at this point. Whence we obtain for its equations 



X 



c* sin r^ + (a* — c') cos <^e cos 0^ (a* — c') cos <^« cos 0^ 

z 



_ (14) 

c* cos Te + (a* — c") cos ^« cos ^, " "^ '* 

where <^e is the angle between the wave-normal and the optic axis, so that 

cos <^« = sin r« cos tfj -h cos r^ cos tf,. 

The plane of polarisation of the extraordinary wave is perpendicular to 
the wave and to the plane containing the wave-normal and the optic axis : 
hence if o^,, /8«, 7^ be the direction-cosines of its normal 

a« cos 5j cos Te + /8« (cos 5, sin r« — cos 6^ cos r^) — 7e cos 0^ sin r, = 0, 

a^ sin r, + 7, cos r, = 0, 
and the equation of the plane of polarisation is 

cos^a 



X — 



7 -^—, ;= rv — tanr,5=0 (15). 

cos Te (cos ^s sm r« — cos aj cos r^) 



The angle between the planes of polarisation of the two refracted waves is %, 

where 

cos 6 = Ooa, -h iSj/S, + 7<^e 

= cosd,cosec^cot0«8in(re — To) (16), 

where ^o> <^« ^^^ the angles between the refracted wave-normals and the 
optic axis. 

The extraordinary ray is in the plane of incidence, only when 

cos <^« = or cos 0^ = 0, 

that is when the optic axis is either parallel to the refracted wave, or in the 
plane of incidence : in the latter case the plane of polarisation becomes 
indeterminate when 

cos tf i/sin r, == cos d^cos r, , 

which expresses that the optic axis is in the direction of the wave-normal. 

The planes of polarisation of the two refracted waves are at right-angles, 
only when 

costfa = 0, cos<^e = 0, sin (r, — r«) = 0, 

that is when the optic axis is either in the plane of incidence or parallel to 
the extraordinary wave, and when the two refracted waves have the same 
direction, that is in the case of normal incidence. 
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BiaxcU Crystals, 

121. The first attempt to extend Huygens' construction to biaxal crystals 
"was made by Young*, who suggested a sphere combined with an ellipsoid 
having three unequal axes as the form of the wave-surface in such media. 
It is readily seen however that this form of wave-surface is inconsistent with 
the biaxal character of the crystals, and in addition Fresnel discovered that 
any form with a spherical sheet must be rejected, since in biaxal crystals 
there is no ordinary refraction in all cases, as was at first supposed to be 
the case. 

Fresnel arrived at this conclusion by the following considerations. 
Starting from the idea that light consists in transverse vibrations of the 
particles of the ^ther, he was led by the symmetry of uniaxal crystals about 
their axis to assume that vibrations perpendicular to this direction are 
propagated with the same speed in all directions!, and he pointed out that 
this explains the existence of an ordinary wave and the relation between its 
velocity and that of the extraordinary wave, provided the vibrations in 
a stream of polarised light are perpendicular to the plane of polarisation : for 
in that case, light polarised in the principal plane will travelwith the same 
speed in all directions, as the vibrations are in all cases perpendicular to the 
optic axis ; on the other hand light polarised in a plane perpendicular to the 
principal plane will have a speed dependent upon the direction of propagation, 
as the vibrations are in general oblique to the optic axis. As however the 
direction of propagation approaches that of the axis, the vibrations will 
become more and more nearly at right-angles to it and the speed will 
approximate to that of the ordinary waves. 

It soon became obvious to Fresnel that this explanation could not be 
applied to the case of biaxal crystals, and that there was no reason to expect 
so ordinaiy wave in such media, since the existence of two optic axes 
indicates that they possess no single direction round which their optical 
properties are symmetrical. In order to test this inference, Fresnel took 
' two prisms of topaz, cut in different directions with respect to the crystallo- 
graphic axes and carefully worked so as to have the same angle, and of these 
he fonned a single prism by attaching them together^-with their edges in the 
same straight line. After partially achromatising the system by prisms of 
crown glass, lie observed through the combination a luminous line parallel to 
the edge of the prism and at once perceived that the image, hitherto regarded 
as due to ordinary refraction, was discontinuous, proving that the deviations 
|>rodaoed by the two halves of the prism did not follow the same law^ 

, * Miicellaneous Works, i. 317, 322. 

t (Etcrret eompltUi, i. No. zzn. § 14, p. 636. For an aoooont of the seqaenoe of Fresners 
ideu on Double Befraotion, see the introdaction to Fresnel^s work by Yerdet, pp. Izt — ^Lxxzt, 
nprinted in Yerdet's works, Yol. i. pp. 860 — 876. 

X (EuvrcM eompttUt, n. No. xxxvin. § 12, p. 271. 

13—2 
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If then the laws of double refraction in biaxal crystals were to be deduced 
by Huygens' method, it would become necessary to look for a surface, having 
two sheets and probably of the fourth degree, that would reduce in the case 
of uniaxal crystals to Huygens' system of a sphere and a spheroid, and 
recognising the difficulties inherent in this method of procedure, Fresnel 
was led to consider the possibility of representing the phenomena by the aid 
of a simpler surfieu^e. Now he perceived that in the case of uniaxal crystals 
it was possible for this purpose to replace Huygens' wave-eur&ce by a single 
spheroid, of which the polar and equatorial semi-axes are respectively the 
equatorial and polar axes of Huygena' spheroid, as the velocities of the two 
rays in any direction are given by the semi-axes of the section of this 
spheroid by a diametral plane perpendicular to the ray, and the plane of 
polarisation of either ray is perpendicular to the semiraxis that gives the 
ray- velocity*. It therefore suggested itself to Fresnel that the properties 
of biaxal crystals could be expressed by similar relations with respect to an 
ellipsoid with three unequal axes, and the results thus ded.uced he found to 
be in accordance with all the facts kniown about such ciystalsf . 

This sur£EU^ is called, for reasons that will appear later, " the reciprocal 
ellipsoid," and the wave-surfeu^ is the locus of points obtained by taking on 
the radii-vectores through its centre lengths equal to the semi-axes of the 
diametral sections perpendicular to iJieir directions. 

122. Turning now to the consideration of waves, it is clear that the 
speeds and polarisations of waves in an uniaxal crystal may be determined by 
the aid of a spheroid, of which the semi-axes are the reciprocals of those of 
the reciprocal spheroid, the wave-velocities in any direction being the reci- 
procals of the semi-axes of the diametral section parallel to the plane of the 
waves, and the plane of polarisation of each wave being perpendicular to the 
axis determining its speed. Hence it is natural, as in the case of rays, to 
extend this construction to biaxal crystals by the employment of an ellipsoid 
with three unequal axea This ellipsoid is called ''the polarisation ellipsoid." 

Let the equation of the ellipsoid of polarisation, referred to its principal 
axes, be . ' 

aV + 6y + c»-»* = l. .(17); 

then to determine the speeds and the polarisations of the waves propagated 
in the direction, of which the direction-cosines are I, m, n, we have to find the 
axes of the section of this ellipsoid by the plane 

Uc + my + nz^O (18). 

Let l/o) be the length, a, )9, 7 the direction-cosines of any radius-vector 

* Fresnel sapposed that the vibrations were perpendionlar to the ray {(Euores, n. No. xxxnu. 
§ 22, p. 2S1), an assumption that he rejected afterwards, 
t (Euvra compUUi, n. Nos. xxxnn., zzzzx., xl. 
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ON of the section ; then if x, y, z he the coordinates of its extremity N, 
we have 

X = o/ft), y = /8/ei), z = 7/0), 

and firom the equation of the ellipsoid 

oV + 6'i8» + (^ = a>» (19), 

also a, )3, 7 are connected by the relations 

a« + /8» + 7' = l (20X 

oZ + )8m + 7n = (21), 

the latter equation expressing that the radius-vector is in the plane of 
section. 

If now ON be one of the semi-axes of the section, a>' must be either 
a noaximum or a minimum subject to the conditions (20), (21); whence 
differentiating with respect to a, fi, % 

a(ia + i8(i)8 + 7dy = • (22), 

Ida + mdp + ndy = 0. 

and using indeterminate multipliers, we have 

Multiplying these equations hy a, I3,y respectively and adding, we find 

whence 

(o>-a)»)a = J?If, (6«-(iD»)/8 = Jrm, {(f-w*)y = Fn (28), 

fixim which by eliminating ot, /8, 7 we obtain 

-5 1+5 — 5 + ;5 i=0 (24), 

the roots of which give the two propagational speeds in the direction (l, m, n). 
Again multiplying (23) by I, m, n respectively and adding, we get 

jr=a«ai + 6*/8m+cV^ (25). 

and also firom (23) since a'-hi9' + 7'=l 



^-(j^H^hi^J « 



which gives the value of F corresponding to either of the t:wo waves, and then 
the direction-cosines of the corresponding polarisation-vector are obtained 
fix>m (23). 

On the other hand, if it be the plane of polaiisation or a, /8, 7, that we 



.(28), 
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know, the propagational speed is determined by (19), and squaring and adding 
equations (23), we have 

i^ + a)* = a*a»+6*/8« + cV (27), 

which gives F and the direction-cosines of thie wave-normal are by (23) 
given by 

123. Let a>i be the speed of the quicker, ohi, that of the slower wave 
propagated in the direction (I, m, n), then, since a>i, a>, are the roots of 
equation (24), the equation 

(?'-«,«)(?»-a,,«) 

= i» (?» - 6») (?» - (J«) + m» (?» - c») (?» - o») + n» (C» - o«) (r - ^) 

is identically true for aU the values of ^ Hence writing in turn a, b, c for ^, 
we obtain 

(a»'-oh*)(o*-0 
.(o«-6*)(a»-c») 

. . (y- Oh*) ffl -«»,*) 
~ (i»-c»)(6»-o«) 

(c'-a..»)(C-a.,«) 
(<}'-a»)(<J«-if) / 
whence we find 

f, ^ (o'-a».')(6'-a>.«)(<i'-a>.*) ^. ^ (o« -«»),») (6* -«.') (C - a>,') ^^g), 

relations that we shall require later. 

Now assuming, as we shall do in what follows, that a^ > 6* > c*, the second 
of equations (28) shows that (oh' — ^)(^ — ^*) is alwajrs positive and then 
the finst and last of these equations give that coj and to^ are both less than a 
and greater than c, so that a. > <»i > ^ > ^ > c- • - • 

We see then diat if a>i and a>t become equal, this can only occur by their 
both being equal to 6; but if one of the speeds be b, we must have m = 0, that 
is the wave-normal lies in the plane of xz and if the second speed be also b, 
we have 

At the same time the expressions for the direction-cosines of the polarisation- 
vector become indeterminate and hence in the directions given by 

all waves are propagated with the same speed, whatever may be their 
polarisation. Since these directions have the same property as the optic 
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axis of an uniaxal cr}'stal, they are called the optic axes of the medium, and 
they are obviously the normals to the circular sections of the ellipsoid of 
polarisation. 

Calling OA the optic axis in the quadrant xz^ OB that in the quadrant 
— xz, and 211 the angle AOB, then 

«^^"=V^=^' ^«"=V^3^ : (^^)- 

124. The quantities I, m, n given by equations (28) may be regarded as 
the coordinates of a point on a sphere of unit radius with the origin as centre. 
If cos be kept constant, while a>i varies, the point will describe a spherical 
ellipse, determined by the cone 

-H— , + 5^ + :3-^ = (32). 

o* — «a»* ft* — ox,* c* — «»,• 

the centre and foci of the ellipse being the points in which OZ, OA, and 0J3 
meet the sphere *• 

Similarly if a>s vary, while fi)i is constant, the point will describe a 
spherical ellipse given by the cone 

-T^ + jr^ + TT^.^'^ (33) 

with its centre and foci at the points in which OX, OA and OR (the 
prolongation of BO) meet the sphere. 

Taking the spherical ellipse a>i ss const., we have 

whence if ai, /3i, 71 be the direction-cosines of the normal to the plane of 
polarisation of the wave a>i, we have 

or the plane of polarisation of the wave a>i cuts the sphere in a tangent to the 
spherical ellipse toi « const 

Similarly the plane of polarisation of the wave a>s cuts the sphere along 
a tangent to the ellipse a>, = const. 

But the tangent to a sphero-conic makes equal angles with the radii- 
vectores from the foci to the point of contact : hence, the planes of polari- 
sation of the two waves propagated in any given direction bisect the angles 
between the planes drawn through this direction and the optic axes. 

* Olebsoh, Prifuipien der math. OpHk, Aogsborg (1887), p. 88. 
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Again let itTbe a point on the spherical ellipse o), = const., and let the 
angles NA and NB be x ^^^ x' respectively; then (x + x')/2 is the major 
semi>axis of the ellipse, that is the angle between the axis of z and the 
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Fig. 27. 

generating line of the cone (32) lying in the plane of xz. But writing 
m = 0, we have for this line 

whence 7"^*, = tan* ^ J^ 

G) j" — c* 2 

or <»i" = — 2~ + — 2~cos(x + x) (34). 

Next regarding i\r as a point on the ellipse m^ » const, we obtain by 
interchanging a and c and writing ^ — %' for y^^ 

, a* + c» 'a*-c* , ^ ,Q.. 

®i'=— 2~ + -~y~^«(x""xO (3^)» 

and fix)m (34) and (35) 

ii^> -«,•« (a« - c*) sin X sin x'.. ....-•: .....(36), 

or the difference of the squares of the speeds of two waves propagated in a 
given direction is proportional to the product of the sines of the angles between 
that direction and the optic axes. 

We have further 

a«-a>x« =i(a* - c')sin' ^'T^ , c"- fi>i'= - («" - c»)cos» ^ ^ , 

6?- a)i« = - (a«- c»)(8in«a -sin»2^^) = -5^^ {co8(x-X 
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but if I be the angle ANB 

cos 2X1 = cos X cos x' + ^ X ^° X' ^^^ *» 

Hence i'i = ±i(o'-C)8in(x-X')8in| (37), 

and in the same way we find 

i?;=±i(a'-c«)sin(x + xOoo8^., (38). 

125. Considering now the transition from biazal to uniaxal crystals, let 
us first suppose that the mean axis of the ellipsoid of polarisation gradually 
diminishes until it becomes equal to the least axis 2/a. The medium then 
becomes ultimately an uniaxal crystal with its optic axis in the direction of 
the axis of jt. Since in the limit x ^^^ x' become equal, we see that the 
quicker wave then has a constant speed and is polarised in the principal 
plane, while the slower wave has a speed dependent upon the direction of 
propagation and is polarised in a plane petpendicular to the principal plane. 
Hence when the acute angle between the optic axes is bisected by the 
greatest axis of the ellipsoid of polarisation, the biaxal crystal has a certain 
resemblance to a positive uniaxal crystal and the more acute the angle 
between the optic axes, the greater is the similarity. 

Again by increasing the mean axis of the ellipsoid of polarisation until 
it becomes equal to the greatest axis 2/c, we see that, when the acute angle 
between the optic axes of a biaxal crystal is bisected by the leiast axis of the 
ellipsoid of polarisation, the crystal to a certain extent resembles a negative 
uniaxal crystal with its axis in the direction of the axis of a. 

The bisector of the acute angle between the optic axes is called " the first 
mean line," the bisector of the obtuse angle is termed "the second mean 
line." Thus a biaxal crystal is said to be positive or negative, according as 
the first- or the second mean line coincides with the greatest axis of the 
ellipsoid of polarisation* 

Calling 2fi the angle between the optic axes that is bisected by the axis 
ofjT, wehave 

cos 2fl = (2ft" - a« - <^)/(a« - c*), 

and firom what precedes, the crystal is positive or negative according as 

2ft 5 w/2, that is according as 26« 5 a^ + d". 

126. The surfiEM^ of wave-quickness is the locus of points obtained by 
taking on lines through the centre of the ellipsoid of polarisation lengths 
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representing the reciprocals of the semi-axes of the central sections of the 
ellipsoid perpendicular to the lines. Its equation in polar coordinates is 

'' n-i^-;^ = o (39). 



fit' — ft)' 6' — o)' c* — ft) 
and in Cartesian coordinates 

a«-(^-|-y»4-^) 6*-(ic» + y»4--e') c»-(a;» + y« + £r«) ^ ^' 

The sections of this surface by the planes of symmetry are a circle and an 
oval, of which the equations are given in the following scheme : 



Plane 


Circle 


Oval 


y^ 


y» + jB« = a» 


(yt + ^)« = c»y« + 6V, 


za 


^ + a:»=6« 


(^+a*)» = aV + c*ic», 


xy 


a:» + y« = c» 


(a^+y*)* = 6V + ay. 



Since the sar£EU^ of wave-quickness is the pedal of the wave-surface, the 
circle in each plane of symmetry is common to these surfaces. 

In the plane of xz the circle and oval intersect, and the radii-vectores to 
the points of intersection give the optic axes. We are thus afforded another 
method of determining these directions. 

The equation of a plane wave propagated with speed o) in the direction 
given by the cosines I, m, n is 

Ix + my + nz=^oD, 

I, m, n, CO being connected by (39). Taking as coordinates of the plane the 
negative reciprocals of the intercepts made by it on the axes, or writing 

i = — l/<o, JIf = — m/cD, N=: — n/cD 

the equation of the plane becomes 

Lx -{- My + Nz + 1^0, 

where L,M,NsLre connected by the relations 

a*-.c»«^6»-ft)« c»-a)« 
Eliminating eo between these equations, we obtain 

--{2i»(^ + c») + Jf»(c» + a») + iV'*(a« + 6«)} + l = 0...(40), 

which is the tangential equation of the envelope of the wave, that is of the 
wave-surface*. 

• Pldeker, CrelU*$ J, xa. 18 (1S38). 
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127. The surfjEU^e of wave-slowness is the reciprocal of the wave-surface 
with respect to a concentric sphere of unit radius : its Cartesian equation is 
thus obtained from the tangential equation of the wave-surface by changing 
tangential into Cartesian coordinates. Hence we obtain 

-{(6* + c»)a»-l-(c»4-a»)y' + (a« + 6«);e»} + l = (41). 

It is also the inverse of the surface of wave-quickness, and hence its polar 
equation is 



a«a)« - 1 "^6»G)«- 1 ■^c'a)"-. 1 



= (42). 



Since it is the locus of points obtaiiled by taking, on the normals to the 
diametral sections of the ellipsoid of polarisation drawn through its centre, 
lengths equal to the axes of the sections, the outer sheet of the surfsLce of 
wave-slowness corresponds to the inner sheet of the surface of wave-quickness 
and vice versd. 

The scfction of the surface by each plane of symmetry consists of a circle 
and an ellipse, of which the equations are given in the following table : . 



Plane 


Ciiole 


Ellipse 


y^ 


y*+ic' = a-* 


cy + 6»^ = i. 


zw 


^ + «« = 6-« 


aV + c*a» = 1, 


xy 


a:» + y« = (r^ 


6*a:»-hay = l. 



In the plane oixz the circle and the ellipse intersect, the points of intersection 
being on the optic axes. 

' In order to determine the refnicted waves correspondiog to a plane wave 
inddent in an isotropic medium on a plane surface of a biaxal crystal *, let us 
take new axes ^, 17, 1^ such that the surface is the plane of ^ and the plane 
of incidence that of ^(^, the positive direction of the new axes being so chosen 
that the positive quadrant ^(l* contains the direction of propagation of the 
light, and that pn regarding the plane of ^^ from the positive direction of the 
axis of 17, the positive axis of ^ is made to coincide with that of 1^ by a rota- 
tion in the direction of the hands of a watch. Let the new axes be given 
with reference to those of x, y, z by the scheme 





X 


y 


Z 


i 


On 


Oa 


Cm 


V 


Pn 


On 


On 


K 


Cn 


On 


Cu' 



• Liebifloh, N. Jahrb.JUr Min. (1S86) ii. 181; Pky$, Krytt. p. 353. 
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Then to obtain tbe equation of the surface of wave-slowness referred to the 
new system of coordinates, we must write 

and the directions of the refracted waves, and of those produced by them on 
reflection at a second surface parallel to the first, are found by writing in the 
equation thus obtained 

f = sin i/fl, 17 = 0, f = sin i7(fl tan r). 

Making these substitutions we obtain an equation 

Oo tan* r + 4ai tan'r + Gostan' r + 4a, tan r + 04 = ^43), 

where 



* M ^ 






* m » 



Sin' I 

- -j^ ({6' + C) c„' + (C + o») c' + {a} + J*) c,'} + 1, 



* M » 



A 

4ai = 2 -^ (JWCuCn + c"a\;uP» + a"6\h»c») 



* A • 



sin' I 

- 2 -j^ {(6« + <!•) CuC,! + (C + a') CjsC + (a» + 6») c„c«}, 

Sin 1 



* A • 



-^ {(6* + C) c„' + (C + a') cn* + (o« + 6») c»}, 
4a, = 2 -jjj- (ftVcuCn + cWcy^Cn + a'6'Ci,c»), 

a4= ^^(6Wp„* + c^*c»' + a«6«c„«). 

In general this equation can only be solved by a method of approximation 
but in certain cases it assumes simple forms that give complete solutions of 
the problem. Thus, suppose that the sur£Eu^ of the crystal is parallel to 
one of the axes of 'symmetry, say the axis of z, and let the angle {x^ be fi and 
let the angle between the planes ^^ and xy be S. Then 

Cu — sin fi cos S, Cm = cos fi cos S, Ci, = sin 8, 

c^ = cos ft, Cm = — sin fi, c» = 0, 

and 

Sin % 
Oo = -7^ (6V sin' fi cos' S + c^' cos* fi cos' S + a'i* sin' S) 

-^^{(6' + c')sin'/ACOs'S + (C + a')cos'/icos'8 + (a'+6»)Bin'S}+l, 



( 

I 

/ 
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• • • 

tin* « 



. „ /sin* t* - \ sin' % ,, ^ .. . ^ 

4a, = 2 ( "oT ^ — 1 ) "TiT (^ " ^ ) ^^'^ /* ^^^ M cos S, 



* ^ • 



A ' 

Sin t 
6a,= -jjp{6V(l-sinV8in»S) + (Ai'(l-cosVsin»S) + a*8in«S} 



' m * 



Sin' t , 
— jcp (c" + a'sm*/4 + 6'cos*/Lt), 

• ^ • 
sin % 

40, B 2 -j^ c" (6* — a') sin /x cos /x cos 8, 

* 4 * 

o«= -j;^tf'(o*Bin*/t + 6'oos*/t). 

If the plane of incidence be parallel to the plane of xy, we have S » and 

(48) becomes 

/(r) <!> (r) = 0. 

'»»- /(r) = (^<^-l)tan«r + «gi<.. 

^ (r) = 4, tan' r + 2Ai tan r + -4,, 



* A • 



with A. = ~nr" (^ ^^' A* + o'cos'/Lt) — 1, 



■ B • 



Sin" t ,, . . 
-d, = -jjj- (6» - o«) sin /4 cos /A, 



* A • 



4,— -^^ (6* cos" /n + a* sin V)- 

If on the other hand the plane of incidence pass through the axis of g 
S - 9-/2 and (43) reduces to 

Oo tan* r + 6a, tan" r + a* = 0, 



,b» . «..(!^^-i)(!^»._,), 



* 4 * 

6a,«?^(5Vcofi"/i + <^'sin«M + a"6") 



sin"t 



- "Tjp (c" + a" sin" /[4 + 6" co^ /i), 

01= ^^ (^ (a"sin"/4 + 6" cos" /a). 

Further if /i = 7r/2 we have the case in which the surfiEu^e of the crystal is 
parallel to the plane of symmetry xz and tan r is determined from 

Oo tan* r + 60, tan"r + a^ = 0, 
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where a. = (^ 6' - l) (^ (C cos' 8 + a» sin' S) - ll . 

• - • • • • 

Sin X sin % 

6a,= -y^ (cW 4- 6Vcos« S + a«6« sin' S) - ^^(c" + a«), 



sin* t 



and this breaks into two factors when 8 = or 7r/2. The equation also takes 
a simpler form when the plane of incidence passes through one of the optic 
axes, as then 

S = ± (7r/2 - ft) and c«cos«S + a«sin*S = c*sin«ft + a«co^ft = 6«. 

128. We have seen in § 121 that the wave-surface may be found at once 
from the reciprocal ellipsoid by a process similar to that by which the 
surface of wave-quickness is obtained from the ellipsoid of polarisation and it 
was thus in fieu^t that Fresnel himself arrived at its equation*. It will how- 
ever be convenient to proceed by a mot*e direct method and to determine the 
wave-sur&ce by its property of being the envelope of a system of plane waves, 
that have passed simultaneously through a given point and have travelled* 
thence in different directions for unit time. This method was also given by 
Fresnel f, but he did not*, effect the elimination of the variable parameters : 
this was first done by Ampere j by a somewhat laborious process and after- 
wards in a £eu:' simpler fashion by Archibald Smith§. 

• The equation of a plane wave is 

Ix + my + nz^d} (^X 

wherein the parameters are connected by the relations 

P + i»« + n«=l (45), 

-i i + 15 i + :5 i = (46). 

In virtue of these relations only two of the parameters are entirely inde- 
pendent in their v€uiations ; but by multiplying equations (45) and (46) by 
the indeterminate quantities and H respectively and adding them to (45), 
we obtain the equation 

te + «»y + «* + (?(Z' + m'+n«) + F(^+^. + ^) = « + (?. 

* (Ew>r€9 eompl^UM, n. No. xltu. § 87, p. 561. 

t Ibid, §§ 82— d6, pp. 552—561. 

t Ann. d€ Ch. et de Phy$. (2) xzzix. 118 (1828). 

§ Camb. Phil Tram. vi. 85 (1885); PhiL Mag. xii. 885 (1886). 
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in which all the parameters Z, m, n, a> may be regarded as independent 
variables. Hence differentiating with respect to each in turn, we have 

a: + 2Gi + 2fl"-5-^ = 0, y + 2Qm+2H.. r=0, 

a — or 0^ — or 

^ + 2Gn+2JT^^ = 0, 2jff-^ = l, 

where F is given by (26). 

Multiplying the first three of these equations by Z, m, n respectively and 
adding we find 2& = — co, whence 



F^ I \ 
Q> a^— or 



F* m 
y^rruo -rr* 



Jf^ n 



} (47), 



• • • • 
which equations give the coordinates of the point of the wave-surfiace, at 
which it is touched by the wave (44). 

Squaring and adding equations (47), we obtain 

t 

' =«' + ^ (48). 

whence, writing «• + y' + xr* = or*, equations (47) become 

and multiplying these equations by equations (47) respectively and adding 
we have finally 



0* 



= 1 (50). 

the equation of the wave-surface. 

• 

129. Let \, fi, vhe the direction-cosines of the ray a, then 
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and introducing the direction -cosines of the polarisation-vector from (23), 
equations (47) become 

fia^mo — FfilcDS (51). 

pa = net) — Fy/o) ) 
Eliminating a, o), F between these equations we have 

X, Z, a =0, 
/A, ^, /8 

which expresses that the ray, the wave-normal and the corresponding polari- 
sation-vector are in one plane. 

Consider now the normal to the ellipsoid of polarisation at the point in 
which the polarisation- vector meets it. This line is called '' the reciprocal 
line " and if e,f, g be its direction-cosines 

^ f 9 1 _ 1 ^i, /52) 

a«a 6«/8 c^ JaW+¥^+&^ JF* + o^ <rai ^ ^' 

Hence using the suffixes (1), (2) to distinguish between the two waves 
propagated in a given direction 

^lO, +/i)8, + 5ri7, = 0, e^+ftffi+g^i'^O, 

or the reciprocal line is in the same plane as the ray and the wave-normaL 

Also from (51) and (52) we have 

e\ -^ffi + flrv = (a«aZ + b'ffm + cV»)/<^ - (aV + 6*/9« + cV) Fl(a^a)') 

= 
from (19) and (25) ; thlis the reciprocal line is perpendicular to the ray. 

We may therefore extend the proposition respecting the ellipsoid of 
polarisation as follows* : 

The propagational speed of a plane wave in a crystal is giveh by the 
reciprocal of one of the semi-axes of the diametral section of the ellipsoid 
made by a plane parallel to that of the wave : the polarisation-vector of the 
wave is in the direction of that axis : the' corresponding ray is parallel to the 
line of intersection of the tangent plane at the extremity of the axis and the 
plane containing the polarisation-vector and the wave-normaL 

130. The angle between the ray and the wave-normal is given by 

tan (NS) = V<r» - €»«/« = F/ta*. 

Hence we have from (37), (38) in the case of the quicker wave 

tan(i\rSx) = ±^^sin(x-Xi)8in| (53), 

* Beer, Hdhere OpHk, 2)id ed. p. 819. Yon Lang, Wien. Ber. xun. (2) 627 (1861). 
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and for the slower wave 



a* — (^ t 

tan (NS,) = + -g^ sin (x + x') cos ^ 



.(64), 



where x> X ^^ ^'^ angles between the normal and the optic axes, and % is 
the angle between the planes through the normal and the optic axes. 

In order to interpret these results, let a sphere be 'described round the 
origin as centre, and let the axes of symmetry of the crystal meet its surface 
in the points X^ Y, Z and let the optic axes and the wave-normal intersect it 
in the points A, B and iV^. Then by § 124, the polarisation-vector of the 
quicker wave lies in the central plane bisecting the exterior angle between 
AN and BN and by § 129 the corresponding ray is in the same plane : the 
polarisation-vector and the ray of the slower wave are in the plane of the 
great circle bisecting the interior angle between these area 




Considering now the cases in which the normal is in one of the planes of 
symmetry, we see that when it is in the^plane of YZ, 8^ coincides with N and 8^ 
is between N and Z\ when it is in the plane of XY, 8i is between N and F 
and St coincides with N; finally in the case of the plane of XZ, when the 
normal is within the angle AOB, 8i is between N and Z and 8^ and N are 
coincident, but when the normal is without this angle, 8i and N coincide, and 
8t is between N and Z. 

« 

Collecting these results on the sur£su;e of the sphere, we see from con- 
tinuity that /8f, must be within the angle ANB and 8i must lie without the 
angle ANB\ B' being the point on the sphere diametrically opposite to jB*. 



• Neamann, VM, il&er thewr, Optik, p. 198. 
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131. The above method of determining the ray that corresponds to a 
given wave fails, when the wave-normal is in the direction of one of the optic 
axes, for the angle ANB loses its meaning when N coincides with A or B, 

Suppose now that the point N^ starting from some position other than A 
or B, moves along the great circle NA, till it comes to A ; then in the limit 
when it reaches -4, we have cd, = a>a = 6, x = 0, x = 2ft and t is the angle 
BAN\ so that the formulae (53) and (54) become 



, J a V(a'-6')(&'-C) . i 
tan A8i = — ^ ^^ sin ^ , 



taa^^ = ^<"'-y--^ 



COSg, 



£fi being on the great circle bisecting the angle WAX and outside this angle 
and S^ being on the great circle bisecting the angle N'AZ and within the 




Fig. 29. 

angla Hence calling k the angle ZAS, we may include these formulsB in the 
single expression 



6« 



cos#c (55). 



But this result is independent of the particular path along which we have 
supposed N to travel and the same reasoning applies to all great circles 
through A and it hence follows that to the single wave-normal OA there 
correspond an infinite number of ra}^ forming the generating lines of a cone. 

Now in § 128 we have found that the coordinates of the extremity of a 
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ray are connected with the speed of the corresponding wave and with the 
direction-cosines of its normal by the relations 



X 



y ma} 



n<o 



a> 



«-a«' <r«-6» 



a>' 



-J»' ^-C» tt^-C 




[a « 

Fig. 80. 

Writing the second of these relations in the form 

y ^o) / P n« \ 

we see at once that the expression l)eoomes indeterminate when the wave- 
normal coincides with the optic azis^ since m and fil(a* — a^) + n*l{c^-'C»*) 
then vanish independently of one another. Consequently in this case the 
coordinates of the extremity of the ray have only to satisfy the two conditions 

^ _ Q> _ h 

z njb _ ft 

<r«-c»^6»-d»"' V(6»-c»)(a«-d«)' 

and thus the extremities of the rays corresponding to the plane wave perpen- 
dicular to the optic axis lie on the intersection of the spheres 

«, + ^ + ^ + ?^^E^^E^,_a. = (66), 

and ..- + y. + ^_5^(^E^EES^_c.=0 (57). 

and the wave touches the wave-surface along a circle in the plane 

6 V^r7* + 6 V^::?''^ <^^>- 

14—2 
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The equation of the cone of rays is found by combining (58) with (66) or 
(57) so as to form an homogeneous equation of the second degree, and we 
thus obtain 

a;« + y* + ^ + — ^ — (v a« -6*a? + v6»-c*5)a? 






or a«(6«-c»)a;» + 6»(a*-c»)y« + c»(a«-6*);8« 

= (a« + c«)\/(a«-6»)(6«-c«)aj^ (69). 

The cone is symmetrical with respect to the plane of xz and its angular 
opening B is found by writing ic = in (55), which gives 

tan 8 = V(a« - 6«)(6» - c»)/6« (60). 

132. The fact that a* plane perpendicular to the optic axis at ita 
extremity touches the wave-sur£Eu^ in an infinite number of points consti- 
tuting a circle, so that corresponding to a single wave-direction there are an 
infinite number of rays lying on a cone, occasions what is known as internal 
conical refraction. 

In order to investigate the characteristics of this phenomenon, let us con- 
sider the simple case, in which a cylindrical pencil of rays, of small radius r, 
is incident normally on a plate of a biaxal crystal cut perpendicularly to one 
of the optic axes of the crystal 




Fig. 81. 



Bound the point in which the axis of the pencil meets the plate, 
describe the wave-surface within the plate and draw a tangent plane to it 
parallel to the bcea of the plate: this will touch the wave-surfiEu^e along a 
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circle and the lines joining with the points of this circle will be the axes of 
refracted cylinders of light, that are determined by the illuminated portion 
of the first surface of the plate. The incident pencil is thus divided into an 
infinite number of diverging streams, the axes of which meet the second 
surface of the plate in a circle A8C, passing through the point in which the 
normal OA meets the sur&ce and having its centre Q in the plane of the 
optic axes. On emergence these streams resume their primitive direction, 
and apart from loss of light due to refraction, the appearance on a screen 
parallel to the plate will be the same as on the second surface of the plate 
itself. 

If AC be the diameter of the circle ASG, the angle AOC is given by 

tan ^OC = V(a« - 6»)(6» - c»)/6*, 
and if D be the thickness of the plate, the radius of the circle is 

-B = (D/2) tan ^ Oa = jD V(a» - 6»)(6» - c»)/(26»). 

If i2 > r we have on the second face of the plate a ring of light bounded by 
concentric circles of radii R + r and R-^r; if i2 « r the central dark patch 
just vanishes ; if i2 < r, there is a luminous circle, the inner portion of which 
of radius r — i2 is due to the overlapping of the refracted streams. 

Suppose that the incidisnt light is plane polarised, and let us determine 
the intensity and the polarisatioa at a point on the second &ce of the plate. 

Let U be the direction of the polarisation-vector of the incident stxeam 
and let a be the amplitude of its vibrationa Draw As perpendicular to tt, 
meeting the circle A8C in the point s and dx being an element of an arc of 
unit radius, divide the circumference of the circle into elementary arcs st^, 
if^\ ..., oorrespondi^ to dx. 

Now the incident stream may be regarded as the superposition of ir/dx 
identical elementary 'i^reams, and these may be replaced by ^Trjdx streams 
with their polarisation-vectors in the directions As, As' ... and the per- 
pendiculai: directions Acr^ Aa' .... On entry into the plate each of these 
components will assume a direction corresponding to that of its polarisation- 
vector : thus the stream with its polarisation-vector parallel to Ah will meet 
the second £ace in a circle with its centre at 6, and the amplitude of the 
vibrations in this stream is 

(adx/ir) cos bit ^{adxlir)^(B/2) (61X 

where S is the angle sQb. 

Consider a point p on the illuminated portion of the £Eu;e : the light at p 
is due to. a ray of each of the streams, the axes of which intersect the arc ^s,, 
where «i and s^ are the points in which A8C is cut by a circle described round 
p as centre with radius r. 
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Let Op cut A8G in the point n and let pQsi ^pQs^ = <f>, sQn = S. Divide 
the angle ^ into elements of magnitude dx, then the azimuths of the cor- 
responding points of the arc a^Si measured from sQ are 

8 + ^, S + ^ — dx, . . . , 8 — ^ + dx, S — (f}, 

and hence from (61) the amplitudes of the vibrations in the streams that 
contribute to the illumination of p are 

adx . 8 + 6 adx . S + tb —dx adx . S— dy-^-dx adx . S — ^ 

ir"° 2 ♦ -V" — 2 — ••••' ir"° 2 ' v«"^-2^' 

and the azimuths of the corresponding polarisation-vectors measured from 
As are 

S+4> S + ify-dx ' S-ify + dx S-<f> 

2 ' 2 ' *'** 2 ' 2 ' 

Hence regarding the illumination at p as the effect of two streams with 
their polarisation-vectors parallel to As and Aa respectively, we have for the 
amplitude of the vibrations of the first 

^ a /■♦ . S + x S + x, a • ^ • o /^o\ 

r = — / sm — ^~ cos Q oa? = - sm^smo (62), 

and for the amplitude of the vibrations of the second 

. ■ 

X=»— 1 sm— s— sin— 5— cw?=- (^ — sm^coso) ...(63). 

IT J ^^ It A IT 

Whence the intensity at the point p is 

/=Z« + F" = 5(^V2^8in^cosS + sin«^) (64), 

IT' 

and the polarisation-vector at the point is inclined at an angle '^ to that of 
the initial stream of light, where 

sin ^ sin 8 .^ . 

tan'Jr=-r r-i--T K (66). 

^ ^ — sm^coso ^ ' 

Calling p the distance Qp^ the angle. ^ is given by 

cos^ = (i?-r» + p«)/(2J2p) (66). 

In interpreting these results, it is necessary to consider separately the 
three cases mentioned above. 

(1) If i2 > r, so that there is a ring of light with a dark centre, the value 
of ^, which remains constant over each circle concentric with the ring, 
is equal to zero at the edges of the ring, to which correspond the radii R±Ty 

and attains its maximum value on the circle of radius slB? — r'. 

Along one and the same radius S is constant, and the intensity changes 
in the same manner as ^ : the polarisation-vector is at first inclined at an 
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angle 7r/2 — S/2 to that of the incideDt light ; this angle increases to a maxi- 
mum as we pass outwards and then decreases to its former value at the outer 
edge of the ring. 

On one and the same circle ^ is constant and the intensity increases from 
the minimum value a' (^ — sin (l>y/7r^ at points on the radius Qs to the maxi- 
mum value a' (^ + sin <f>yi'n^ at the diametrically opposite points : the 
polarisation-vector has the same direction as that of the incident stream 
at points on the diameter sQa, and as we move round a given circle from one 
of these points, its deviation from this direction increases to a maximum and 
then decreases again, the deviations being equal and opposite at two points 
on the circle equidistant fr*om the poiut in which Qs cuta it. 

(2) When B=^r, the central dark patch disappears and the centre is the 
intersection of the edges of all the elementary circles of light. At this point 
^ s 9r, and on passing along a radius <f> suddenly changes to 7r/2 and then 
decreases gradually to the value zero at the limit of the spot. Hence at the 
centre the intensity and the polarisation are the same as those of the incident 
light: they then change suddenly and thence alter gradually until at the 
outer edge the intensity becomes zero and the plane of polarisation is 
inclined at an angle 7r/2 — 8/2 to its primitive position. 

(8) If R<r, the elementary circles overlap on a circle of radius r^R. 
For all points withui this circle ^ = tt, and on passing outwards <f> decreases 
gradually to the value zero at the limit of the spot. Thus the changes in 
the intensity and the polarisation are the same as in the former case, except 
that on crossing the edge of the central circle there is no sudden variation. 

Taking now the case in which the primitive stream is unpolarised, we 
may regard the incident light as resulting from the superposition of two 
independent streams of equal intensity with their polarisation- vectors parallel 
and perpendicular, respectively to AC. If / be the intensity of the un- 
polarised stream, then 1/2 is the intensity of each of the polarised streams, 
and that with its polarisation- vector parallel to AC will give at the point p 
a stream of intensity / sin* ^ sin* S/(2tt*), where S is the angle AQp, with its 
polarisation- vector perpendicular to AC, together with a stream of intensity 
/(^ — sin ^ cos S)'/(27r*) with its polarisation- vector parallel to ^C On the 
other hand the second component of the incident light gives at the same 
point streams of intensities / (^ + sin ^ cos S)'/(27r*) and / sin* sin* S/(27r*) 
with their polarisation- vectors perpendicular and parallel to J. (7 respectively. 

Hence the combined effect at p is a stream of intensity 
^(^+sin*<^+20sin<^cosS)=^-^](<^ — sin <^)* + 4^ sin ^ cos* ^[ , 
with its polarisation- vector perpendicular to AC, and a stream of intensity 
x-j(^ + sin*^ - 2^sin^cos ^)'=k-^ \{4> - sin ^)* + 4^sin ^sin* ^ [ , 



216 The Analytical Theory of Light [oh. xi 

with its poIarisatioD -vector parallel to AG. These are equivalent to a stream 
of common light of intensity I (if> — sixi(f>y/7r^ together with a stream of 
polarised light of intensity 2I(f> sin ^/tt' with its polarisation- vector inclined 
at an angle of 7r/2 — S/2 to the direction AC. The total intensity is 

/ (<^« 4- sin« <^)/7r», 

and the measure of the polarisation is 



2(f> sin <f> _ o / <l> sin <t> \~^ 
f>^ + sin' d) \sin S 4> ) 



0' + sm' ^ \sm <f> <f> 
Applying these results to the three cases already considered, we have 

(1) When R >r, the same intensity at all points on a circle concentric 
with the ring : on the edges the intensity is zero and it attains its maximum 
on a circle lying within the circle A8G. The light is partially plane polarised; 
the polarisation is the same for all points on a given radius, becoming more 
complete as the edges of the ring are approached, and the polarisation- vector 
is parallel to the line joining A to the point in which the radius cuts the 
circle ASC. 

(2) When R^r, the inner limit of the ring contracts to a point, at 
which the light is unpolarised and the intensity that of the incident light. 
Passing outwards from the centre along a radius, there is a sudden change in 
intensity 'and the lig&t becomes partially polarised and thence the intensity 
decreases Bj^d the measure of the polarisation increases as the edge of the 
spot is approached. 

(8) When J2 < r, there is a circle of common light of radius r — R, over 
which the intensity is that of the incident light, and on moving thence to the 
edge of the spot the intensity gradually decreases and the measure of the 
polarisation increases*. 

133. Betuming to equations (49), we have 

\ar Im ficr ^ mco va fuo 



a»^a* a'-o)*' <r*-6« ft*-©*' a^-d" c»-a)«' 
and from (23) and (62) 

e,/, g being the direction-cosines of the reciprocal line, and we thus obtain 

S4)-4. a4)/-i. {h-h>'i («»'• 

H being written for — m^a^lF. 

* Beer, Pogg. Ann. lxxxv. 67 (1S52) ; Hdhere Optik, 2nd ed. p. 346. 
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These equations connecting the ray-slowness and the directions of the ray 

and of the reciprocal line are of precisely the same form as equations (23) 

connecting the wave-velocity with the directions of the wave-normal and of 

the polarisation-vector, and we pass from the one set of equations to the other 

ty writing 

ar\ b-\ cr^; \, /a, v\ H"^; tr-^; c, / g, 

for o, 6, c; I, m, n; F; a>; a, fi, 7, 

and (e,f, g) stand in exactly the same relation to (X., fi, v) as do (a, /3, 7) to 
{I, m, n) § 129 ; whence it follows that all the propositions deduced from (23) 
may be extended by this change of letters. In this extension 

the direction of the wave-normal becomes the direction of the ray, 

the wave-velocity becomes the ray-slowness, 

the polfpisation-vector becomes the reciprocal line, 

the polarisation ellipsoid becomes the reciprocal ellipsoid, 

of which the equation is 

— 4.2-4.1. =1 

with the following properties : 

The propagational speed along a ray in a given direction is equal to one 
of the semi-axes of the diametral section of the ellipsoid perpendicular to the 
ray ; the plane through this axis and the ray is the corresponding plane of 
the polarisation-yector ; the line of intersection of this plane and the tangent 
plane to the ellipsoid at the end of the said axis is parallel to the correspond- 
ing wave-normal*. 

134 Corresponding to the optic axes or directions of single wave- velocity, 
we have two directions of single r&y-velpcity or ray -axes, the direction-cosines 
of which are 

■ 

'^^iftV^^^' ^' •""ifcV^i^ ^^^^' 

The ray-axes are thus in the plane of optical symmetry xz and in the 
directions of the radii-vectores to the points of intersection of the ellipse and 
circle, that are the section of the wave-surface made by this plane. 

Also we obtain at once that the planes 'of polarisation of the waves cor- 
responding tcT the two rays in a given direction bisect the angles between the 
planes through this direction and the ray-axes, and that, if '^, y^ be the 
angles' that the direction makes with the ray-axes, the two ray- velocities are 
given by 

<ri-« = i(a-« + c-») + i(a-»-c-*)cos(^~^')) ^^ 

cra-» = i(a-* + c-«) + i(a-«-c-*)cos(^+V^')J ^ ^' 

* Beer, H6here Optik^ 2iid ed. p. 819. Yon Lang, loc. cit. 
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o-i"* — a^ = (a~^ — c"*) sin -i^ sin -i^'. 



,(71). 



Hc^ = + i (o-' - c-«) sin (f-f) sin | 
S,-' = + i (a-» - c-») sin (i^ + 1^0 cos I 



(m 



where j' is the angle between the planes through the ray and the ray-axes in 
which the axis of z lies. 

135. The angle between the ray and the wave-normal is given by 

tan(iSiV)=J?ya)«=-(7V^, 



whence 



tan (SN,) = ± ~^~-- sin (>/r - ylt') sin ^ 



tan (flfJV,) = ± 



a-^-cr* . 



.(73), 



sin (yft + '^') cos ^ 



where, if aO/3 be the angle between the ray-axes Oa, 0/5 in which the axis of 
z lies. Iff is the plane bisecting the angle a8/5 and without this angle, while 
Ni is the plane bisecting the angle aS^ {Ofi' being the prolongation of fiO) 
and within the angle. 

Thus the wave-normals corresponding to a given direction of a ray are 
completely determined. 

136. This method, as in the case of the converse proposition of § 130, 
becomes indeterminate, when the ray coincides in direction with either of the 
ray-axes, so that the angle aSfi, on which it depends, is withoujb meaning. 




Fig. 82. 
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Proceeding as in the analogous case of § 131, it is seen at once that in 
^is case to the single ray in the direction of the ray-axis there correspond an 
infinite number of wave-normals forming a cone, the equation of which may 
be written 

/•— s _« fit"* 

tan {oN) = — oTZT" ^^^ 22 . cos k, 

irhere 22 is the angle aOfi and k is the angle that the plane aON makes 
irith the plane of xz. 

The section of this cone by a plane perpendicular to the ray-axis is a 
nrcle, for if aN^ be its section by the said plane, 7 lying in the plane of xz, 
ire have 

07/6 = tan {arf) = — oipr' ®^^ ^^* 

md oNjh = tan {oN) = — ,_^ sin 22 . cos /c ; 

/. aN/ay = cos /c, 
nrhence the angle aNy is a right-angle, and the locus of i\r is a circle. 

Now the coordinates ^, 17, ^ of the foot of the perpendicular from the 
centre on the tangent plane to the wave-surface at the point in which it is 
net by the ray <r with the direction-cosines X., jx, v satisfy the conditions 

md writing the second of these relations in the form 






« 

ire see that it becomes indeterminate when the given ray coincides with the 
ray-axis, as /a and a* V/(<r* — a') -h c*i/"/(cr* — c") then vanish independently. 
Eence in this case ^, 17, ^ have only to satisfy the two equations 

f - ^* and ^ - "•* 



Ck> 



«-a» 6"-a» 6)^-c* 6>-c»' 



md thus the feet of the perpendiculars frx>m the centre on the tangent planes 
to the wave-surface at the extremity of the ray-axis lie on the spheres 



^• + 17"+?' + -^^ — ^f-a» = 

c 



,(75). 



md thus their locus is a circle in the plane 



yi^f-y^^f- ("^ 
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and this is the plane perpendicular to the plane of the ray-axes through the 
tangent at the end of the ray-axis to the elliptic section of the wave-surface 
made by the plane of xz. 

Combining equation (76) with one of the equations (75) so as to form an 
homogeneous equation of the second degree, we obtain as the equation of the 
cone of wave-normals 

i^(f,i7,0 = (6*-c»)f» + (a«-c»)t7« + (a»-6>)f» 



ac 



V(a»-6»)(6«-c»)f?=0 (77). 



We may now obtain the equation of the tangent cone at the singular 
point of the wave-surface, for. its generating lines pass through the extremity 
of the ray-axis, the coordinates of which are 



-r, = cV(a»-6>)/(a«-c«), yo = 0, -^. = a V(6>-c«)/(a«-c*), 
and are perpendicular to the tangent planes of the cone of wave-normals. 
Thus the equations of any one of them are 

dF/dS dF/dv dF/d^^p^^^^ 
whence 

2(6«-c»)f_^±^V(a»-6»)(6'-c')? = p(<r-a:.)' 
2(a*-c»)i7 =py 

_ ^±^ V(^3^)(6r:?) f + 2 (o« - 6») f= p (£-£.) ) 

which give 

^ g 

acVa»-6"{2acVa»-6>(a:-ab) + (a« + c»)V6>-c»(£r-ir.)} 



(a« - 6>) (6> - c«) (c« - a») y/2 



acV6"-C»{(a« + c«)V^^^(it-a:o) + 2acV6»-C»(-2r-£r,)}' 
Substituting these values of f , 17, ^ in (77) we obtain on reduction 
aV(a«-6")(a?-a?o)" + i(6*-c')(c'-a')(a'-6')y"+aV(6»-c»)(«-ir,)« 

+ ac(a« + c»)V(a«-6>)(6»-c»)(a7-a?o)(2^-^o) = (78), 

which is the equation of the tangent cone. 

137. The existence of a conoidal cusp on the wave-surface at each of the 
four points, in which it is cut by the ray-ax^, occasions the phenomena 
known as external conical refraction ; for since at these points there are an 
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infinite number of tangent planes, forming a tangent cone of the second 
degree, it follows at once from Huygens' construction that a single ray within 
a biaxal crystal in the direction of one of the ray-axes will, on emergence into 
an isotropic medium, be divided into an infinite number of rays lying on the 
surface of a cone. 

Let us take the case in which the surface of the crystal ia perpendicular 
to the ray-axis and determine the equation of the cone of external rays. Let 
Oa represent the normal to the plate, ON any wave-normal within the crystal 
corresponding to the ray-axis, ON' the corresponding emergent wave-normal, 
and suppose a, N, N' to lie in a plane perpendicular to Ocl Then the locus 
of N is, as we have seen, a circle with its diameter aP in the plane of the 
ray-axes. 




Fig. 88. 

Now by Huygens' principle ON, ON' and Oa are in one plane and 

smaON \BmaON' iifnia (79), 

■ •»^ 

ft iMsmg tl>e propagational speed of light in the isotropic medium and o the 
waTe<-yeIoQity in the crystal in the direction ON. Also if /e be the angle that 
tt^uplane nON makes with the plane of the ray-axes 



tikilt 



rk- 



^/¥^ 



CO' 



Q> 



= tan aOiV = 



a"^ — (T* . 



26- 



sin SZ . cos K, 



whence 



dbc 



Ck> = 



VaV + (a»-6")(6" - c») co8>/c ' 
Take the surface of the plate as the plane of xy, the plane of the ray-axes as 
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that of xZy the origin being at : then the coordinates of N being x^ y, z and 
p being written for Vxc* + y', we have 

p==aPcoBK = z tan a OP . cos k = z V(a' — 6') (6* — c') cos* k/oc. ..(80). 

But p/j? = tan aON, hence a:', y', / being the coordinates of N' 

/j^ + ^e* n* aV + (a* - 6«) (6« - c*) cos* /c aJ^^ + y^' + jg'"' 

and from (80) 

a* (a» - 6«) (6« - c*) cos» ^ = a«6«c« («'» + y'')/(«^' + y*" + ^'), 

and since cos k = x'l\lx'*-\-y'*, we obtain 

a»6V(a?'» + y'»)* = '^'(a'-^)(6'-c»)^'*(«'" + y'" + (81). 

On account of the weak double refraction of all biazal crystals, this equation 
takes approximately the form* 

a6c(a;'»+y'*) = nV(a»-6»)(6>-c»)a:V (82), 

whence it follows that the locus of N' is approximately a circle passing 
through a with the diameter aP' in the plane of the ray-axes of the crystal. 

If now the stream of light within the crystal be limited by a circular 
cylinder having its axis in the direction of a ray-axis, the axes of the 
emergent streams will form the generating lines of the cone just obtained, 
and the section of any one of these streams by a plane parallel to the face of 
the crystal will be a circle equal to the section of the incident stream. The 
emergent light will therefore give a bright ring on a screen parallel to the 
face of the crystal and at a sufficient distance from it ; but as the screen is 
moved towards the crystal, the ring will contract retaining the same width, 
until the central dark spot vanishes, and on a further approach of the screen 
the bright spot contracts, until at the surface it becomes equal to the section 
of the stream within the crystal 

The intensity and the polarisation at any point of the bright ring or spot 
may be calculated in the same manner as in the case of internal conical 
refraction, since the polarisation-vector for any part of one of the emergent 
streams is in the plane containing the axis of the stream and the normal Oa 
to the face of the crystal. That this is so, is^ clear at once from the &ct that 
for any one of the waves corresponding to the ray-axis, the polari8afei(ttf-' 
vector is in the plane through the ray-axis perpendicular to the wavB-fioint,' 
that is the plane of incidence of the wavef. 

* This eqiiation is obtained at once as. foUows : equation (79) gives approximately 

a// : oN' :: w : :: 6 : or p/p'=6/0, * '' 

whence sabstituting for p from (SO), equation (82) is at once obtained, 
t Beer, HUhere Optik, 2nd ed. p. 362. \-Aj.T 
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138. It is to Sir William Hamilton that we owe the discovery of the 
conical refractions in biaxal crystals, as it was in the course of his researches 
on Fresnel's laws of double refraction by means of the surface of wave- 
slowness, that he found singularities of the wave-surfieu^, that led him to 
anticipate the existence of these phenomena*. At his instigation Lloyd f 
undertook an experimental investigation of these cases of refraction, and 
entirely established the accuracy of the conclusions. 

This confirmation of Hamilton's deductions was naturally regarded as 
a decisive proof of the general correctness of Fresnel's form of the wave- 
sufCeu^ but Stokes^ has pointed out that the phenomena of conical refraction 
are not of themselves competent to decide between different theories that 
lead to Fresnel's sur&ce as a near approximation. 

Internal conical refraction depends upon the existence of a tangent plane 
touching the wave-surface along a plane curve. Let us then consider the 
re^t of supposing that the nearest approach to a plane curve of contact 
18 a twisted curve. Let a plane be drawn touching the part where the 
Borfiftoe bends over, at two points on opposite sides of the rim, and let this 
plane be moved parallel to itself towards the centre, after having been slightly 
tilted about one of the points of contact. The section of the wave-surface 
made by this plane will be of the general form represented in the following 
figures, fix>m which we see that in four positions, as shown in a, 6, (2, e, the 





plane will touch the surfru^ in one point, so that in the direction considered 
there will be four possible wave-velocitie& On the other hand whatever 
theory of double refraofion niay be adopted, we are led to assign to a wave in 
a given direction tliree poenble directions of the polarisation-vector, to each 
of which corresponds •«' djffittent wave- velocity : but if these three parallel 
waves can be pntpagated^ m fourth in the same direction is impossible, for 
replacing its polarisatioii-veotor by its components in the three given directions, 
we should have three paixs of parallel waves and in each pair the waves would 
travel with different apeeds though their polarisation-vectors were coincident. 
Thus the number of poodble waves in a given direction is limited to three, or 
excluding waves with longitudinal vectors, to at most two. It follows then 
that a tangent plane with a plane curve of contact is a necessary property of 
the wave-sur&oe and not a distinctive feature of Fresnel's form. 

• Tnau. Bof. IrUk AcU. xyn. 184 (1832). 

t IMd. xnx. 146 (1SS8) ; Papen on Pkyrieal Science^ p. 1. t B. A. Report, 1862, p. 870. 
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This is not the case with the coDoidal cusp on Fresnel's surface, on which 
the phenomenon of external conical refraction depends : but since the wave- 
surface must have approximately the same form as FresneFs surfisu^, and 
since it also has plane curves of contact with a tangent plane, the outer sheet 
will pass into the inner by what is very nearly a conoidal cusp, and hence 
taking into account the impossibility of reducing indefinitely the pencil of 
rays with which observations are made, we see that we should obtain a 
phenomen6n that would be practically indistinguishable from true conical 
refraction. 







CHAPTER XII. 

DETERMINATION OF THE PRINCIPAL WAVE-VELOCITIEa 

139. FfiOM an optical point of view, one of the most important practical 
questions connected with crystals is the measurement of the principal wave- 
velocities, as on these quantities the doubly refracting ^properties of the 
medium depend, and we will now pass in review the methods by which these 
determinations may be made, taking the three cases in which we have at our 
disposal (1) a plate, (2) a prism and (3) a single reflecting surface of the 
crystal. 

Foci of lines seen through a crysUMine plate. 

140. In 1767 De Chaiilnes* proposed the well-known method of deter- 
mining the refractive index of a plate from measurements of its real and 
apparent thickness by means of a microscope. When the plate is isotropic, 
it may be easily shown that the refractive index is the ratio of these 
quantities : with crystalline plates, however, the, case is hot so simple, but 
when the object viewed through the plate consists of 83r8tems of lines at 
right-angles to one another, certain characteristic phenomena are observed, 
that serve to differentiate between singly refi'acting media, uniaxal and biaxal 
crystals, and that in general afford a method of deducing the principal indices 
of the plate f. 

Consider a small pencil of rays emanating 6rom a point on the lower 
surGsu^ of the plate, in such a direction that its axis on emergence is per- 
pendicular to the plate. Bound as centre describe a half wave-surface and 
considering only a single sheet of this surface, let its dimensions be such that 
the upper face of the plate touches this sheet at the point E: then by 
Huygens' construction OE will be the axis of the pencil considered. 

Let an adjacent ray OPQ cut the wave-surface in P and the face of the 
plate in Q, then the form of the wave on emergence will by Huygens' 

* M€m. de VAead. Roy. det Set. Parii, 1767, p. 48^. 
t Stokes, Proc. R. 8. xzn. 386 (1877). 

w. 15 
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principle depend upon the time that the light requires to traverse PQ 
regarded as a function of the coordinates that determine the position of the 
point Q on the surface of the plate. 




Fig. 36. 

If QE be a small quantity of the first order, the retardation will be 
a small quantity of the »ecbnd order, and it is only to this order that we 
require the retardation in determining the foci of the emergent pencil We 
may then substitute for the retardation any quantity that bears to it a ratio 
that is ultimately one of equality. No»w if QM be the normal to the sheet 
of the wave-surface drawn from the point Q, the wave-velocity in the 
direction QM will differ from that in a direction perpendicular to the plate 
by a small quantity of the fiist order, and the distance QM is a small quantity 
of the second order: hence we may neglect the variation of the wave- 
velocity and may regard the medium as if it were a singly refracting one, in 
which a wieive is travelling that has already by some means acquired the 
form DBF. 

Through the normal 'HE draw the two rectangular planes of principal 
curvature of thesurfisMse •and let C7, C be the centres of curvature, />, p' the 
radii of curvature on the same scale as that in which EH represents the 
wave-velocity (o in the direction EH. Then by what precedes, we may regard 
the rays in that principal plane of curvature, the normals in which intersect 
in C7, as diverging frx>m (7 in an isotropic medium with refractive index ft/«^ 
and these will on emergence diverge from a focus distant CE(<o/il) below the 
surface of the plate. But if r be the thickness of the plate, C7£=pT/a): 
hence the distance of the focus is pr/ft and the apparent refractive index vrill 
be ill p. In the same way n/p' will be the apparent index in the perpendicular 
plane. 
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In each case the image of the point will be seen as a short line 
perpendicular to the plane of principal curvature, and hence in order that 
one or other of two rectangular systems of lines may be seen distinctly 
through the plate at a certain focal adjustment of the microscope, the lines 
must be perpendicular respectively to the two principal planes of curvature. 

Hence taking into account the second sheet of the wave-surface, it follows 
that with biaxal plates there will be in general four focal distances at which 
lines properly orientated will be seen distinctly, and for each of the polarised 
streams the two necessary directions of the lines will be at right-angles to 
each other. 

In the case of uniaxal plates, the focal distances are reduced to three^ 
since one sheet of the wave-surface is spherical, and the image corresponding 
to the ordinary stream is free from astigmatism. 

141. It may be shown* that, if Wj and &>, be the wave- velocities in 

a direction normal to the plate, pi,. p/ and p„ p^ the principal radii of 

curvature of the corresponding sheets of the waVe-sur&oe at the points 

where they are touched by tangent planes paiTallel to the faces of the plate, 

then 

{pi+ pi) wi» (oh' - co,«) = Oh* (a» + 6> + c« - 2fl>,«) - a»6V j 

(pi - Pi? «i' (a>i« -«,»)* = [{a>6*(^ - Gh^ct" + 6" + c« - 2«i»)} («^^ 

and 

(ps + pt) wa»(fi>«' - «i') = <^t (a« + 6« + C« - 26>i>) - d?¥(? I 
(p,-p.?a),«(a),».-Gh')* = na«6»(?-a>/(a«+i^ + c»-2«.«M^^^^ ...(2), 



where 






* 142. In the case of an uniai^al plate, tox^a and 6 ^ a ; hence 

Pi + p/ = 2a, pi-p/ = 0, .-. p^^p^^a, 
and 

(pt'^pO<^t^<^(<^* + ^l *(p«-p.O«a*-^(««*-a')- 

.'. pj = d*/«i, pa'=aV/a)j*. 

(a) If the plate be perpendicular to the optic axis, 6>a = a and 

(H = pt =» c*/a- * 

m 

In this case then there will be only two images, which are free from 
astigmatism and indistinguishable directly by their polarisation, and the 
apparent indices of the plate are ^ and /i«VA^* 

* See Appendix in. § a Heeht,.^. Jahrb.flr Min. BeiL-Bd. ti. 265 (1889). 

15—2 
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(6) If the plate be parallel to the optic axis, ay, = c, and 

pt = c, pt = aVc. 

In this case there are three focal adjustments of the microscope, at which 
one or other or both systems of lines are seen distinctly — the one for the 
ordinary pencil polarised in the axial plane, at which both sets of lines are 
in focus together, giving the index /i« ; the other two for the extraordinary 
pencil polarised in the equatorial plane, at the one lines in thiat plane are 
seen distinctly and this gives an apparent index MoV/^> ^^ ^^® other lines in 
the axial plane are brought into focus and the index obtained is fi^. 

(c) In the general case, palling d the angle between the optic axis and 
the normal to the plate, we have 

!»,» = a* cos* 5 + c*sin* ^ ; 

* « 

and the apparent index obtained bj focussing a line in the principal plane is 

flc-* (a» cos« 5 + c» sin« ^)*, 

and that given by observing a line perpendicular to the principal plane is 

na-*(r« (a» co^ 5 + c» sin« ^)i. 

As d increases from 0"" to SO"", this latter index changes from m«Va<o ^ 
fh^/fie, and therefore for an intermediate value of the index obtained will 
be ^. This value is given by 

tan«d = /io"*/i/(/i,* + /ie*). 

When the plate has this orientation, there are only two focal adjustments 
at which a distinct image is seen. This case is hovrever easily distinguished 
from that of a plate perpendicular to the optic axis, because at one of the 
focal distances only lines parallel to the principal plane are brought into 
focus and this image is polarised in a plane perpendicular to the principal 
plane.' • • • . 

143. L^t us now suppose that we have a biaxal plate, the faces of which 
are parallel to one of the axes of symmetry of the crystal and therefore 
perpendicular to one of the planes of symmetry. 

Theil either jpi = or jpa = 0, and taking pi = 0, the equations (1) become 
(Pi + fh) fi>i" « - O = «!*(«• + 6* + c» - 2a),«) - a«6»d«l 

which give 

/[)i = ahandp, = — ^^ a ,x (^)' 

and from (2) we obtaiii 

• (p, + /),0«i'«fH<i^'-®i') = ®iMW(a* + 6' + c»--2(tfi»)-a*c«} (6), . 

0>« - p%) ®i' ««' (»«' - ^i')* = ^' {«*V - < (a» + 6^ + c» - 2ei>,»)} (©,» - «!«) 

# 

+ 2ei>,»(a)i«p,-ai,»pi) (7). 
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But 

= (©,»- 0{(a« + 6* + c»-a)i»-a),»)coi'6i8«-a«6V} (8), 

and therefore (7) becomes 

(fh - h) ®i'®«' (»«" - «i') = ^'^ (<»i' - 2«,>) + wi'o),* (a» + 6» + c» - 2a>i») . . .(9). 
Hence from (6) and (9) 

(a) If the plate be parallel to the mean axis of the ellipsoid of 

polarisation, then^ 

<Oi = b, .6>,* = a*coS"d4-d*sin*^, 

where is the angle between the normal to the plate and the greatest axis. 

In this case therefore 

, , c'(6'-a«)co8'gH-a«(6«-c«)8in«g 
^' ' ^ 6{(6«-a»)co8>^ + (6«-c«)8in«^} ' 

a«(fe' - a«)coe^g + Cffl - C) sin' 

^ ** (a>co6«d + d«8in«d)* {(6» - a«)co8> ^ + (6» -c*)sin»d} ' 

^ (a«cos>^ + c«sin«i9)»' 

For light polarised in the principal plane, the apparent index is fi^ when 
a line perpendicular to that plane is brought into focus and H/p/ in the case 
of focal adjustment for a line in that plane : for light polarised perpen- 
dicularly to the principal plane the apparent index is ft/p, or il/pt' according 
as a line in or perpendicular to 'the principal plane is the object of 
observation. 

(6) The cases in which the plate is parallel to the greatest axis z and to 
the least axis w of the ejlipsoid of polarisation are obtained from the above 
by changing a, K c and a:,y,gin cyclical order. 

In each of the planes of symmetry xy and yz, the radii of curvature p, 
and f}^' at a point on the elliptic section of the wave-surfisM» can become 
equal, the position of these umbilics being determined in the first plane by 

tan* (NX) = 6> ((? -i»V{a' (c" - a% 
and in the second plane by 

tasi^(NY) = (^(a^- i^)l[h' (a» - 6>)}, 

N denoting the perpendicular fix>m the centre on the tangent plane at the 
point. 
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If the plate be perpendicular to the normal at one of the umbilics, one of 
the polarised streams that it transmits will give images of both systems 
of cross-lines distinct together, and in this respect it acts as a plate of an 
uniaxal crystal cut in an arbitrary direction. The two cases may however be 
readily distinguished, when the double refraction is sufficiently strong to give 
a lateral separation of the two oppositely polarised images; for with an 
uniaxal plate the plane of polarisation of the image free from astigmatism is 
parallel to the plane of separation of the images, while with the biaxal plate 
it is perpendicular to that direction : further on rotating the plate about its 
normal, the image free from astigmatism will remain fixed in the case of the 
uniaxal plate, while with the biaxal crystal any point of this image will 
describe a small circle round its mean position. 

144. When the plate is perpendicular to an axis of optical symmetry, 
Pi =.jpi = and we have from (8) 

«i*«i' (a« + 6" + C« - Oh* - «,') = a»6V. 
Hence equations (5) and (10) give 

Thus if the plate be perpendicular to the least axis of the ellipsoid of 
polarisation, x, o»i = b,.a>2=^c, and we have the following results: when the 
line brought into focus is parallel to the mean axis y, the apparent indices 
are /i^ and fJi-a/M^, the planes of polarisation being zx and ay respectively; the 
indices obtained by focussing on a line parallel to the greatest axis g are ^ 
and fialf^i the planes of polarisation being in these cases ay and Jta. 

The other cases are obtained from this by changing a, y, £ and o^ 6, c in 
cyclical order. 

o' Prisms*. 

145. , We have already in Chapter I. considered the question of the 
pasaage'-of 'f^'istr^ain'of light through a' prism from*a general point of view 
without. any assumption respecting the form of the wave-surfieuse within the 
prism, 'and it is now only necessary to apply the results to the special cases, 
in which the wave-surface has one of the forms discussed in the last chapter. 

Let us first take the case of a prism made of an uniaxal crystal, of which 
the crystallographic orientation is arbitrary but supposed to be known. 

* Stokes, Camb. and Dublin Math, J, i. 1S3 (1S46): Math, and Phyt. Papen, i. 148. 
Senarmont, Nmto. Ann, dt Math. xyi. 278 (1857). Von Lang, Wien. Ber, zzzm. 155, 577 (1858). 
LiebiBoh, N. Jakrb. fUr Min. (1886) i. U; (1900) i. 57: GdU, Naekr, (1888) 197: Phyt. KrytU 
pp. 376-408. Bom, N. Jahrb. fOr Min. BeiL-Bd. v. 1 (1887). Viola, ZeUschrififlir Kiytt. wd 
Min. xzxn. 66, 545 (1900): Rend. Lineei (5) n. [1] 196 (1900). 
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Referring the prism to rectangular axes, such that the axis of (f is the 
edge of the prism and the plane of ^(f bisects its angle, we may regard as 
given the angle /a that the optic axis makes with the normal section and the 
angle ^ that its projection on this section makes with the axis of ^, this 
angle being measured towards the direction in which the light is travelling. 




Fig. 86. 

Suppose lines and planes, parallel to those that we have to consider, to be 
drawn through the centre of a sphere of unit radius, and let the coordinate 
axes meet the surface of the sphere in the points f , 17, t ^^^ l^t the optic 
aria and the normal to the wave within the prism cut it in the points A and 
N respectively. 

The 8ur£Ekce of wave-quickness for the prism consists of a sphere of radius 
a and an ovaloid with the equation 

a)»=:a>cos>^ + c*sin»^ (11), 

where is the angle between the wave-normal and the optic axis ; and if x 
be the angle that the wave-normal makes with the plane of ^ and '^ be the 
angle that its projection on this plane makes with the axis of f, the spherical 
triangle A^N gives 

cos^ = sin/Asinx' + cos/ACOs;^cos('^ — ^) (12). 

If now we measure the angle of the prism A, the deviation D produced 
by it, the angle of incidence i and the angle x t^ftt the incident wave makes 
with the edge of the prism, we have, § 7, 

sin (jDo/2) = sec x ™^ (-0/2), cos t'o = sec ^ cos t 
and ^ and ;^ are given by 



tan -^ = — cot ^ cot f i© „ — ) tan 

tan» y^ = tan« x (C^o"* cos* ^ + So"" sin« ^\ 



where 



(7t = cos 



il + A 



/cosg. 



St = sin 



2 



/sin ^ . 
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and finally to determine co we have 

CD- = ft' sin* xl^in* x- 

In the case of the ordinary wave, the one principal wave-velocity is given 
at once by a = a); while from measurements with the extraordinaiy wave, 
calculating from equation (12), the second principal velocity is determined 
from (11), or writing 

cos0 = acos^/co (13)» 

by c = ft) sin Q/sin ^ (14). 

146. Passing now to the case in which the deviation is a minimum, we 
have in the first place that the wave-velocity within the prism is expressed 
in terms of the angles il, Do, -^j %' by the relation 

eu' sin'v' . , , . , ,tan'V 

-— = -: — ^ = sm' Y + cos' Y ^ 

H' sm'x tan'x 

= sin»x' + cos»x (^+^cos2^) (15), 

where 22f = Co""* + So"^, 2iV = Co"^ - iSo""', 

and on the other hand co must satisfy the equation of the sur&ce of wave- 
quickness, which may be written 

/(«.^.X') = .........:; (16). 

whence eliminating to between (15) and (16), we obtain an equation 

^(A.^.xO = o (17). 

and the minimum deviation being characterised by dDJd'^^ 0, we have in 
this case dFjd^ = 0. 

Thus in the case of the ordinary wave with an uniaxal prism, we have * 

ft« {sin'x + co8«x' {M +iVcos 2^)} = a\ 
and in the case of minimum deviation 

' ft»cos»x'.-^8in2>|r = 0, 
whence ^ = ^12 and 

tan;^' = tan;^ V.W — iV= tan;^8in 5" /sin — ^ — , 
and 

aVft» = 8in»x' + cos»x'(Af-J^) = 8in»x' + cos«x sin'^lsin*— ^^ 

Ao being the minimum value of Dq. 

In the case of the extraordinary wave, (17) becomes 
n» {sin'x + cos'x (-8^ + JVcos 2>|r)} 

— c^ — (a*'-c^) {sin /i sin x' + cos a* cos x cos (-^ — ^)}* = (18), 
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and in the case of minimum deviation we have 

n* cos* y^ .Nsm 2-^ — (a* — c') {sin /i sin 5^' + cos fi cos x cos (-i/r — ^)} 

cos /Lt cos x' sin (-^ — ^) = (19). 

It is clear however that with a prism of arbitrary orientation and in the 
general case of oblique refraction, no result of practical utility will be 
obtained, and we will therefore proceed to consider some special cases. 

In the first place we will suppose that the incident waves are parallel to 
the edge of the prism ; then we have %' = and 

ll«(if + iVcos 2Vr) - c» -.(a» - c») cosV COS« (i/r - ^) = (20), 

ll«iV8in2>;r-(a>-c»)cog»/Asin(>;r-<^)cos(^-^) = (21), 

whence 

ft>if8in2^-d«sin2>|r-(a»-c*)coS«A*cos(i|r-<^)sin(^ + <^) = 0..,(22), 

and from (21) and (22) 

{fl> (AT + JV) - c»j sin 2-^ = (a* - c") cos* /a cos (i/r - ^) 2 cde ^ sin '^, 

{a.^{M-N) - c»} sin 2^fr = (a^ - c») cos»/x cos (i|r - ^) 2 sin ^ cos ^r. 

These equations give 

(fl«(7o-» - c») (n»iSo-» - c*) sin 2;i^ = (a« - c«)» cos*/* co8> (^r - ^) sin 2<^ 

and 

{fl> (Ct-* 8in« <^ + iSo-» cos« 4>) - c»} sin 2^fr = (a« - c*) cos> cos* (^ -^) sin 2<^, 

whence • 

{QHJi-^ - c») (ll«iSo-» - c») = (a« - c*) co8> {n» ((?.-• sin» ^ + So"" co8> <^) - d»} 

••• (23), 

which determines the principal wave-velocity c from measurements of the 
angle of the prism and the angle of minimum deviation of the extraordinary 
wave, the other principal wave- velocity a having been determined.' ^Equation 
(23)' is a quadratic in c^, but since the double refraction of all kn,own crystals 
is weak, that root must be taken for which '^ is very nearly 7r/2. 

Returning to the general equations (18) and (19), let us next suppose 
that at minimum deviation the wave within the prism is parallel to the axis 
of {; then '^=:7r/2, a case that is characterised by the vanishing of the 
lateral deviation, and we have 

fl«{8in*x' + <^08'x'('^~-^)} — C* — (a' — C*)(8in/iAsin;^' + cos/ACO8;^8in^)* = 

(24). 

(sin /i sin ;^ + cos /i cos ;^ sin ^) cos /a cos x' cos ^ = (25), 

and tan x'— tan ^ Vif — iV = tan x sin -o/sin — o-^- 



234 The Analytical Theory of Light [oh. xn 

From (25) we have 

sin fx sin ;^' + cos /x cos y^ sin <^ = 0, or cos /x = 0, or cos ^ = 0. 

In the first of these cases, the optic axis is perpendicular to the wave-normal 
• and from (24) 

sin' y^ + cos' j^ sin' "s- /sin* — « — = C/fl' ; 

in the second case /x = 7r/2 or the optic axis is parallel to the edge of the 
prism, and 

ft' jsin' X + cos' %' sin' 5- /sin' — ^ — ^l ^c^'\'{d}'-(f) sin' x \ 

and in the third case, ^ = 7r/2, or the plane through the edge of the prism 
and the optic axis is perpendicular to the plane bisecting the angle of the 
prism and we have 

ft' jsin' y^ + COS' x «i^* "9'/^^^* — 9~^r = ^ + (^* "" C) co8*(jjk — x)- 

147. Turning now to the case of a prism made from a biaxal crystal and 
refeiTing it to the same axes (f, 17, f) as before, let the direction-cosines of 
these axes with respect to the axes of optical symmetry (a?, y, z) be given by 

X y z 

f «i A 7i 

^ Oi A 7a 

? «» A 7«- 
Then (a;, y, z) being the coordinates of a point referred to the crystallog^phic 
axes, and (^, 17, ^) the coordinates of the same point with respect to the axes 
of the prism, we have 

y = Af + A^ + Ar}^ (26), 

with the ordinary relations of orthogonal transformations. 

Hence the equation of the surface of wave-qufckness becomes 

a* — w' b? — (o* c* — «* "^ '' 

or since f = o) cos -^ cos Xt 17 = « sin -^ cos x'f ? = « sin ;^V 
the equation in polar coordinates becomes 
/(«, '^, x') = «* — <»' (i'u cos* -^ 008' ;f' + La sin' -^ cos' ;^' + Zte sin' ;^' 

+ i» sin -^ sin 2^ + Ai cos -^ sin 2x + Aa sin 2-^ cos' x) 
+ ifn cos' -^ cos' ;^' + M„ sin' -^ cos';^' -h if,, sin';^' 
+ if a sin yfr sin 2;^ ' + Jf„ cos -^ sin 2;^' + Jfu sin 2-^ cos' x' = 

(28), 



I (29). 
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where £«» = (i' + c») oimOin + (c» + a») fi^p,, + (a« + 6») 7^7, 

148. Arranged according to a', 6*, c", the equation takes the form 

-a)«(i^+(?)a«-a)«((? + ^)6»-a)«(^ + i^)c» + eD* = 0...(30), 

where ^ = (0, cos-^cos^^' + Ogsin^lrcos^^' + ajSin ;^')* /j 

i^=(/8iC08'«^cosx + Asin'^cos^^' + Asinx')' h (31)-. 

(? = (71 cos -^ cos ;^' + 7j sin ^Jr cos ^' + 7, sin x^ J 

Suppose now that we have obtained three sets of corresponding values of 
40, 4^f ^> '80 that we have three equations 

-«^MGn + ^n)6'-«n»(^n + i^n)c> + a)n* = 0, (n = l,2,3) (32), 

then solving for i^c*, c^a\ a*b^, we shall obtain three equations of the form 

wherein ili, A-*- A depend only upon the coefficients j^i, ^i...(7s and 
^*» a>i*f tt'i*; the first two equations give 

A'<^-^Rd' + C' ,. A"<^ + B"d' + C" 



Ct =^ . /;7~:; : t>/«/ . . r^/// • v — 



the coefficients being functions o{ Ei, F^ ...O^ and oiiS o>i*, o>,^ and substi- 
tuting these values in the third equation, we obtain an equation that involves 
only ^ and coefficients deduced fix)m measured quantities. ^ 

This equation is however of the fifth degree in c* and each root with the 
corresponding values of a' and 6* gives a set of values that satisfy the three 
equations (32). The problem is thus indeterminate, unless we know approxi- 
mate values a^\ 6,*, Co* of a\ b\ c*. 

One method of proceeding is as followa If we obtain six sets of corre- 
sponding values of a>, 'sp^, ;^, we shall have six equations of the form (32), 
from which we can deduce the values of 6V, cW, a*l^, a", 6", c*. Calling these 
A, A C, Ai, Ai Gi we have 

b.%^ = A, CoV = A a^W^C, a.« = ili, 6o" = A, V = C„ 
so that we have approximately 

a.^^jBCIA. W^jGAlB, Co^^s/AB/C, ao« = ili, V = A, Co' = 0,. 
Now if the observations were absolutely exact, we should of course find 

A.^^BC/A, B,^^CAIB, C.^^AB/O. 
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and since A .,. C^ are affected by errors, we can obtain more accurate values 
Oi', 6,*, c,', for a', b\ c^ by taking the geometric mean of the two values obtained 
for ao^ V and Co' : thus 



«.-7^-". '.-V'^. "'-V^- 

Suppose now that the three values of a', 6' and c* are 

then substituting these values in the six equations of the form (32) and 
neglecting squares and products of the small quantities x, y, z we obtain, 
since j& + -F+(? = 1, 

^ {Fn K» - C,«) + Gn («n' - &i')} + y {^n («»" - O^) + K (a>,,« - cf)\ 

/ 

+ « \E^ («„« - 6,>) + F^ (a,„« - o,*)} - E^ K' - 6.«) («»» - 'cx«) 

- ^„ («»„» - c') («■>„» - a,») - (?„ («„« - o,») («,« -V) = 0, (n = 1. 2, ... 6), 

and from these six equations the values of x^ y, z may be determined by the 
method of least squares*. 

149. It. is possible by means of prisms, as has been pointed out in 
Chapter I., to find any number of points on the sur&ce of wave-quickness 
and hence to determine completely the form and orientation of this surface, 
and the question now arises whether in the case of crystalline media a deter- 
mination of a plane central section suffices for this purposef . 

Taking this section as the plane of ^, the polar equation of the section 
may be vrritten 

/(«, '^) = a>* — a)'(iuC0S*'^4-ia8itt*'^ + 2iiM8in'^C08'^) 

+ JlfuCos«i^ + JfjiSin«-i^ + 2Afu sin -^008=^ = (33), 

the values of ii, ... Jf„ being given by (29), where «! ... 7t are the direction- 
cosines of the principal axes of the surfisu^e referred to the axes of ^, 17, t^ 

This equation contains six coefficients, so that six pairs of corresponding 
values of a> and '^ suffice for their determination, and the problem is to 
deduce the values of a*, 6*, c*, ai ...7s from the expressions for -tn ... ifu in 
tenns of these quantities. 

From the equations 

Ai = (6' + (^)ai» + ((^ + a')A" + (a« + 6«)7A 

* liorn, loc, eit, p. 40. 

t ])uU, SiUungib. Bayer, Acad. (1883) 423; Math, Avn. xzxiv. 297 (1889). Liebisch, N, 
Jahrb. fUr Min. (18S6) i. 31. 
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and = aiOji -h AA + 7i7j» 

ii2 = (&" + c») a,a, + (c* + a«) A A + (a» + 6') 7i7., 



we have 






(a«-6«)(a«-c«)' ^^ (a«-6*)(a>-c»)' 



(5«-c»)(6«-a«) ' ^'^" (6« - (^) (5« -a«)' 

7i = /^, ^ax/^ M\ » 7i7i = 



and in the same way OsS A^ 71' &i^ obtained. Hence writing a' = u and 
forming the expression ^iW ^ (^lOCs)** we find . 

(u* - Aiu + ifu) (u« - L^u + ifa) * (- L^u + ilf„)^........(34), 

and &*, c* satisfy the same equation, as is easily seen. 

Etence a^ &*, c* are three of the roots of (34) and calling the fourth root 
d*, we have 

a« + 6« + c« + cP==Zu + i„ = a«(l + a,«) + 6«(l+A') + c>(l+7,«), 
whence {? = aV + 6'A* + ^j'. 

Thus (2 is the reciprocal of a semi-diameter of an ellipsoid, of which the 
principal semi-axes are 1/a, 1/6, 1/c, and hence must lie between a and c, but 
may be either greater or less than 6. Also if (33) represent a real section of 
the surface of wave-quickness, the four roots of (34) must be real 

Let us suppose that a^>b^>(P>c^: if we assume that a, 6, c are the 
principal wave-velocities required, we have 

6»c» + a\?-Jf„-ifa 



a,« = 1 - Oi« - a«« = 



A« = l-A«-A«= 



*y,«=l -yj«-Y,«=: 



(a"-6')(a«-<^) 

(6* - c») (6" - a») 
a«6« + cW»-ifu-if« 



(c»-a«)(c»-6«) ' 

and if a,, A> 7s ^ ^i^^aI' ^^^^ assumption will give a surfSsM^ of wave-quickness 
with its axes of symmetry inclined to the normal to the given central section 
at angles, of which the cosines are a,, A» 7f 

Again if we take a,d,CBs the principal wave-velocities, we find that the 
principal axes of the surfieu^e are determined by 

,, c?cP + a'6'-ifu-Jf« _ , y -c* 
"' - (a«-(?)(a"-.c») '^' a*-(?' 
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'/» - (c»-a»)(c«-d«) ""' d»-c>' 

and as', /8,', 7,' are real, if a„ A, 7, be so. We have then a second real 
solution, if we have one. 

On the other hand the assumptions, that a, b, d, or 6, d, c are the 
principal wave-velocities, will give us positions of the principal axes that are 
imaginary, if a,, /8,, 7, be real; and it therefore follows that there are two 
and only two real solutions of the problem of determining the surfeu^ of 
wave-quickness from its central section, if there be one such solution, and 
that the two sur&ces determined will differ .in respect of their mean axes' 
while their greatest and least axes are the same. 

The two surfaces will be identical only if 6 = (2, which gives 

7^0, = ± a/^^TP/ V^^^, 
that is if the given central section contain one of the optic axes. 

150. Let us now take the case of minimum deviation with a biaxal 
prism. We have seen that the velocity of a wave within the prism satisfies 
the general relation (15), while on the Other hand it is given in terms of the 
angles yfr and ;^ by the equation of the surface of wave-quickness (28), and 
eliminating a> between these equations, we obtain 

F(D, ^,x) = ^M8m*X +«>^X (^ + ^co8 2^)}« 

- ft* {sin* X + co^ X (^ + ^<^ 2^)} [Lu Qos* -^ cos* x 

.+ Zte sin* -^ 006* x' -h i„ sin* x' + 2jt^ sin -^ sin ;^' cos ;f ' 

+ 2£ta 008-^ sin x cos x' -^ 2£u8inH|r cos-^ co^ x'] 

+ JfnOO^'^co^;^ + Jfa8in*-i/rcos*x' + J(B8in*x' 
+ 2 Jlf a sin '^ sin ;^' 60s x + 2ifn cop -^ sin x! oos x' 
+ 2JfM8inifrco8'f»co8*x's=0 (35). 

When the deviation is a minimum, we have djD/(2^= 0, or dFjd^ = 0, which 
gives 

{sin* x' + cos* X (if + iV" cos 2^)} {4ft*i\r cos* y^ sin 2^ 

— ft* (Jin sin 2-^ coflP X' - iii sin 2-^ cos* x' — 2Zto cos '^ sin x' cos x' 

-h 2ia sin -^ sin x' cos x' — 2/^12 cos 2-^ cos* x')l 

— 2fl*i\r8in 2'^cos*x'(-£ii coflP-^ co8*x' + i«8in*'^cos*x' 

-I- iasin*x' + 2iasin'^sinx'cosx' + 2in cos -^sin x.'cosx' 
+ 2iM sin -^ cos -^ cos* x) + ^u sin 2>|r coS* x' — M^ sin 2-^ cos* x 

— 2JlfaCos'^8inx'cosx'+ 2if„sin'^8inx'cosx' 
-2if„cos2i^cos*x =0 ....(36). 
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Equations (35) and (36) contain the solution of the problem, but in their 
general form they are too complicated to be of any practical use, and in fact 
even when the incident waves are parallel to the edge of the prism, so that 
;^ = 0, no result of any value is obtained with a prisni, of which the crystallo- 
graphic orientation is quite arbitrary. 

151. Confining then our attention to special cases of interest, let us 
first suppose that the refraction is direct and the normal section is the plane 
of symmetry xy. Then if the angle fOa?l)e /a, the direction-cosines Oj, aa...7, 
are given by the scheme 

X y z 

^ cos fjL — sin fi 
17 sin fjL cos fjL 

r 1, • 

and the equation of the section of the sur&oe of wave-quickness by the 
normal section of the prism is 

/(«, ^) = (a>»- c«){a)«-5«-(a«- 6«)8in«(^ -/*)}= 0. 

The minimum deviation of the wave propagated with constant 
velocity, which is polarised in the principal section, gives at once the 
principal wave- velocity c by the ordinary formula : and in the case of mini- 
mum deviation of the other wave, we have 

fl« (If + N cos 2^) - 6«- (a«- 6«) 8in«('^ -/a) = 0, 

2n«i\rsin 2i|f + (a«- 6«)8in 2(-i^-^)=:0, 

and eliminating -^ between these equations, they give the relation 

Xn«Ci-* - a* sin" ^ - fe» cos* fiXSl^Sr*- a« co^ /a - 6» 8in» = (a«- 6»)» sin« fi cosV. 

152. Let us next consider the cases, in which the wave ¥rithin the prism 
is parallel to the inner mean line, that is the line of intersection of the plane 
bisecting the angle of the prism and the normal section of the prism. The 
lateral deviation then vanishes, and since -^ = ir/2, we have fix)m equations 
(35) and (36) 

a* {sin'x +(1^-1^) cos*x'}« 

- fl* jsin Y + (M-N) co8«x'l (L^ cos^x + ^ ^*x' + 2i» sin x' cos xO 

+ ifacog"x' + jlf„sin«x' + 2if»8inx'co8x' = (37), 

and 

nM8i^'x' + (^-^co8>x'}(i«8inx'cosx' + ii,coe«x') 

-(Jf„sinx'cosx'+ifi2CO8>x') = (38); 
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or writing in the values of Xa . . . 

n* {sin« x' -^{M-N) cos« x? 

- n« {sin« x' + (^ - ^ COS* x) {(*' + c«) (a« cos x + «, sin x')' 

+ (c«4-a«)(Aco8x' + A8inx')' + (a«H-6«)(7,cosx' + 7s8iaxT} 
+ 6'c"(a,cos x' + «ssin xO* + ^^*(Acosx' + A sin xO* 

+ a«6«(7,co8x' + 7t8inx')' = 0.... ; (39), 

and * • 

fl«{sin«x' + (-M^-JV^)co8«x1{(6' + c»)ai(a.cosx' + a,8inxO 

+ (c> + a*)A(Acosx'+Asinx') + (a' + &*)7i(7aCosx' + 7t8inx')} 
- 6Vai (a« cos x' + «« sin xO - c>a«/8i (A cos x' + A sin xO 

-a*Vi(7«co8x' + 7t8inxO = (40). 

Now from the relatioiis of orthogonal transformations, we have 

a,(a,cosx' + a«8inx') + A08aCOSx' + A8inxO + 7i(7iCOSx' + 7«sinx') = 0, 

- whence if 

«! («fC08 x' + Of sin xO = 0. 
equation (40) becomes 

[n»{sin«xH(^--^<^xVa1(6'-c>)7i(7,cosx' + 7» 81^X0 = 0. ..(41) 

and this is satisfied by 

(A) 7i(7aCpsx' + 7t8inx') = 0» whence also A(Acosx' + Asinx') = 0. 
or 

(B) sin« x' + (-!''- -ZV) co^ X' = ^V"'- 
(A) Let us first suppose that^ 

«i(a8CO8x' + at8inx') = A09«<5OSx' + Asiiix') = 7i(7»cosx' + 7t8inx0=0. 

Then we have three cases to consider, of which the following are types : 

(a) We may take 

ai = l. A.= 0, 7i = 0, 

02 = 0. A = l. 7i = 0, 

a, = 0, A = 0, 7,= 1, 

which express that the coordinate axes (^, 17, ^) coincide with the axes of 
optical symmetry of the crystal. Then equation (39) gives 

[n« {sin* x'-^i^- N) cos* x'\ - «*] [^' l8in* x' + (^ - ^ «>8» x'} 

— J* sin' x' "~ ^ cos' x'] = ®* 
Thus the minimum deviation gives in the one case the principal wave- 
velocity a, and in the other a linear relation between the other principal 
velocities b and c. 
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(6) The conditions are also satisfied by 

a, = l, ^^ = 0, 7i = 0, 

Og = 0, ^89 = cos /tt, 7s = — sin /x, 

«« = 0, ^, = sin II, 7, = cos fi ; 

the axis of symmetry x then coincides with ^, and the axis y is inclined at 
an angle fi to the axis 17. In this case we have from (39) 

X [ft« {8in« X + (i'' - i*i^) C08» X V *" 8"^* (X' - A*) - ^ cos« (/ - /i)] = 0. 
(c) Finally we can have 

ai = 0, A= — sin/A, 71=: cos /a, 

a, = cosx'. j8, = - cos /A sin x', 7, = - sin a^ sin x', 
a, = 8inx', A = cos /ii cos x'. 7, = sin/AC08x'; 

the axis of symmetry a is then perpendicular to the axis ^ and the lateral 
deviation only vanishes when the wave within the prism is parallel to the 
plane of optical symmetry yz. In this case (39) gives 

. [n*{sin«x' + (Jl''--ZV)cos«xV^']["M8"^"x' + (-^-^<^8*xO-^] = 0. 
and the principal wave- velocities 6 and c are determined directly from the 
angles of minimum deviation of the two waves. 

(B) Taking now the case in which 

Oi(atC08x' + af8inx') = 0, and fl*{sin«x' + (^ — -^)cos*x'} = «'» 
we have from (39), since 

(a, ooflx' + Of sin x7+(A cos x' + Ann x^ + CTi cos x' + 7« 81^x7=1, 

n*{8in«x' + (-*''-"^)co8"x? 

- n« {sin* x' + (-M'- -^ co8« x'} {C + a« - (a« - 6^) («» cos x' + «t sin X? 

+ (6»-c«)(7,cosx' + 7t8inx?|- 
+c«d*-d»(a«-6»)(a,cosx +«f8inx7 + a"(6«-c*)(7,cosx'+7«sinxO' = 0. 
ami this equation which is independent of ai is satisfied if 

a,cosx' + at8inx' = 

and a* {sin« x' + ( ^ - ^ cos* x'l - «' = <>• 

In this case then Ot cos x^ + Ot sin x^ "= ; that is the axis of symmetry x 
is in the plane of the wave, which is therefore perpendicular to the plane of 
symmetiry yz^ and the minimum deviation, characterised by the absence of 
lateral deviation, gives the principal wave-velocity a. Similar results are 
obtained when the wave within the prism is perpendicular to the planes of 
symmetry zx and xy. 

w; 16 
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(C) Returning to the general condition (40), we have 

a>» = n« {sin* x' + (if - i\0 cos' X'} 

6*0*01(08 cos ;^'+g,sinx0-fc*a*/8i08gCO8y^4-ft8inx0+a'6^i(7«co8;^'H-7>8in;^') 
(6'+c")oi(a,cosx'+a,8inxO+(c*+a')A(/8,cosx'+A8in;^')+(a«+6«)7i(7,cosx'+7tSinxO 
and this is the expression for the square of the velocity of a wave, parallel to 
the inner mean line of the prism with its light-vector in the direction of this 
line. We have then the further case that the deviation is a minimum for 
symmetrical passage through the prism, when the wave has its plane of 
polarisation parallel to the line, in which the plane bisecting the angle of the 
prism cuts the normal section. 

Totol Reflection. 

153. When a single reflecting surface of a crystal is all that can be 
obtained, recourse must be had to total reflection for the determination of 
the principal wave- velocities of the medium. This method of finding refractive 
indices was first employed by Wollaston* in 1802, but it i$ only in recent 
years that instruments for measuring the phenomenon have been brought to 
perfection or indeed that the theory in the case of crystalline substances has 
been worked out with any approach to completeness. 

The crystal must be in contact with' a more highly refracting medium, 
and this is effected, either by suspending it in a liquid f, or by placing its 
reflecting surface against the flat face of a solid substance, such as dense glass, 
in the form of a prism^, a cylinder§ or a hemispherical lens||, a drop of liquid 
being interposed between the solid and the crystal. If under these circum- 
stances diffused monochromatic light be directed upon the surface and the 
reflected light be received in a telescope focussed on infinity, the field of view 
¥rith a proper orientation of the crystal will be divided into parts of greater 
and less intensity by lines that mark the limits of total reflection corresponding 
to the two. streams that the ciystal is capable of transmitting.. When the 
•field is small, these lines are nearly straight. 

Now each point of the focal plane of the telescope corresponds to a system 
of parallel rays reflected firom the surfr^se, the direction of which is given by 
the line joining the point to the optical centre C of the object-glass, and the 
lines separating the brighter and darker regions are the intersections of the 
focal plane with cones having their vertices at C and parallel to the limiting 

♦. Phil Tram. xon. 381 (1802). 

t F. Eohlraasoh, Wied^Ann, iv. 1 (1878). 

X Feasaner, Diu. Marburg. (1882). F. Eohlraasoh, Wied, Ann, xvl 609 (1882). Liebisoh, 
Zniiehr.farlfutramentk, iv. 186 (1884); v. 13 (1885). 

§ Pulfrich, Wied, Arm, xxx. 193, 317, 487; xxxi. 724 (1887); xxxyi. 661 (1889). 

II This is the Conn adopted in Abbe*s refiaotometer: of. Ozapski, Zeitschr, f&r Imtrtmentk, 
X. 246, 269 (1890) ; N, Jakrb.fOr Min, Beil-Bd, vn. 176 (1891) ; (1892) i. 209. Polfnch, ZeiUehr, 
far Krytt, xxx. 668 (1899). 
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cones K^ K' of total reflection at the point 0, in which the optical axis of 
the telescope meets the surface of the crystal. 

If then the telescope be so placed that its optical axis FO intersects one 
or other of these bounding lines, OF will be one of the generating lines of 
the cone K (or K') and the angle x ^^^^ ^^^ ^^® makes with the plane of 
reflection of the ray OF is the angle between this plane and the tangent 
plane to the cone along OF. The ray OF is thus characterised by the angle 
y^ and by the limiting angle of total reflection to (or toO* 

The problem then is to express these angles in terms of the optical 
constants of the crystal and of the medium in contact with its face, and of 
the angles that define the crystallographic orientation of the surface and of 
the plane of reflection*. 

We have seen in Chapter I, that the equations of the cones K and K' are 
obtained by equating to zero the discriminant of the equation. 

aotan*r + 4aitan'r + 6aatan*r + 4a,tanr + a4 = (42), 

that gives the directions of the refracted waves in terms of the angle of 
incidence, the angles defining the plane of incidence and the refiracting 
surface and the constants of the contiguous media, and in Chapter XI we 
have found the form that this equation assumes in the case of uniazal and 
biaxal crystals. We will now apply these results to certain special cases. 

154. Let us take first the case of an uniaxal crystal, and suppose that 
cos a, cosjS, cos 7 are the direction-cosines of the optic axis referred to 
a system of rectangular coordinate axes, such that the reflecting sur£Eu;e 
is the plane of ay and the plane of incidence is that of xz. 

Then the directions of the refiracted waves are given by 

gin* r =s a* sin* i/il* 
and a% tan* r + 2ai tan r + a, = 

where (/^^{(^•{'{a* — <^) cos* a} sin* i — fl* 

Oi = (a* — c*) cos a cos 7 sin* i 
ai= {c* + (a* — c*) co^ 7} sin* i. 
Hence the limiting angles of total reflection are given by 

sin*to = a*/a* .(*3) 

and cvi, «= a^ 

.,., fl* c* + (a*--<^)cos*7 

or sm* to = -r , . . , 177 — -^ , . 

cl^ <? -{• (a^ -- (^) (cog* a + cos* 7) 



_n* c*-f (a*~c*)cog*7 
{^a*-(a*-{^)cos*/8 

fl* c* + (a*-c*)cos«At 



(44), 



c* a* — (a* — c*) sin* /A sin* tf 

• Liebiaoh, N. Jahrb. flbr Min. {18S5) i. 245; n. 181; (1886) ii. 47: Phyi. Kryit, p. 404. 

16—2 
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if ^i be the angle that the optic axis makes with the normal to the surface 
and d be the angle between the plane of incidence E aDd the principal plane 
of the surface, H, 

Let us DOW take rectangular axes (^, 17, ^, such that the plane of ^ is 
the reflecting surface, and that of ^^ is its principal plane ; then if (^, 17, (^ be 
the coordinates with respect to these axes of a point distant p from the origin 
on the ray defined by the angles i© (or i©') and 6, we have 

f = p sin to cos 6, V == P sin t© sin ^, ? = P <^s i©, 
and the equations of the cones K and K^ become respectively 

(a*-fl«)(f«-!-i7«)-a»?«=0 ,(46), 

and 

The difference of these equations gives 

a' cos* fi p -!- (a* cos' /Lt + c* sin* /a) 1;* = 0, 

and therefore the cones in general have only their vertices in common, but if 
the optic axis is in the surface of the crystal (ji = 7r/2), the cones touch one 
another along the axis of ^. 

The cone, K, is a right circular cone with its axis perpendicular to the 
surface : hence for this cone the angle x between the tangent plane along 
any ray and the plane of reflection for that ray is a right-angle. 

In the case of the cone, K\ the plane of incidence of the ray defined by 

the angles %o' and is 

f = cot . 17 

and the tangent plane to the cone along this ray is 

( . ^ ^T^ ' > n*)cos^.f + (c«-fl«)sin^.i7-fl«cotV.?=0. 

Va* 008^ /A + (^ sin* fi / ^ "^ ^ ' ^ ^ 

Hence 

/• 

C08;^ = c(a*— c")sin'/Asin tfcostf/D. (47) 

where introducing the value of cot' io from (44) 

JD^ = (i* {aV - ft' (a« cos* fi + c*8in*/ii)} cos* 

+ (c« - n*) (a* cos* fi + c* sin* /i)* sin* (48) 

and X is only equal to 7r/2, if the optic axis of the crystal be perpendicular to 
the reflecting surface (ji = 0), or the optic axis having any direction, if the 
plane of incidence be parallel or perpendicular to the principal plane of the 
surface (tf = or 7r/2). 

Now when tf = 0, we have 

sin* to = ft*/a*, sin* to' = fl* {a"* + (c* - a"*) cos* fi] = ft*/o^ 
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where a is the ray-velocity along the line of intersection of the surface of 
the ciystal with its principal plane : and when = 7r/2 

sin* to = D}la\ 8in« % = flVc". 

Hence from measurements of the limiting angles of total reflection, when 
the lines separating the regions of partially and totally reflected light are 
perpendicular to the plane of incidence, we can determine the principal 
wave-velocities and the angle that the optic axis of the crystal makes with 
the normal to the reflecting surface. 

155. With biaxal crystals the most interesting cases are those in which 
equation (42) assumes the form 

Oo tan*r + 6aatan'r + a4= 0, 

as we then have two pairs of equal and opposite roots ± tan r, and ± tan r, and 
equality of the roots of either of these pairs can only occur when both are 
either zero or infinity. Hence since the value zero corresponds to normal 
incidence, we must have at the limit of total reflection infinity as the common 
value of the roots and the critical angles are given by 

00 = 0. 

These cases occur when either the reflecting surfSeu^ is a plane of symmetry 
or its intersection witb the plane of incidence is an axis of optical symmetry. 

Let lis suppose that the reflecting surface is parallel to the plane of the 
optic axes xz\ then being the azimuth of the plane of reflection measured 

from yz, 

(sin'i,, ,\ fsin'i, „ ,^ • • •m , 
-j^fc^-ll j -Q5-(a«cos*tf + c>8m«tf)- 1 -. 

Hence the limiting angles of total reflection are given by 

sin* to = a}lh\ sin" %^ = flV(«' cos' ^ + c« sin« 0) 
and the two cones of limiting rays K, K' can be represented as distinct. 

Taking new axes (^, 17, (^, such that the surface of the crystal is the plane 
of ^ and the plane of symmetry yz is that of ^^, the equations of the cones 
JT, K' are respectively 

(6'-a«)(p + i;")-fl«?" = 

and '(a«-n«)|» + (c»-n')^'-ft'(r" = 0- 

for the cone ^, ;^ is always a right-angle, while for the cone K' 

Id} — (f) sin cos 

cos Y ^ — — — 

^c^it^- n«) 8in« + a«(a» - il') cos« ' 

The other cases in which the reflecting surface is parallel to a plane of 
optical symmetry are obtained at once from this by changing a, 6, c and 
w, y, z in cyclical order. 
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156. The present case is however of special interest both because the 
cones K and K* have four lines in common, namely those that lie in planes 
through the optic axes normal to the reflecting surface, and because the 
limiting rays of total reflection, in addition to being generating lines of these 
cones, form part of the surfaces of two other cones L and L' that correspond 
to refracted rays in the directions of the ray -axes, and that are determined by 
the singular tangent planes to the surface of wave-slowness. These tangent 
planes are perpendicular to the plane of the optic axes and pass through the 
common tangents to the ellipse and the circle, in which this plane cuts the 
sur£Eu;e. 

Hence a tangent cylinder to the surface of wave-slowness of the dystal, 
perpendicular to the plane of the optic axes, touches the 8ur£Btce not only 
along this ellipse and circle, but also along the four circles of contact of these 
tangent planes, and the cones Z, U are determined by joining the centre of 
the surface to the curves in which these singular tangent planes intersect the 
sphere with the same centre and of radius l/H, that is the surface of wave- 
slowness for the outer medium. 

Now since these tangent planes are perpendicular to the ray-axes, their 
equations are 

and combining this with the equation 

so as to form an homogeneous equation of the second degree, we obtain as the 
equations of the cones L and L' 

Each of the cones L and L' has a line in common mth each of the cones 
K and K' : that common to K and £ or Z^ is in the plane through the corre- 
sponding ray-axis normal to the reflecting surface ; that common to K^ and L 
or L^ is in the central plane perpendicular to the reflecting surface through the 
point of contact of the corresponding singular tangent plane with the ellipse, 
in which the plane of the optic axes cuts the surfeu^e of wave-slowness of the 
crystal It is clear that only the part of the cones L and L' between these 
two lines give limiting rays of total reflection : all rays on these cones outside 
this portion are totally reflected, since the perpendiculars on the reflecting 
surface from the points, in which they meet the sphere of radius 1/Xl, neither 
touch nor intersect the surface of wave-slowness of the crystal. 

It is now easy to determine the nature of the phenomenon of total 
reflection, when the plane of incidence is nearly parallel to one of the optic 
axes. Let N be the foot of the perpendicular on the reflecting surfiEice from 
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the point in which the incident wave-normal meets the sphere of radius 1/ft, 
and let us suppose first of all that the plane of incidence passes through the 
optic axis OA : then if this direction meets the common tangent to the 
ellipse and circle in the point JB, it is clear that total reflection does not com- 
mence until N &lls outside OB, for until this occurs the perpendicular cuts 




Fig. 87. 

the 8ur£Bu^ of wave-slowness in two points within the crystal ; only when N 
is at J., two of the infinite number of streams into which the light is divided 
are at the limit of total reflection, viz. : those polarised in planes parallel and 
perpendicular to the surface of the crystal 

Next let the trace of the plane of incidence on the surface be OPQR, 
P» Q/-K being the points in which it meets the ellipse, the circle and the 
common tangent to these curves respectively. When N falls between and 
P» the perpendicular meets the surface of wave-slowness at two points within 
the crystal, there are two refracted waves and no total reflection ; when If is 
between P and Q, the perpendicular intersects the surface of wave-slowness 
at only one point within the crystal and one wave is totally reflected: when 
N is between Q and i2, the 8ur£EU^ of wave-slowness is again cut by the 
perpendicular in two points, where the sur£EU^ bends over, so that there are 
again two refiracted waves and no total reflection ; and finally when N is 
beyond 22, total reflection is complete, as the perpendicular is entirely outside 
the surfisuse of wave-slowness. The appearance presented will consequently 
be that represented in fig. 38*. 

157. When the reflecting surface is parallel to an axis of optical 
symmetry, the limiting angles of total reflection are determined by o^ == if 

• Sorot, C. R. ovn. 479 (188S) ; ZHUehr, fUr Krytt. xv. 45 (1S89). Mallard, J. de Phyi. (3) 
T, 8e9 (1886). W. Eohlraosch, Wied. Ann. vi. 118 (1879). 
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the plane of incideDcecoutaiD this axis, end a, ie then the product of two factors 
that are linear functions of sin's. Od the 
other hand, if the plane of incidence be 
perpendicular to the axis of symmetiy, equa- 
tion (42) takes the fonn 
(a, tan' »■ + a,) ( J, tan* r + 24, tan r + A,) - 0, 
wherein a, is a linear function of sin't, and 
the critical angles are then given by 
a, = and A^A^ = Af. 
Thus if the sur&ce of the cryatal be 
parallel to the axis of x and if /i be the 
angle between the axis of y and the normal 
P«8- S8. to the face, we have 

sini; = n/6; BinH'=a/c 
when the plane of incidence passes through x, and 

sin t^ = Qja, sin' V = H' {c"' + (6"' — c"*) cos* ^} 
when the plane of incidence is parallel to the plane of symmetry yt. 

Hence from measurements in these planes, which are experimentally 
determined irom the fact that in these cases the lines bounding the regiws 
of total reflection are perpendicular to the planes of reflection, we can find 
the three principal wave-velocities and the orientation of the face of the 
crystal. 

168. Let us now suppose that the reflecting surface is neither parallel 
nor perpendicular to a plane of symmetry of the crystal* and that it cuts the 
three planes of symmetry in the lines OKa, ON^, ONc, the points JV,, Nt, Nt 
being on circular sections of the sur&ce of wave-slowness in these planes, the 
radii of which are 1/a, l/i, 1/c respectively. 

Then Jf^, J/», Nf are points on the tangent cylinder to the sor&ce per- 
pendicular to the &ce of the crystal, and the corresponding critical angles are 
given by 

sin tn, = ^/a, sin V ^ (1/fr, sin *« = Cl/c. 

Now the greatest and least radii of the section of the surface of wave-slowness 
made by the &ce of the crystal are 1/c and 1/a respectively, and 1/6 will be 
the greatest radius of the inner curve of the section or the least radius of the 
outer curve, according as the section cuts the plane of xs within or without 
the angle between the optic axes that is bisected by the axis otx. 

• Soret, C. B. orn. 176, 479 (1888); AreK. dt Qaitet (S) xz. 368 (1888). Perrot, C. B, c*m. 
187 11869); Arch, it Otttivt (3) xzl 113 (1889). Heoht, H. Jakrb. JOr Min. Btil-Bd. tl 341 
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It follows then that measurements of the greatest and the least critical 
angles, that can be obtained by varying the azimuth of the plane of reflection, 
give the, extreme wave- velocities of the crystal. But we cannot determine 
without having recourse to other considerations, whether the mean principal 
wave-velocity 6 corresponds to the greater critical angle of the inner cone or 
to the less critical angle of the outer cone, of rays of total reflection. 

This ambiguity may in general be removed, as Viola* has pointed out, by 
a determination of the polarisation of the rajrs : for the planes of optical 
symmetry of the crystal are the planes through the limiting rajrs, that deter- 
mine the principal wave-velocities, perpendicular to their respective planes of 
polarisation, and if ^, j5, (7 be the corresponding planes of reflection, the 
angles a, ^, 7 between the planes of optical symmetry and the crystalline 
surface are given by 

cos* a = cot wdjB . cot CCl, cos'^ = cot joC.cotitfe, coS'7 = cotGk .ootnC 

...(49). 

On the other hand these angles may easily be determined by an analyser 
placed in the eye-piece of the observing telescope, and the agreement of the 
measured with the calculated angles will indicate the plane of reflection of 
the limiting ray that gives the wave-velocity 6. 

Comu'l* has suggested another method of procedure. If co be the wave- 
velocity calculated from the fourth angle, we have the relation 

©-» = a-» cos' a -f- 6"*cos*^ -f- c^cos^y, 

where cos* a, cos^fi, cos* 7 have the values (49), and the verification of this 
formula will decide whether the proper angles have been selected for the 
calculation of 6, a, ^ and 7. 

* ZeiUchr,fUr Krytt. xxxi. 40 (1899); Rend. LineH (6) vm. [1] 276 (1899). 
i J.4€ Phys. (4) 1. 136 (1902). 



CHAPTEE Xni. 

CRYSTALLINE REFLECTION AND REFRACTION. 

169. Before considering the question of the intensity of the light reflected 
and re&acted at the surface of a crystal, it is necessary to obtain the differential 
equations of the polarisation-vector in crystalline media and to determine the 
surface conditions that must be satisfied at the confines of such substances. 

• 

This may be done, as in the case of isotropic media, by the application of the 
principle of interference. 

According to Fresnel's laws of double refraction, the polarisation-vector of 
any wave is in the direction of one of the axes of the central section of the 
ellipsoid of polarisation parallel to the plane of the wave, and the corresponding 
wave- velocity co is given by the reciprocal of that axis. Hence if the equation 
of the ellipsoid be 

aii^j" 4- Oay' + a»jB* + 2aayj? + 2anjRP + 2aua?y = 1 (1), 

we obtain as in § 122 

«iia + (aa— ft)")i8 + aa7«-Pml (2), 

and , 

^ = (oua-h Ou^S + Ony) i+(aua+ OaiS + any)m -H (Oatt + Onfi + a»7)ti...(8), 

a, 0, 7 being the direction-cosines of the polarisation-vector, and {, m, n those 
of the normal to the wave-front. 

Now the principle of interference is expressed by 

where k = 27r/X : whence 

and from (2) 

a»* = (outt + Oi^fi + (hiy)(l* + m« + n«) - Fl, 
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and two similar equations; whence substituting for ao)', ^So)' and 70)', and 
eliminating the direction-cosines, we find at once 



<*«-«)-"(i> I- itt)* 



-{1. 1. AWA^^j..?.?^*!?^^ iK\ 

\bx' dy' deJKdxdu'^dydv dsdw) ^ ^' 

where 

2^ = anU* + a^i^ +a„u^ + 2at,vto + 2anV>u + 2aaW (6). 

These equations, as in the case of those relating to isotropic media, may 
be put into the more convenient form, 

i) = " cnrl fsr, v^cnrlE (7), 

where the components of E are given by 



iE.,E,,E.)={l, ^. l)<^ (8). 



As regards the vector E, it is clearly, parallel to the normal to the ellipsoid of 
polarisation at the point in which the polarisation-vector meets it, and is 
therefore perpendicular to the ray corresponding to the given wave, and if 
X be the angle between D and E 

m 

cos X = (o^i + i8j&, + 7J&,)/^ = (outt* + aai8« + . . .) ^/^ 

^a^D/E. 

Equations (7) having the same form as those that relate to isotropic bodies, 
the surface conditions will be the same as those that hold at the interface of 
such media. Thus the interface being the plane a; = we have that 

«'t. ^9» ^l> -El 

are continuous across the sur£Bu;e, to which we may add the further conditions, 
clearly dependent upon the former, that u and <Ji are also continuous. 

160. We can now determine the significance of the ray in the theory of 
double refiraction. Proceeding as in § 109 we obtain 

i ^ [(«r» + 2*) c^T = I {(tj.jF, - tj,^,) cos «« 

* 

+ {'er^Ei — 'CJi^t) cos ny + (<Jij&2 — ""^i^i) cos nz] dS. . .(9), 

the integration being extended over a certain region T, dS being an element 
of the surface of T, and n the normal to dS drawn outwards, and this equation 
may be regarded as representing the change of energy within the space T 
that results from a flow of energy across its surface. We see then that the 
direction of this flow is perpendicular to the vectors E and <j and is therefore 
along the ray. 



252 



The Analytical Theory of Light 



[cH. xra 



161. Since the three vectors D, cr, and E are connected merely by 
geometrical relations, we may take which we please as characteristic of a 
stream of light, and we shall in the remainder of this chapter employ the 
light- vector cr, as by so doing the calculations are somewhat simplified 

Let the plane of incidence be taken as that of xz, the reflecting surface 
being the plane of yz and the medium in which the light is incident lying on 
the side of negative x : then since the vector cr is in the plane of the wave, 
we may write 

(tjj, «r,, «ri) = (n, fc, — Z)2)exp {i(lx + nz-^st)} (10), 

where k= 27rtan0/X, Z) = X cos ^ . il/(27r) (11), 

(f> being the angle that the vector makes with the plane of incidence. Now 
the vector <j being independent of y, we have from equations (7) 



9 f 3tTj Z&eri &BrA 



{ 

••= ail 



(' 



On 



dz V^ dz \dz dxj '^ dx 

dz "'^Kdi"!^)"'^ 



d'CJs 



&BT,\ 



aa;i"»aF 






dx 






\dz 






.(12) ; 



''•^ a;^|""ai-"""lar-a^J-"-a^|J 

whence, substituting the values of «•,, «r,, «r,, we have 

«* ~ Oaj (P + n») = ir (oaZ - Oun) 
A («» - a»i» - Oun* + 2a,iZn) = (P + n») (o^i - a„n)' 
which give 

{fi»-a„(i«+n»)}{fi»--a»Z«-axin« + 2aaZn} = (a„Z--ai,n)«(Z« + n«) (14^ 



.(13), 



and 



jj._ (g»s^ - Oun) (Z' + n«) ^ g'-aM(f« + n«) 
«• — a»Z' — Oun' + 2a„fn Ob^ — OmH 



.(15). 



Similar equations with 6 written for a apply to the second medium. 

The first of these two equations determines the value of I when n and 
8 are given : since it is of the fourth degree, it is evident that there are four 
possible values corresponding to waves of given period, the traces of which 
on the interface of the media travel at a given rate. Two of these waves 
approach the surface and two leave it, and the question which of the values 
of I correspond to the receding, that is the reflected or refracted waves, is 
decided by the position of the corresponding rays as determined by Huygens' 
construction. 
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The quantity I having been thus determined, equation (15) gives the 
corresponding value of &, and thus the directions and the polarisations of the 
reflected and the refracted waves are known. 

162. Let the suffixes d), Q, the accents ('), {") and the suffixes (,), («) 
refer respectively to the incident and to the reflected waves in the first 
medium and to the refracted waves in the second medium, and suppose that 
there are no incident waves in the latter medium. 

Then introducing the boundary conditions, we have fix)m the continuity 
of «9 when x^O 

l,D,'\-kD,'\-VD'^rD''^hD, + l,D, (16), 

from the continuity of E^ or of cti 

A + A + i)'+D" = A + A (17), 

from the continuity of tj, or of u 

k,D, + k^D^ + k'D'-^k''D"^koD, + k,D, (18), 

while the continuity of E^ gives 

2 {onkn - Oa {I* + w') - a„kl] D = 2 {6„ibi - &„ (Z« + n*) - a„kl\ D. . ,(19), 

the summations extending to the four waves in the first medium and to the 
two waves in the second medium respectively. 

The last of these equations may be put into a different form, that is 
somewhat more convenient. The direction-cosines of the vector E are 
proportional to Ei, E^, E^ and from (13) we have 

El « knOii - (Z* + n*)a^-kla^ == (ifes* + i-Bi)/n, 

Et = kna^ — (l* + n^)an'- klott = — «*, 

E^ = Jfcnon — (i* '\-n?)cLn^ *^ ; 

and since the ray is perpendicular to the vectors E and fr, its direction- 
oosines are 

{kE, + lE;)IR, --(lEi + nE.yR, {nE^--kEi)IR, 

where J? = (kE^ + lE^f + {lE^ + nE^f + {nE^ - kE^f 

= {(i« + n«) JF,« + 2fcifi»iE; + (Jfc» + n«) «*} (Z* + *■ + n«)M 

and the angle between the ray and the wave-normal is given by 

I (kE^ -I- lE^ + n (rtB, - kE^) 

008 Y«-^^ = \ ^ ^ 

^__ ^n^P-^k^ + n* 

VT^Tn^ V(/« + n«) E^ 4- ZklE^s" + (*" + n«) «* ' 



We thus obtain 



(f»4-n»)jK,-Jfcfc« 
tanY = — ^^ , , 
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and ^3=-^|^T^,4- ^,^^, tanx}, 

and. (19) becomes 

2 liM + n ViMTfe* + n« . tan v} -,r 

= 2{W+nVf« + i» + n«.tanx}ji^ (190. 

Introducing the angles of incidence, reflection and refraction, and the 
values oik and D from (11), the equations (16)... (19') become 

2 cost cos 0^ = 2cosrco8 0B (20), 

2 sin tecs <\>A = Ssinrcos^jB (21), 

Ssin^il =28in^fi (22), 

and 

A 

2 {(On sini — On cost) sin ^ — Ogcos ^} -; — i 

OXU V 

= 2 {(6„ sin r — 6n cos r) sin ^ — &B cos ^} -: — (23), 

sin f* . 

or 

2sint(costsin<^ + sinitanx)il = 28inr(cosrsin0 + 8inrtanx)fi...(23'), 
B representing the amplitude of the vibrations in the second medium. 

163. As a first application of these formulse, let us take the case in 
which the first medium is isotropic. Then 

XI being the wave-velocity in the medium. 

The values of I for this medium are ± I and A; becomes indeterminate, but 
introducing the components of the vector «j parallel and perpendicular to the 
plane of incidence, and calling the amplitude of these components and F 
for the incident waves and Q' and F' for the reflected wave, we have 

((? — (?') cost = cos r, cos ^,jB, + cos r, cos 0,B,. (24), 

((? + (?')8^* = 8i^^t<5<>8 0o'Bi + sinr,cos0,jB, -..(25), 

l?' + i^'=8in<^5, + sin<^,jB, (26), 

n»(J?'-^0^ = {(*»cosr,-6„8inn)sin<^o + 6«cos^,}-7-^ 
sin t sui 70 

B 

+ [{hn cos re - 6„ sin r.) sin <^e + 6« cos ^e} -r-^ . . .(27), 

siu f e 

or 
{F — F') sin % cos % = sin r© (cos r, sin ^, + sin r© tan ^t) -^o 

+ sin Te (cos r^ sin <f>^ + sin r, tan x^B^ (27 ')» 
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where 

. , _ <tf 0* — 6a _ htt cos To ~ 6u sin r© 

^ &B cos r, — 6issin r© "" o)©' — &» cos'ro — 6u sin* r© + 26^ sin r, cos r, * 

with a similar expression for tan <f>^, coo and co^ being the propagational speeds 
of the two waves within the crystal. 

For the farther consideration of these equations it is convenient, in 
accordance with a plan doe to MacCuUagh*, to consider first of all the special 
cases in which only a single wave of amplitude unity exists in the second 
medium. Using the suffixes («) and («) to distinguish the cases in which 
JB,=rl. fie = Oand5o = 0, 5^ = 1, we have 

((?t — (?oO ^8 * = ^^^ ^0 cos ^,, 
(0, + (?/) sin i = sin r© cos 0,, 

^, + -F/ = sin ^0, 
(JF'o — -FoO sin t cos i = sin ro(cosr,sin ^o + sin r© tan ;^), 

with similar equations for the second case. We thus have eight equations, 
from which the eight quantities F^^ G, ... F^^ 0^ may be determined, and 
then the ratios FJO^, FJO^ give the a2dmuths of the vector <j with respect to 
the plane of incidence, for which the wave («) and the wave (,) vanish within 
the crystal, while F.'/Go, FJ/0^' give the corresponding azimuths in* the 
reflected stream of light 

Jf now B^ and B^, instead of being either or 1, have any values, it 

follows that 

F = -Po^o + F^B,, G = O.B. + Q.B., 

F' = f:b. + f:b., g' = Go Bo + o:b.. 

whence if F and G be given, F\ G\ Bo, fi« may be determined ; for 

J. FG.^GF. p_ GF.--FG. 
^•^FoG.-OoF,' ^'^ F.G.^G.F/ 

and (FoG. - O.F.) F' = F{F^G, - F.'Go) + G (F.F/ - F.F.'l 

(FoG.-:G.F.)G'^F{G:G.-^G:Go)+G{F.G:^F.G.y 

Also if ^, <l> be the azimuths of the vector <j with respect to the plane of 
incidence in the case of the incident and reflected streams . 

wherein the ratio Bo/B^ is determined from 

. . ^0-^0 + FgB^ 

Now tan <f> is independent of tan ^, if Fo/Go = F^jG^, and this condition 

* CoUeeUd Works, p. 98. 
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determines a special value of the angle of incidence, that is called the polar- 
ising angle of the crystalline surface with respect to the isotropic medium. 
A stream of common light incident at this angle is reflected as a plane 
polarised stream ; for we may represent the incident light by two independent 
streams of the like intensities polarised in perpendicular planes, and since 
each of the streams incident at the polarising angle gives the same azimuth 
for the plane of polarisation of the reflected stream, it follows that the stream 
of common light will give a reflected stream plane polarised in this azimuth 
given by 

tan ^ = f:io^ = f:io:. 

164. Suppose now that the crystalline medium is uniaxaJ, and that the 
direction-cosines of its optic axis are pi, p,, p,, then the equation of the 
ellipsoid of polarisation is 

a» («» + y» + «•) + (c* r- a*) (Pi«? + fty +2v)» = 1, 
whence 

When the refracted wave is ordinary, the propagational speed is constant 
and equal to a and we have 

sm To = TT sm t, tan d>^ = — -. ^^ , 

11 • Pismro — pfcosro 

and Xo = 0, since the ordinary ray coincides with its wave-normaL Thus the 
ordinary uniradial system is determined from 

(fl'o— Go')cost = cosroCO8 0o» jPo + -^o' = sin <^, 
((?o+ (?oO sin i = sin r, COS <^„ {F^ — F^) sinicost = sinr,cosrosin^. 
The extraordinary wave-velocity is given by 

««• = (^ + (a* - c") (pi cos r, + ft sin r,)" 

• • • 
sin % 

and sin«re = -jjp* {(^ + {a^ — if) (pi cosr, + Ps sin r,)}» 

ft 

whence the extraordinary uniradial system is determined &om 

(0e- fl'/)cOSt = COSreCOS0e. (&«+ fl'/) siu i = sin r^ COS 0e 

^« + ^/ = sin <^e, 
^ "^ sm t 
= -; [a* cos r^ sin ^« + (c* — a*) p, {(p, cos re — pi sin r^) sin ^^ 4- p2 cos <f>^ ]. 

sm r e 

When the plane of incidence is the principal plane of the reflecting 
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varbjce, p%^0, pi = sin fi, jo, = cos /i, where fi is the angle that the optic axis 
makes with the surface. Then 

*o = 0, <^. = 7r/2. 
and for the ordinary uniradial system 

(00— ^o')<^<>st = cosr,, {0^-\'Oo')mii^smr^, 

while for the extraordinary uniradial system 

G,-(?; = g:, + (?;=o, f. + f:^i 

a^ {Fe - F^') -, — .'^'-. {a*cosr* + (c»-a*)co8uoos(u + r^)} 

sm % sm r^ / r- \r- -/j 

where XI* sin' r, = sin» i {c» — (c" — a") sin' (/a + r,)}. 

Thus the vector «j is parallel to the plane of incidence in the ordinary 
uniradial system, and perpendicular to it in the extraordinary system. 

In this particular case, the polarising angle is determined by the condition 

FJOo'^O, 

or since (?/ can only be zero, if i == r^, by the condition 

In this case, JF'e = 1, so that if / be the polarising angle, iZ« the corre- 
sponding angle of refraction for the extraordinary stream 

cos T 1 
fl' ^j^ = ^j^^{a'co8jR, + (c"-a*)cos/ACosOA+-B,)}, 

where 

fl« sin« 2?, = sin' / {c» - (d» - a«) sin' Oi + 2?,)} ; 

whence eliminating Re between these equations 

. ,• ll'(Xl' — a'sin'u — c'cos'u) 

«'°^ — '^ nrr5? -' 

166. Another interesting case is that of reflection at a twin surfieu^ of 
a ciystal*. Taking the surface as the plane x^O, the only difference 
between the two media is then that which corresponds to a rotation through 
180^ about the axis of x perpendicular to the twin plane. 

Let us assume that there is a plane perpendicular to the twin surface, 
with respect to which each medium is symmetrical, and let us consider only 
the two cases in which the plane of incidence is parallel and perpendicular 
respectively to this plane of symmetry. 

* Lord Bajleigh, Phil Mag. (6) zxn. 846 (1888). 
w. 17 
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When the plane of incidence is coincident with the plane of symmetry 
the axis of y is a principal axis, and we have 

Then the valaes of I are determined from 

{«» - Oa (Z« + n«)} {«« - a„Z« - aun» ± 2a„Zn}.= 0, 

the upper and lower sign corresponding to the apper and lower medium 
respectively and Ar = or oc according as 

«» = aa(Z« + n«) or «* = a»Z* + auti«T 2a,iZn. 

When the vector sr is in the plane of incidence, «* = an(P + n*) and 
/' = — Z, /p = f , and the conditions (16) and (17) give 

. • . jy = 0, and there is no reflected wave. 

Again, when sr is perpendicular to the plane of incidence, 

and the conditions (18) and (19) give 

A + i)" = A, (a„Z,-a,in)A + (a»r-attn)iy' = (a„i, + a„n)A, 

whence Oi, {V - U) J>" = (a» {h - Z.) + 2a„n} A- 

But «" = a» V + Oiin* + Sou^^t^ = a»V + Oun* — 2aafan, 

.'. a„(ie*-t*) + 2a„n(Z,+i,) = 0, 

or aa(t — ^) + 2ann = 0. 

Hence D" vanishes and in this case again there is no reflected wave. 
It follows then that when light, whether common or polarised in any manner, 
is incident in the plane of synmietry there is no reflection at the surfiu^e of 
the twin plane. 

Next let the plane of incidence be perpendicular to the plane of synmietry, 
then the axis of j? is a principal axis, and we have 

and consequently for both media 

{fi«-aa(^' + »*)}{«"-a»P-aun*} = (f" + n«)n«o„« (28), 

^^"^^ • • *• ±a^n ' « 

the upper and lower sign referring to the upper and lower medium^ 
respectively. 
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The values of i are thus ± I and ± I' for both media, and the corresponding 
values of ife are A and k' for the upper, and - A;, —k' for the lower medium, 
and taking the positive values of i to refer to the incident waves, we must 
also take the positive values for the refracted waves. 

The boundaiy conditions then give 

Z A + f A -liy- VV = ii). + I'D, 

iA + VL^ + *D' + VJy' = -kD,- k'D, 
IdD^ + ATA - IdJy - 'fc'f -D" = - «A - ATA, 
or writing Z = *'/*, L='l'll, 

A+-D'+ ir(A+-D")=-A-^A 

D,-iy + KL(D,-iy')^^D,-KLD, 
Solving these equations we obtain 



^= (L -^a-KL) {(^ -HI) A + 2^ (g + 1) A} 



i)" = - 



L-1 



(30). 



...(31). 



^^_^^i--^^{(ir+i)A+ir(i+i)A} 



(32). 



166. We will aow introduce the simplification, that the doubly refracting 
energy is smalL Then Ou, Ob, (h» ^^^ nearly equal and Ou is small, under 
which circumstances I and I' are nearly equal, so that Z % 1, and 

iy*^j^^[2kD,+ik+ioi>,] 

If new the waves D,, D, be regarded as due to a stream of light from an 
isotropic medium passing into the crystal through a surface parallel to the 
twin plane, under the condition (such as gradual transition) that no light is 
lost by reflection, and if the optical power of the medium be so nearly the 
same as that of the crystal that the refraction Inay be neglected, then 
denoting the amplitude of the compouents of the vector m perpendicular and 
parallel to the plane of incidence by F and for the incident stream and by 
F' and 0' for the reflected stream, we have 






.(33), 



17—2 
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and in these eqaations we may identify A-*-^' ^ith the quantities in 
equations (32), provided the thickness of the plate is so small that its effect 
may be neglected. 

We have then 

p, kkfjlf-l ) kk'(l'-l) G 

liif-kj ^ ' *^ l(k'-k) Vp + n«' 

Now eliminating «" between (28) and (29), we obtain 

OunA*- {(oja- ai) Z' + (aa- au)n»} *r - aun(P+ n.») = 0, 

and this equation may be regarded ad a quadratic for determining the two 
values of k if the difference between I and I' be neglected : hence 

jfcjfc'=-(P + n«). 

Also OianA; = Oa (P + n') — «*, OanJc = o^ (f* + n*) — «», 

.-. aian(i'-A> = aa(Z''-P), 

A V — I ._ dygn 

"^^ A'-fc~2aaZ- 

We thus have finally 

„, nV?Tn»'au^ sini a„ ^ 

jP = o75^ Or = 5 =-. ijt 

2r Ob 2cOS*t 0,2 

^,^ nVf» + n« Omj,^ sint a^, j^ 

2^ Ob 2 cos* i Ob ' 

and if /, /' be the intensities of the incident cmd the reflected light 

j,^ sin'i 
4cos*i 

Thus the intensity of the reflected light is proportional to that of the 
incident lights whatever the state of the latter as regards polarisation : the 
reflected light is unpolarised, if the incident light be so; while, if the 
incident light be polarised in a plane parallel or perpendicular to the plane 
of incidence, the reflected light is polarised in the opposite manner. 

If the thickness of the plate cannot be neglected, the retardations of the 
streams in their passage to and from the twin surface will generally modify 
the relations between the polarisations of the light before entering €md after 
leaving the crystal. It is clear, however, that if the incident light be 
unpolarised, so is also the light reflected from the crystal; for there is 
nothing-to alter this character in the passage of the light through the plate, 
neither is it lost, as has been shown, in the act of the reflection. On the 
other hand, if the plate be thick, the reversal of the polarisation of the 
reflected light, when the initial stream is polarised in one of the principal 
azimuths, will only occur in all probability for small angles of incidence*. 

* Lord Rayleigh, lot, cit, p. 256. 
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167. The interest of this investigation lies in the explanation that it 
affords of the chief features of a remarkable phenomenon of crystalline 
reflection exhibited by iridescent crystals of chlorate of potash, that is 
ascribed by Stokes* to a thin layer, that he regards as twin stratum, 
situated within the crystal and about a thousandth of an inch in thickness. 

The chief peculiarities of this internal coloured reflection, as described by 
Stokes, have been summarised by Lord Rayleighf as follows : 

(1) If one of the crystalline plates be turned round in its own plane, 
without alteration of the angle of incidence, the peculiar reflection vanishes 
twice in a revolution, viz. — when the plane of incidence coincides with the 
plane of symmetry of the crystal. 

(2) As the incidence is increased, the reflected light becomes brighter 
and rises in re(rangibility. 

(3) The colours are not due to absorption, the transmitted light being 
strictly complementary to the reflected. 

(4) The coloured light is not polarised. It is produced indifferently 
whether the incident light be common light or light polarised in any plane, 
and is seen whether the reflected light be viewed directly or through a Nicol's 
prism turned in any way. 

(5) The spectnim of the reflected light is frequently found to con- 
sist entirely of a comparatively narrow band. When the angle of incidence 
is increased, the band moves in the direction of increasing refrangibility and 
at the same time increases rapidly in width. In many cases the reflection 
appears to be almost total. 

To these Lord Bayleigh has added the further peculiarity, first predicted 
by his theoretical investigation, that when the light is incident in a plane 
perpendicular to the plane of symmetry, the polarisation is for small angles 
of incidence reversed in the reflected stream, if it be either parallel or 
perpendicular to the plane of incidence. 

The theory of reflection at a twin plane is however incompetent to explain 
the copiousness and the highly selective character of the reflected light, and 
Lord Rayleighf is inclined to attribute these characteristics t6 repeated 
alternations of structure due to a laige number of twin planes, within the 
thin stratum that is the seat of the colour. He has in fact shown that the 
narrowness of the band in the spectrum of the reflected light at nearly 
normal incidence and its widening as the incidence increases is what would 
be expected in the case of reflection from such a laminated medium : while 
the movement of the band towards the blue end of the spectrum is accounted 
for by the increasing obliquity within the crystal, as in the ordinary theory 
of thin plates. 

♦ Proe. JR. S. xxxvm. 174 (1S85). 

t PkiL Mag. (5) xzti. 256 (1888). % Ice. eit. p. 257. 



CHAPTER XIV. 

THE INTERFERENCE OP POLARISED LIGHT. 

168. The first discovery of the interference that occurs when a stream of 
polarised light is transmitted through crystalline substances was made by 
Arago in 1811*. Malus had already observed that, whei;! a plate of a doubly 
refi»cting ciystal is interposed between a polariserf and an analyser regulated 
for extinction, the light is partially restored ; and Arago found that in the 
case of white light and with a plate that is moderately thin, the .light is no 
longer white but coloured, and that a variation of brilliancy but not of tint 
is produced, by a rotation of the plate in its own plane, the polariser and 
analyser remaining fixed, while a rotation of the analyser, the plate and the 
polariser retaining their positions, causes a change of colour, which passes 
through white into the complementary tint. 

On the publication of Arago's memoir this chromatic polarisation, as it is 
sometimes called, was subjected to a searching investigation by Biot^, who 
during the years 1812 to 1814 succeeded in establishing the experimental 
laws of the phenomenon. Biot's earliest researches were limited to the case 
in which a stream of nearly parallel light fell upon the plate of oystal : the 
pbenomeha of rings and brushes, that are seen when the incident pencil is 
Conical, were first discovered by Brew8ter§ in the case of uniaxal crystals in 
1813, and ^i that of biaxal crystals in 1814. 

169. The first to apply the principles of the wave-theory to the 
explanation of Chromatic Polarisation was Thomas Young||. From the 

* Mini, de laprem. CUute de VInttit, xu. 93 (1812): (Euvres CompUtei, x. 36. 

t A poUiri^ is an inBtmment for obtaining a polarised beam of light: it is eallad an 
analyser, wben it is ased for investigating the character of a stream of light or for reducing it to 
a giren plane of polarisation. 

t Mhn, de la prem, CUuse de VInttit. xn. 185; zm. l** partie 1, 2* partie 1, 31 (1812). Mim. 
^Arceuil, m. 182 (1818). TraiU de Phyi, rr. (1816). 

§ TreatUe on New Philoiophical InttrumenU. Edinburgh (1813), p. 336. PMl. Tram. ci?. 
187 (1814). . . 

li Quarterly Retnew, zi. 42 (1814) : Misc. Work$,.i. 269. 
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results of Biot's experiments he observed, that a plate of crystal in polarised 
light exhibits the same tint as a thin plate of air in transmitted light, when 
its thickness is such that the relative retardation of the ordinary and the 
extraordinary streams produced by the crystal is the same as that of the 
interfering, streams in the case of the plate of air, and fix)m this fact he drew 
the inference that the phenomenon is the result of the interference of these 
two streams. 

This explanation is, as was recognised by its author, incomplete, for it 
makes the phenomenon of colour depend upon the plate alone and leaves out 
of account the action of the polariser and the analyser that are found to be 
necessary for the production of the interference. In order to remove this flaw 
in Toung^s explanation, Fresnel and Arago* devised a series of expenments 
to determine whether and in what manner polarisation of the light modifies 
the ordinary laws of interference. The results of these researches are summed 
up in the following five laws of the interference of polarised light. 

(1) Two streams of light polarised in perpendicular planes do not 
interfere under the same circumstances as two streams of common light. 

(2) Two streams polarised in parallel planes give the same phenomena 
of interference as two streams of common light. 

(3) Two streams, polarised at right angles and coming originally from 
a stream of common light, can be brought to the same plane of polarisation 
without thereby acquiring the faculty of interfering. 

(4) Two streams, polarised in perpendicular planes and coming originally 
firom a beam of polarised light, interfere as common light when brought to 
the same plane of polarisation. 

(5) When two streams, coming from a stream of polarised light, are first 
polarised at right-angles and then brought to the same plane of polarisation, 
it is necessary in calculating the conditions of the interference to add a half 
wave-length to the actual relative retardation measured in length, unless the 
initial and final planes of polarisation lie in the same angle between the two 
perpendicular planesw 

These laws are a direct consequence of the transversality of the polarisation- 
vector, already deduced in Chapter II as a result of the first law. Thus the 
gain or loss of half an undulation required in accordance with the fifth law 
appears at once as due to the process of resolution of the vector; and this 
explains the necessity of the polarisation of the primitive light for the 
production of interference with two streams polarised at right-angles and 
subsequently analysed, for common light may be represented by two in- 
dependent streams polarised at right-angles, and as the interference 

* Fresnel'B experiments were oommenoed in 1S16 ((Euvrtt CompHUs, i. 8S5); Freenel and 
Arago pnbllshed their memoir in 1819 {Ann, de Ch, et de Phyi, (2) x. 288; (Euvrei CantpHUt de 
Frunel, i. 609; (Ewret CompUUM d^Arago, x. 138). 
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phenomena due to these two streams are complementary, they will obliterate 
one another. 

170. In the final series of experiments by which Fresnel and Arago 
established the laws of interference of polarised light, the arrangement was 
adopted that had already been employed by Toung for producing interference 
fringes with common light. 

A stream of light from a luminous point fell upon an opaque screen 
pierced with two parallel slits near to one another, and after passing through 
these apertures was received in an eye-lens. The light that traverses the 
slits gives rise to two systems of diffraction bands, with which we need not 
concern ourselves, and intermediate to these a set of interference fringes, that 
will be displaced to the right or th^ left, according as the stream from the 
slit on the right or the left side is retarded relatively to the other. 

On placing a thin plate of selenite before the two slits it was found that 
no change in the phenomenon occurred, a single system of fringes being 
produced exactly as was the case before the plate was introduced. Fipm the 
position of these fringes it is clear that they are due to streams that have not 
acquired any relative retardation in traversing the selenite, and they must 
consequently be ascribed to the superposition of two sjrstems of bands, the 
one produced by the ordinary streams, the other by the extraordinary streams 
coming from the two slits. It follows then that two streams polarisecl in 
parallel planes interfere as common light. 

If streams polarised in perpendicular planes also interfere, there could be 
two additional systems of fringes, situated on either side of the former and 
arising from the interference of the ordinary stream from the one slit and the 
extraordinary stream from the other slit. No trace of these fringes was 
however iseen under any circumstances, nor did they become visible when 
the light after passing the eye-lens was analysed in a plane inclined to the 
principal section of the selenite. 

In order to place this result beyond a doubt, the plate of selenite was 
then cut in hal( and replaced in front of the slits, after the half covering one 
slit had been turned in its own plane through a right-angle. The central 
system of fringes then disappeared and was replaced by the two lateral 
systems, due to the ordinary stream from the one slit interfering with the 
extraordinary stream from the other, these now being polarised in parallel 
planes and retarded relatively to one another. The two ordinary streams, as 
also the two extraordinary streams, no longer interfered, as they were polarised 
in perpendicular planes. 

Returning to the arrangement of the first experiment, the light incident 
on the selenite was next polarised in a plane at 45'' to its principal section, 
and a rhomb of Iceland spar was placed before the eye-lens with its principal 
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section parallel to the primitive plane of polarisation : then in each image 
given by the spar the central system of fringes, together with the two lateral 
ones, was prodaced, and the lateral systems in the extraordinary image were 
seen to be displaced so as to become complementary to the lateral systems' in 
the ordinary, image. This experiment proves the fourth and the fifth laws; 
but in order to check this result, Freshel substituted for the rhomb of spar 
a plate of selenite too thin to give sensible separation of the images, and then 
found that the six systems of fringes gave by their superposition only one, 
the lateral qrstems being blotted out, which proves that these systems in the 
case of one plane of analysatibn are obtained from those analysed in the 
perpendicular plane by the addition of a half-wave to the actual difference 
of path. 

171. ' Fresnel's and Arago's experiments have been modified and extended 
by subsequent observers*, and we owe in particular to Machf an experiment 
that may be described, as it possesses a special theoretical interest. 

We have seen, that, when a telescope is focussed on a narrow line of 
monochromatic light and the object-glass is limited to a slit parallel to the 
line, the geometrical image of the line is bordered by a system of diffraction 
fringes, and that on covering one half of the slit with a retarding plate the 
bands of an odd order are shifted towards the side of the retarded stream, 
while thofle^of an even order retain their position. If the light that passes 
be white, the difi&action phenomenon may be analjrsed by a spectroscope with 
its slit in the plane of the pattern and perpendicular to the fringes, and 
a spectrum is then obtained with dark bands running along it, that approach 
one anothear as the blue end of the spectrum is neared. 

This was the arrangement that was adopted by Mach, who covered the 
two halves of the slit with equal, plates of quartz cut parallel to the optic 
axis and so placed that their principal sections were perpendicufar to one 
another. 

If we suppose that the slit is vertical and the plate on the left-hand side 
has its principal section vertical, the streams that we have to consider are Z, 
and L^ fiom the left-hand half polarised respectively in a vertical and 
horizontal- plane, and the corresponding streams R^ and R^, firom the right- 
hand half of the slit, and of these L^, and JSp are retarded relatively to L^ and 
J^ by an amount that increases from red to violet light. 

Now L^ and &^, being polarised in parallel planes, will give rise to 
a ^tem.of fringes,. and as iZ, is retarded relatively to L^, the bands of 
an even order will retain their former positions, but those of an odd order 
will be displaced towards the right by an amount that increases considerably 
as the wave-length diminishes. A similar result is obtained from the streams 

* Stefan, Wien. Bet. lul (2) 548 (1866) ; lxti. (2) 425 (1872). 
t Maoh and Bodokj, ibid, Lun. (2) 197 (1876). 
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L\ and iih. the displacement being in this case to the left Finally, as regards 
the stream resultiag from L, and R^, as also that reaulting from L^ and R/,, 
these are polarised in perpendicular planes and consequently give rise to no 
interference. Hence instead of the bands a and b seen with an unoovered 
slit, the spectrum will be traversed by three series of lines a, c, d. 



1 




i 




Fig. 89. 



Fig. iO. 



The insertion of a polarising prism either before the slit or in the 
e^-piece does not affect the phenomenon, onless the plane of polarisation 
or of analysation is either vertical or horizcmtal, bat in these two cases the 
bands d and c respectively disappear. 

Kext let a polarising prism be introduced both before the slit and in the 
eye-piece of the telescope, the planes of polarisation and analysation b«ng 
inclined at an angle of 45" to the vertical : then we have four streams L,, £k> 
jR,, jRn of equal intensity coming from the same polarised stream and finally 
brought to the same plane of polarisation. If then the planes of primitive 
and final polarisation be parallel, the streams L, and R\, as also the stiBams 
£k and R, "will give the system of bands a and b, since they start from the 
slit without any relative retardation, and in addition, inasmuch as the stream 
resulting from Za and £, is retarded relatively to that resulting from L, and 
^ by an amount that is constant for any one wave-lei^b, and increases from 
the red to the violet, there will be a set of horizontal bands «, exactly the 
same as would be obtained if one of the plates of quartz wero placed between 
the polariser and the analyser and the light traversing the system were 
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analysed by the spectroscope. When the planes of polarisation and analysa- 
tion are crossed, we have to add X/2 to the actual retai-datioa in length, and 
the system a will remain unchanged, while the system b will be displaced by 
an amount corresponding to X/2, which will bring them into coincidence with 
the bands a, the central baud becoming dark : similarly the horizontal system 
of bands e will be replaced by the complementary system e'. 
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172. Ketnming now to the interference phenotnena produced by ciystal- 
Une plates, let us suppose that a stream of l%ht is received on a screen after it 
has traversed on optical system containing a polariser, a plate of crystal and 
ft second series of lenses containing au analyser. The interference at any 
point on the screen is the same as at its image formed by the second set of 
lenses, when the light emanates from the image of the actual source due to 
the first optical system, and we may consequently suppress the lenses and 
consider merely the passage of light Irom a polarised source L through the 
plate of crystal to a screen S, the streams on arrival being supposed to be 
reduced to a common plane of polarisation. For the sake of simplicity we 
may assume that L and 8 are parallel to the faces of the plate. 

Let us first consider a single point of the source. Since the two 
Btreama from that meet at a point P of the screen pass through the crystal 
in different directions, their planes of polarisation after traversing the plate 
are not strictly at right-angles, but this effect of the double refraction on 
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the polarisation may be left out of account in most practical cases, and to the 
same degree of approximation we may also suppose that these planes of 
polarisation and the initial and final planes of polarisation intersect one 
another in the same straight line. 

Hence if a, /9, '^ be the angles that the primitive and final planes of 
polarisation and the plane of polarisation of the quicker wave within the 
plate make with a fixed plane, and if h be the relative retardation of the 
streams at P measured in length in air, the effect at P for light of wave- 
length X is represented by the vector 

[aK cos (-^ — a) cos (>/r — )8) + ax sin (-^ — a) sin (>/r — /8) e~^\ e***, 

where tc = 27r/X, n = 27r/T, the change of amplitude due to the refiractions 
being neglected, and if ax' represent the primitive intensity, that at the 
point P will be 

/ = ttx' cos" (-^ — o) COS* (V^ - )8) + ax' sin' (i|r — a) sin' (-^ — )8) 

+ 2ax' sin (i|r — a) cos (>/r — a) sin (i|r — /8) cos {-^ — )8) cos kZ 

= aA'cos'()8 — a) - ax' sin 2 (-^ — a) sin 2 (-^ - )8) sin'(7rS/\) (IX 

Hence when the light that passes is white, the intensity is 

/ = cos'0S-o)2xaA'-2xax'sin2(^-a)sin2(Vr-i8)8in'(7rS/X)...(2), 
the summation extending to all the constituents of the composite stream. 

The first term in these expressions represents what may be called die 
fundamental intensity, that is the intensity when the plate of cryBtal is 
removed, and in the second case has no effect in producing colour at P ; but 
in the second summation S/X and in general '^ depend upon the wave-length, 
so that the different constituents of white light enter in different degreed, 
and this summation is the representation of a stream of more or less ooloored 
light. 

173. We must now determine the relative retardation at P of the two 
streams emanating firom 0. Let 

T be the thickness of the plate, 
A, K the distances of its surfaces fit>m and P respectively, 
ti, ts the angles of incidence on the plate, 
ri, r, the corresponding angles of refraction, 
/xi, fft, the re&active indices : then 

S = (A + A') (sect, — sect,) + 2'(/i, seer, — /*! sec rO (3), 

with the condition 

= (A + AO (^» i, - tan t,) + ^(tan r, - tann) (4) ; 
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whence multiplying (4) by sin %i and subtracting it from (3), we have 
8 = (A + A') 1 -co8(i,- ti) y [ Ma - sin ^ sin r, _ /it - sin t'l sin n j 

^ cost, ( COSTj COSTj f 
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Fig. 18. 



Let 
where 



sin / = ^ sin i2i 8 /A, sin i2s, 

0^ i/i, 17, being small quantities, since the doubly re&acting energy is in most 
cases weak ; then 



cosrs 

. sin /cos'iZ, + e cos J sin' iZ, —1;, sin Jsin iZ, cos iZ, 



sin iZ, cos R% 

N sin/coti2s + ecos/taniZa, 

/ii— siniisinri 
cosri 

£:? sin / cot i2) + 6 cos J tan IZi ; 
whence neglecting ^ 

S« Tsin J(cot iZ, - cotiZ,) + 2Vcos/(tan^- tanlZ,) 

= r'sinJ(cotiZ,-cotiZ,) + rccos/?^5^^L^ 

^ ^ COSiiiCOS ft. 



V cos-R,y 



(5), 



fe5r8in/(cotiZ,-cotft,) 

since e sin (iZ, - iZi) is of the order of the terms neglected. 

To this approximation then the relative ret^uxlation is independent of the 
distances of and P from the plate, and depends upon the mean of the 
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angles of incidence on the plate, or on the mean of the angles at which the 
interfering streams meet the screen at P. 

174. Suppose now that the colour due to the light from appears to be 
the same over a circle B surrounding the point P, then for all points of this 
circle the second term in the expression (2) must represent a stream of light 
of a practically constant tint, which may be expressed by the inequality 

Jf + €>2AaA'sin2(^-a)sin2(^~)8)sin»(7r8/\)>Jf-€ (6), 

the colour represented by M being independent of the actual value of ax, 
provided Sa^' constitutes a stream of white light, and € representing a veiy 
small variation of tint. 

Let us now limit the source to a circle A round the point 0, such that 
the rays from any point of the contour of A that meet at P are parallel to 
the rays from that intersect at some point on the edge of B, Then the 
intensity at any point of the area B will be 

2'{cos» {fi - a) Sxax* - Sxa^' sin 2 (^r - a) sin 2 (^ - )8) sin» {irijX)] . . .(7), 

the summation X extending to all points of A that contribute to the illumi- 
nation of the point in question. But the rays from any point of J. to any 
point of B are parallel to those from to some point of this circle B and 
therefore the relation (6) holds for each term of the summation S and tech 
contributes to the illumination light of practically the same tint, so that the 
colour of the area B is unaffected by an extension of the source to the 
amount assumed, this result being independent of the distance of the screen 
bom the plate. 

Now the relative retardation of the streams from at any point of the 
screen is, as we have seen, independent of the distance of the point from the 
plate and depends upon the mean angle of incidence on the screen and 
therefore the area B, for which the relation (6) holds, increases as the screen 
is moved parallel to itself away from the plate. From this it follows that 
with a source of given size there is a limiting distance of the screen from 
the plate, at which the interference is first seen and beyond which it is 
always visible. 

The expression for the retardation shows that for an uniform tint over 
the whole field the light must consist of nearly parallel rays. In this case 
the colour is perceptible on the surface of the plate itself, and the fringes 
seen with crystalline wedges and the patterns given by the superposition of 
plates of varying thickness are localised on the crystalline sur&ce, since in 
other planes the streams to a given point from the different available points 
of the source traverse the crystal at places where the thickness is different 
and the relation (6) no longer holds for the different constituents of the 
summation (7). 
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On the other hand with a conical pencil, giving the phenomena of rings 
and brushes, there is partial localisation, as an extension of the source leads 
to an obliteration of the interference until the screen is at a considerable 
distance from the plate, and in most cases, particularly when the light is 
monochromatic, the rings and brushes are only seen in the principal focus of 
the observing system of lenses, an indefinite extension of the source being 
then permissible. 

176. The two classes of interference, produced by crystalline plates, 
though very different in appearance, are in reality explained by the same 
principles: in the case of nearly parallel light, the expressions (1) and (2) 
have the same value over the whole extent of the field, while in the case 
of the rings and brushes, observed Avith conical pencils of light, the intensity 
varies from point to point of the plane, in which the phenomenon is 
observed. 

Let us first consider the simpler case, in which the light is nearly parallel. 
When the light is monochromatic, the intensity is given by 

J = a« {cos» 08 - a) - sin 2 (-^ - a) sin 2 (i/r - y8) sin« (7rS/X)}, 

and if the polariser and analyser remain fixed, while the plate is rotated in 
its own plane, there are eight positions given by 

-^ = a, 7r/2 + a, 7r + a, 37r/2 + a, )8, 7r/2 + )8, Tr + jS, Sw/i + fi, 

in which the intensity is the same as before the introduction of the plate, and 
between these positions the intensity becomes a maximum or a minimum. 

If however S=s nX, the intensity is unaltered by the rotation. 

In the special case in which the planes of polarisation and analysation 
are parallel, the intensity is 

a* {1 - sin> 2 (i|r - a) sin« (ttS/X)}, 

and is a maximum when the planes of polarisation of the streams within the 
plate are parallel and perpendicular to the primitive plane of polarisation 
and is a minimum when they are inclined at 45^ to this plane, the field 
being completely dark in this case, when S » (2n + 1) X/2. 

When the planes of polarisation and analysation are crossed 

/ = a« sin« 2 (i/r - a) sin» (ttS/X), 

and the field is dark if S = nX, and in other cases the light is entirely cut off 
when the planes of polarisation of the transmitted streams coincide with the 
initial and final planes of polarisation. 

When the initial light is white, the intensity is given by the expres- 
sion (2). In strictness, the angle ^ft is dependent upon the wave-length, but 
when the dispersion is weak relatively to the double refraction, the product 
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sin 2 (-^ — a) sin 2 (>/r — )8) has sensibly the same value for all terms of the 
summation, and we may take as the expression for the intensity 

/ = COS' (/8 - a) Sax' - sin 2 (>/r - a) sin 2 (^ - ff) Sax' sin' (ttS/X). 

Since then the first term in. this expression represents a stream of white 
light, the plate will appear uncoloured, when the plane of polarisation of 
either of the streams transmitted by it coincides with either the primitive or 
final plane of polarisation. In intermediate cases the field is coloured, the 
tint changing to its complementary as the plate passes through one of these 
eight positions, since the second term in the expression for the intensity then 
changes sign. 

The plate exhibits only one colour during its revolution, when the planes 
of polarisation and analysation are either parallel or crossed ; as the intensity 
in these cases is given by 

/ = Sax» - sin' 2 (-f - a) Sax* sin' (7rS/X), 

and / = sin' 2 (i/r - a) Sax' sin' (7r8/X), 

respectively, the colours being thus complementary. 

If the polariser and plate remain fixed,' while the i&nalyser is turned, the 
plate exhibits no colour for four positions of the analyser given by 

/S = '^, i/r + 7r/2,. '^ + ^, ^ + 3w/2, 

and the colour changes to its complementary tint, as the analyser passes 
through one of these positions. 

176. The crystalline plate shows no colour when it is very thin and also 
when its thickness exceeds a moderate amount. The reason for this is 
obvious : in the former case, the retardation of phase varies so little with 
the wave-length, that- the resulting intensity is practically the same for all 
colours ; in the latter case it alters so rapidly that for a slight change in the 
wave-length the intensity passes firom a maximum to a minimum, and con- 
sequently so many constituents of the white light are weakened and these 
are so close to one another in colour that the light presents to the eye the 
appearance of being white. The true character of the lights may be ascer- 
tained by analysing it with a spectroscope, when a spectrum is obtained 
traversed by dark bands corresponding to the tints that are weakened or 
annulled. » 

It is however possible, even with thick plates, to obtain the phenomenon 
of colour by combining two of them in a suitable .manner between a polariser 
and an analyser : in order that this may be effected, the retardations of phase 
introduced by the two plates must nearly balance one another. 

Making the same assumptions with respect to the polarisations as in the 
case of a single plate and neglecting the effect of the refraction from the 
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first into the second crystal, let the primitive and final planes of polarisation 
and the planes of polarisation of the quicker waves in the two plates make 
angles a, ^, yfti, 's^^ respectively with some fixed plane, and let Si be the 
relative retardation in length in air for the two streams of given wave-length 
that traverse the second plate with the same speed, S, that for the two 
streams that pass through the first plate at the same rate; then after 
traversing the analyser, the resultant stream will be represented by the 
vector 

a [{cos (-^i — a) cos (-^j — -^i) — sin (-^j — a) sin* (-^j — -^i) c""^»} cos (yfr^ - 0) 

+ {cos (-^1 — a) sin (-^j — y^i) 6"""^ 

+ sin (^, - a) cos (^, - yjt^ «-•*(*»+*«>} sin (^ - fi)] 6'"* 

= {-4 + Be' "^^ + Oc-'**? + jDtf-«(«»+«t)} e*«<, (say), 

and the intensity, obtaining by multiplying this by the conjugate ex- 
pression, is 

4« + 51+ Ci4-D« + 2 {AB + CD)cos icS, + 2 {AO + BD) cos /cSt 

+ 2jB(7 cos « (8, - Sa) + 2-42) cos /c (8| + 8.) 

^(A+B+C+Dy^4^{AB+GD)sm^irSJ\)''4,(AC + BD)anH'n-iJ\) 

- 45C8m« {ir (S, - S,)/X} - 44i) sin* {tt (5, + SOA) 

= o» jcoe? 08 - a) + sin 2 (i/r, - o) cos 2 (^, - ;8) ain 2 (^; - ^,) sin* ^ 

- cos 2 (^ - o) sin 2 (1^, - ^) sin 2 (^, - ^) sin* ^ 

+ 8in2 (^ - a) 8in2 (^, - /3) 8in« (^, — f,) sin» ^5^%^ 

-8in2(^x-a)8in2(t,-)8)co^(^.-^x)8in»^i^^^t^l (8). 

It follows from this that the combination acts as if only the first plate were 
present, when the plane of polarisation of the quicker wave in the second is 
parallel or perpendicular to the plane of analysation (-^^as )9 or )9 ± 7r/2) and 
that the first plate is inoperative, when the plane of polarisation of the 
quicker stream within it is parallel or perpendicular to the primitive plane 
of polarisation ('^ =? a or a ± ^/2). According as the planes of polarisation 
of the quicker waves in the plates are parallel or crossed (^, = '^i or 
•^1 ± W^X ^e have 



and 



J=a»|cos»08- a) ~ sin 2 (^^ - a)8in 2 (^, - )8) sin* ^^^^i^H 

J=a» |cos»(/9-a) -sin 2(^x-a)8in2(^i-)8)sin«^!^fc^H^^ 
w. 18 
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that is, the combination acts as a thicker or a thinner plate than either 
of the two constituent plates. 

From the foregoing investigation we obtain a very delicate test for slight 
traces of double refraction in a plate. When the retardation of phase for 
light of mean wave-length amounts to tt or to a small multiple of ir, a 
crystalline plate between a crossed polariser and analyser shows in white 
light a distinctive greyish violet colour, known as a sensitiv.e tint from the 
fact that it changes rapidly for a slight alteration in the retardation, becoming 
blue or red according as the retardation is increased or diminished. If then 
the plate to be tested be combined with a plate giving the sensitive tint, a 
slight trace of double refraction will be made manifest by a change of colour. 
The test is rendered still more delicate by cutting the sensitive plate in two 
and reuniting the halves after the one has been turned in its own plane 
through a right-angle : since now the planes of polarisation of the quicker 
waves in the two halves of the plate are 'perpendicular to one another, the 
tint of the one half will be raised and that of the other will be lowered, 
if the compound plate be combined with a second plate giving double 
refraction*. 

177. If instead of a parallel beam of light a conical pencil be incident 
on a crystalline plate, the intensity varies from point to point of the field and 
the complete discussion of the phenomenon becomes very complicated. If 
however we confine our attention to directions making no great angle with 
the axis of the pencil, we may simplify the investigation by assuming that 
the planes of polarisation and analysation are constant over the field and that 
the planes of polarisation of the streams within the plate are at right-angles 
to one another and intersect the planes of primitive polarisation and of 
analysation along the axis of the pencil The intensity is then given in the 
case of monochroiAatic light by the expression (1), namely 

/=a«|cofi»08-a)-.sin2(if--a)8in2(^-)8)8in»^| (9), 

wherein '^.and S alone depend upon the direction under consideration. 

The interference phenomenon is thus characterised by three systems of 
curves ; the curves of constant retardation, t =s const. ; the curves of like 
polarisation, '^s const. ; and the curves of constant intensity, /» const. 

At all points of the field, for which 

sin 2 (i|r - a) sin 2 (-^ — )8) sin» (ttS/X) = 0, . 

the intensity is the same as when the plate is removed. This equation 
defines (1) a system of curves, for which the relative retardation is an 
integral number of wave-lengths i = nX, (2) lines of like polarisation '^ =s a 

* Brayaifi, Ann. de Ch, et de Pkys. (8) xun. 129 (18S5). 
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or a + 7r/2, y^^^ 13 or )8 + w/2, that is lines joining the points for which the 
streams within the plate are polarised in planes parallel and perpendicular to 
the planes of primitive and final polarisation. These systems of curves are 
called respectively the principal curves of constant retardation and the 
principal lines of like polarisation. The latter lines divide the field into 
regions in which the intensity is alternately greater and less than the 
fundamental intensity, but when the planes of polarisation and analysation 
are parallel or crossed 0? = a or 7r/2 + a), the two pairs of lines coincide and 
the intensity of the field except on these lines and on the principal curves of 
constant retardation, is in the former case less and in the latter case greater 
than it was before the introduction of the plate. 

Unless the dispersion of the optic axes is considerable, the principal lines 
of like polarisation vary but slightly with the wave-length and thus with 
white light appear practically uncolonred : they are hence often called the 
achromatic lines. The principal curves of constant retardation on the other 
hand depend upon the wave-length, but in general each curve within a region 
bounded by principal lines of like polarisation, has the same colour in white 
light throughout its length, which changes into the complementary tint on 
passing into the adjacent .region : when however the pairs of principal lines 
of like polarisation coincide, the hue is the saine along the whole curve of 
constant retardation, whence they are sometimes called the isochromatic 
curves. When the dispersion of the optic axes is large, this is not the 
case and the curves of constant retardation are &t fironi isochromatic. 

178. The principal curves of constant retardation and the principal lines 
of like polarisation divide the .field into spaces, in which there is a point 
of maximum or of minimum intensity surrounded by curves of constant 
intensity 

coi^OS- a) -^sin 2(^ - a)sin 2('^ - /8) sin«(wS/X) = const. 

in which '^ and S are regarded as variables. 

The points of maximum and minimum intensity are situated at the 
intersection of the curves of constant retardation S=:(2n + l)X/2 with 
the two pairs of lines of like polarisation 

f = (a + /8)/2, '^-(a + i8 + 7r)/2, 

and '^-(a + )8)/2 + 7r/4, -^ « (a + )8)/2 + 37r/4 

respectively. 

Let us consider the region of the field between the lines -^ == a and yjr^fi 

and write 

- sin 2 (^ - a) sin 2 (^ - )8) sin« (7r8/X) = A? ; 

then curves in this* region with intensity-constant k are touched by the lines 
of like polarisation '^ =: (a -h l3)/i ± fj, where 

-8in(2i7 + )8 -a)sin(2i7 - )8 + a) = Jfc, 

18—2 
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or sin 217 = Vsin' (/8 — a) — k, 

at the points in which they are cut by the curves of constant retardation 
S = (2n + 1) X/2, and are also touched by the curves 

S=nX + A, S = (fi+1)X~A, 

where sin" ()8 — a) sin* (ttA/X) = k, 

at the points in which they are intersected by the line of like polarisation 

^ = (a + /3)/2. 

Further each curve with intensity-constant k is cut by a curve of constant 

retardation S = nX + €, (e > A) in points on the lines of l^ce polarisation 

« 

^ = (a + i8)/2±V, 

where sin 2ff = Vsin» (/S — a) — i cosec" (ire/X), 

and the other points in which these lines meet the curve are on the curves 
of constant retardation S = (n + l)X — e. Hence if Sn, S^» be the relative 
retardations at the points in which a line of like polarisation meets an 
intensity-curve A; in a space of order n, S^w — S» = X — 2€ is independent of the 
order of the space and 5'n+ 3n = (2n + 1) X is independent of e and hence of 
the intensity-curve k. Moreover if B^-i, S^n-i ^ the relative retardations 
at the points in which the same line of like polarisation meets the carve 
with the same intensity-constant k in the space of order (n — 1), we have 
S'^^jsrsnX — €, whence Sn — 8'ii_i = 2€ is independent of the order-number n 
and Sn + S^nr-i ^ 2^^ is independent of the intensity-constant k. 

Similar results will clearly hold for the other regions of the field*. 

179. We have seen that the relative retardation of the interfering 
streams at a given point of .'the pattern is 7sint(cotr, — cotrj), where Tia 
the thickness of the plate, % the mean of the angles of incidence of the 
streams, and Vi, r^ the corresponding angles of refraction. Since by Huygens' 
principle the traces of the incident and refracted waves on the {bucb of the 
crystal travel with the same speed, this expression is equal to n7(n, — ni), 
where A is the distance traversed by the light in air in unit time, and ftj, n, 
are the reciprocals of the intercepts on the normal to the plate through 
a point of the surfieice made by the refracted waves in unit time after 
passing through 0. 

« 

' Hence if 'the axis of ^ be normal to the plate and 

l^ + mi] + nif = 1, Zf + mi? + Wa5' = 1, 

• Lommel, Pogg. Ann. oxz. 69 (1863); Wied. Arm, xxxix. 258 (1890). Niyen, Quart, J. of 
Math. xnz. 174 (1874). Glazebrook, Proc. Camb. PhiL 80c. nr. 299 (1883). Spaige, ibid. v. 74 
(1885) ; Camb. Phil. Tratu. ziv. 63 (1884). 
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be the equations of the waves in unit time after passing through 0, their 

relative retardation is 

8 = fir(ri,-ni); 

also being the azimuth of the plane of incidence with respect to that of ^^ 

Z= sin { cos OjH, m = sin tsin d/ft. 

Let the plane of ^1^ be chosen so as to contain the greatest axis Oz of the 
ellipsoid of polarisation, the plate lying on the side of positive (f, then if Ox^ 
Oy, Oz be the axes of the ellipsoid, and yOrf = <f>, zOl^^ %, the transformation 
fiom the axes of optical symmetry to the new axes, may be effected by the 
following successive transformations, each in one plane : 

(1) through an* angle ^ in the plane 'of a:y from Ox, Oy to Ox^, Of), 

(2) through an angle x ^ ^^^ plane of zxi from Oz, Ox^ to 0^, 0^. 
The formnlsB for these transformations are 

x^Xi cos ^ — i;sin^, y ^XiSin if) A- rj cos <f>, 

a?i = fcosx + ?sinx, i^ = - f 8inx+ fcosx, 

from which we obtain 

« = f cos ^ cos ;^ — 17 sin ^ + f cos ^ sin ;^, 

yef sin^cos;^ + i;cos^ + (;* sin sin ;^, 

jrrai — f sin ;f + f cos ;^. 

Now the equation to the wave-sur£BU^ referred to the axes of optical 

symmetry is 

iW 6y (^^ 

and the condition that the plane Ix + my + fur = 1 should be a tangent plane 
to it, is obtained by eliminating » between the equations 

«^-(P + m« + nV and _?!— + r;^ + ,5^ = 0. 

^ a* — ci)* 6* — Q>" c* — «• 

Hence the condition that in the new system of coordinates the plane 

l^ + mtf + nf = 1 

should touch the wave-surface is found by eliminating a between the 
equations 

«« = (? + m» + nV 00). 

(fcos^coex'^wisin^ + ncos^sinx)' ( f sin ^ cos y + ^ cos ^ 4- n sin ^ sin %)* 






, (/8inx-ncosx)' ^Q ^v 



The result of this elimination is a biquadratic in n, that from the nature of 
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the problem has two real positive and two real negative roots, and if fii, n, be 
the positive roots, the relative retardation is 

S = fir(n,-ni). 

Writing & = a for the case of an uniaxal crystal, equation (11) gives the 
two equations 

a»'-a' = and {(Zco8;^+n8in;^)' + m"} (©*— d") 

+ (Zsin X — ncos ;()* (g>* — a*) = 0, 
and the values of n are given by 

a*(P + m" + n") = l, 
d"(P + m* + n*)-l +(a*-c*)(Zsinx-ncosx)' = 0, 

whence Wi = - a/i — a'-^^r-, 

n,=={V(a»cos»x + (^sin»x)(l-c*sin't/fl*)--c*(a*-(?)8in«xco8*ds!n«t/n« 

+ (a*— c") sin ;^ cos X cos d sin i/ft} -^ (a* cos* X + c* sin* ;^ 
and 

8 _ Vfl* — a* sin* t (a* — c*) sin ^ cos X cos d sin t 
T^ a a*cos*;^ + c*sin*;^ 

V(o* cos* X + (^ sin* y ) (Q* — c* sin* t) — c* (a* — c*) sin* x cos* ff sin* % . ^. 

a*cos*;f + c*sin*;^ ^ ^ 

In the special case of a plate perpendicular to the optic axis (;^ == 0) 

8/ r= { VXl* - c* sin* t - Vn*-a*sin*tj/a, 
and when the plate is parallel to the optic axis {x ^ W^) 

S/r=VO*-(a*cp8*^ + c*sin*^)sin*t/c-VXl*-a*sin*i/a. 

Taking now the case of a biaxal plate perpendicular to the greatest axis 
of the ellipsoid of polarisation, the biquadratic becomes 

(6VZ* + c*a^* + a**»*) (P + 7w* + n*) 

- (6" + c*)i*-(c* + a*) m* - (a* + 6*) n*+ 1 = 0, 
or ' • 

«*&«»* - {(a* + 6*) - 6* (c* + a*) Z* - a* (6* + c*) m«} n* 

+ {1 - d»(Z*+m*)} {1 -6V-.a*m*} = 0, 
and Til, n, being the positive roots 

(7i,-ni^*6* = a*+ 6*- 6*(c* + a*)Z*- a* (6* + c*)m* 

-2a6Vll-c*(Z* + m*)}{l-W*-a*m*), 
whence 

a*6* ^ = (a* + 6*)il*- {6*(c* + a*) cos*d + a*(6* + c*)sin* d} sin* t 

- 2a6 V(fl* - c* sin* t) {XI* - (6* cos* ^ + a* sin* d) sin* »} (18). 
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In the general case of a biaxal plate cut in any direction, the relative 
retardation cannot be expressed in finite terms, and it is necessary to have 
recourse to an approximate solution*. 

• 

To obtain the Cartesian equations of the curves of constant retardation, 
we have to write 

f =/co8 6 tan t ^fao&O sin i, i; =/sin tan t ==/sin sin i, 

since i is supposed small. In these expressions /is a constant and when the 
interference is observed in the principal focal plane of a system of lenses, is 
equal to the focal length of the optical system. 

180. Let us now determine the lines of like polarisation f. If Oil, OA' 
be the directions of the optic axes of the ciystal, we know that the planes of 
polarisation of the waves, that travel in a direction OM within the crystal, 
bisect the angles between the planes MOA^ MOA\ that is they are tangent 
planes to the cones through OM that have the optic axes for their focal lines. 

B^feired tp the principal axes of the crystal, let the general equation of 
the cones be 

«■ v* ^ r. 



then the equation of the focal lines is 



0, 



A^B^C-B 

80 that 2^ being the angle between the optic axes. A, B, C are connected by 
the relation 

tan«^ = (^-5)/(5-(7). 

The tangent plane to the cone along the line x/x' rs yjy' » z/e' is 

'A'^IS^'^'C"^' 

and if this 1>e perpendicular to the plane Xx-^-fiy + vz^O we have 

\x'/A'\-fjLi/IB'\-vz'/C^O. 

Eliminating then A, B, C between this equation and 

«^/il+y^/5 + /VC=0 and tan«^=(il -5)/(5- C), 

we obtain the equation of a cone, such that the planes of polarisation of the 
waves, that travel along its generating lines, are parallel and perpendicular to 
a given plane. 

* Proe. R. 8. uan. SB (1898) : of. also Zeoh, Pogg. Ann. zoYn. 129 (1856) ; on. 854 (1857). 
t liao^ de L^pinaj, J. de Phyi. (2) n. 162 (188S). Lommel, WUd. Ann, xYin. 56 (188S) ; 
Pogg, Awn, cxx. 69 (1868). Pitaoh, Wien. Ber. zbi. (2) 527 (1885). 
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First we have 

IjA l/B l/C 



'\ » 



y'z (fi2 - py') za! {vx' — X/) x'y' (Ky' — fix') 
or A:B:C:: xKjjuz' - vy') : y'Kyx' - Xt!) : z/(\y' - /^a?') ; 

but ^cos»S[^-5 + Csin«^ = 0, 

whence substituting for A, B, C, 

^^cos'^ F y- ysin'^ 

a cone of the third degree passing through the two optic axes. 

Now to the approximation adopted in finding the expression for the 
intensity, the direction (X, fi, v) is parallel to the surfiace of the plate, whence 
these direction-cosines are connected by the relation 

cos ^ sin ;( . X + sin ^ sin % . A* + cos 5^ . i; = 0, 

and the form of the lines of lik§ polarisation is determined by finding the 
section of the cone (14) by the surface of the plate 

cos^sin;^.a? + 8in^sinx-y + cos % . 5 = 21 

181. In the case of an uniaxal plate, '^ = 0, and the surface of like 
polarisation becomes the plane 

^'-Xy'=0, 

and the cone of the second degree 

1/ (a?'» + y'») - / (Xa;' + Aiy') = 0. 

Taking the same axes as in the case' of the curves of constant retardation, 
we have to write f cos;^4-?sinxfor x\ 17 for y', — f sin^ + f co8% for if^ and 
X'cos;^ + i''8in;f for X, fi! for ^, — X' sin 5^ + 1/' cos ;^ for v: but jthe line, for 
which the original direction-cosines were X, fi, v, is parallel to the sur&oe of 
the plate, hence 1/'= and if it make an angle '^ with the axis of f, 

/a' = sin -^j X' = cos •^. 

Making these substitutions and writing (f= T, the equations of the lines of 
like polarisation become 

f — 17 cot -^ + jPtan % = 0, 

; if tan X" tn ^^ "^ ^^^ X + ^(f + V ^^^^ "^ + 2^ tan ;^) « 0. 

The first of these equations represents a series of straight lines through 
the extremity of the optic axis (f = — Ttan ^, 17 = 0), and the second a qrstem 
of hyperbolas through the same point, the asymptotes of which are the trace 
of the principal section of the plate and the line 

17 — f tan -^Ir = 0. 
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The curves of constant retardation are in this case given by (12) or to 
terms of the second order by 

8 n n la»-c> . „ ^ . . 

r'='d""a-*"2""^''°^^'^^'^''°' 

1/a c'\.,^.,. \ fa a*<f\ ./,... 
+ K ( 7^ — ttj sm* ^ sin* t + ^ ( pr — 7^-^ cos' sin* t, 

where d* is written for a* cos' % + c* sin* ;f . Hence their equation is 
B _a a I g'-d* . f.l/^ ^W.l/a aV\f* 

7""d""tf'*'2 d» ®'^^'^/'^2U^nd>'/» 2U"nd»>/7*- 

The centre of the curves is at the point 

and is at infinity, if (^ » od*, and as the coefficient of ^ is then zero, the curves 
are parabolas with their axes in the principal section of the plate : the value 
of X corresponding to this case is given by 

, _ c*(o*-c*) _ c* 

which always gives a possible value of X' According as % is less or greater 
than this value, the curves will be ellipses or hyperbolas. 

The curves can never become straight lines, as the coefficients of ^ and if 
cannot simultaneously vanish. 

182. When the uniaxal plate is perpendicular to the optic axis, the 
carves of constant retardation are given by 

8^ Vn*-c*sin*i _ \/n« - g* 8in*~t ^ (a* - c*) sin* t 
T'^ a a 2an 

when % is small. For the principal curves of constant retardation £ » nX and 
with small fields the squares of the sines of the angular radii of these curves 
form an arithmetic progression. 

The lines of like polarisation in this case are 

f-i7cot'^ = 0, f + i; tan -^ = 0, 

and the principal lines of like polarisation are two pairs of straight lines 
pandlel and perpendicular to the planes of polarisation and analysation. 

The illumination of a small area pdpd'^ of the field is 

a* {cofi* (/S - a) - sin 2 (^ - a) sin 2 (-i/r - /9) sin* {irp*IF)\ pdpd-^^, 

if we take the approximate value of h and write F for . ,_ jix m * Integrating 
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this with respect to p, we obtain for the amount of light that fidls on the 
area of a curve of constant intensity included between the radii ^ and 

ia« co8» (/9 - a) (p,« - pi«) di/r - \a? sin 2 (-i/r - a) sin 2 (>|r - ^) 



x{^.-^.-£(».?^'-™?^-)}.^. 



where pi, /Sq are the distances from the centre of the field to the points in 
which the radius- vector cuts the curve. But we have (§ 178) 

p,^IF = n + €/X, p^lF = (n + 1) - €/\, 

whence the expression becomes 

ia» cos» (^ -. a) F(l - 2€/X) d-^- \a^ sin 2 (i/r - a) sin 2 (^ - /8) 



X 1^(1 -2€/X) + ^Rin ?pU^, 



which is independent of the order n of the space in which thecnrve is 
situated, and is the same for all curves having the same intensity-constant. 
This is true for each strip of the curves, and as all curves in a given region 
that have the same intensity-constant, are touched by the same pair of radii, 
it follows that the total illuminations of the areas bounded by each' of the 
curves of a given intensity ai*e the same. 

183. With an uniaxal plate parallel to the optic axis, the carves of 
constant retardation are to terms of the second order 

y = - (a - c) + -2jj- (sm' ^ - - ooe« <? j 8m« .. 

Hence their equation is 

which represents a series of hyperbolas with asymptotes i?/f .= ± ^Jafc . 

If the field be small, there are no. lines of like polarisation/' as the 
polarisation of the streams within the plate is practically constant over the 
field, and when the principal section is parallel or perpendicular to either the 
plane of polarisation or that of analysation, the intensity is. uniform. The 
isochromatic curves are most marked, when the planes of primitive and final 
polarisation are crossed and the principal section of the plate inclined to them 
at an angle of 45"". 

With larger fields, the lines of like polarisation are a system of hyperbolas 

i7«-fi7tan^+r* = 0. 
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having for asymptotes the lines 17 = 0, i7a^tan'^. The real axis of the 
hyperbolas is inclined at an angle '^/2 to the axis of f and the real semi-axis is 

2V2 cos ^/(l - cos l/r). 

The principal lines of like polarisation can be best observed in white light 
with plated so thick that the coloured bands are invisible: with a crossed 
polariser and analyser they are seen as a black cross with its arms in the 
planes of primitive and final polarisation, when the principal section of the 
plate is in either of these planes, and in other cases they are a pair of 
hyperbolas with their real axes in the quadrant containing the optic axis and 
equally inclined to this direction, only one hyperbola beii% in the field, when 
the angle between the principal section and the plane of analysation or 
polarisation is small 

This affords a ready method of determining the direction of the optic axis 
in the case of a plate parallel to it. Starting with the case in which the 
achromatic curve is a black cross, the optic axis is parallel to one of the arms 
of the cross : if the plate be now slightly turned in its own plane, the cross 
becomes an hyperbola with its real axis in the quadrant, into which the optic 
axis has turned*. 

184. Taking now the case of biaxal plates, let us first suppose that the 
8urfiu>es of the plate are . perpendicular to the mean line. The curves of 
constant retardation are then determined from (13), which may be written 

(a«-c^ (n«8in«^ + 6'cofi(«^sin«t + a«co^^sin«5sin«t}» 

- 4 (a* - c«)»6'fl«8in«^ cos« 5sin*t 

-2-=^((a« + 6')fl«-6'(a* + (^)cos«5sin«t--a*(6» + c«)sin*dsin*i| 
where 2^ is the angle between the optic axes, and their equation is 

« 

- ?^^^ {(a* + 6«) ny - 6* (o« + «J») f « - a« (6» + c") if } + ?^^^ = 

.•'.,. (16). 

The lines of like polarisation are given by 

f^cotf ^ - (cos^^cot^fr - tan >fr) fi7 -. i7«= r«sin« ^ (16). 

A system of hyperbolas through the points corresponding to the optic axes 
(f = ± jT tan "^j 17 = 0) having for their asymptotes the lines 

f cofij*^4-i7tan'^ = 0, f-iycot-^rnO. 
* Lemmel, Wied, Ann, xvm. 56 (1SS8). 
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When the angle between the optic axes is very small, the equations take 
simpler forms, as we may write a = 6 in the small terms : neglecting S^ and 
S* sin* i, the curves of constant retardation become 

(sm* % + sin* ^ )» - 4 sin« ^ co8« sm* t = ^,; , — JLm^ » 

tr (Or — Ctf 1 

where 2^ is the apparent angle between the optic axes. In Cartesian 
coordinates if the points corresponding to the optic axes be +a, 0, the 
equation becomes 

a system of Cassini's ovals. 

If i\ i" be the angles of incidence corresponding to the points in which a 
given curve cuts the plane of the optic axes, the complete equation gives 

and if the curves be Cassini's ovals 

- sin* t + sin» t" = 2 sin* 'V. 

When the angle between the optic axes is small, the lines of like 
polarisation become the equilateral hyperbolas 

f * - 2fi7 cot 2^ - 17" = r* sin* ^, 

and since df^ld^ =■ tan 2*^ for 17 =: 0, the angle that an hyperbola makes with 
the trace of the plane of the optic axes at the point corresponding to an 
optic axis is 2*^, and hence at this point the angle between the principal 
lines of like polarisation is twice that between the planes of primitive and 
final polarisation. When these planes are crossed, the principal hyperbolas 
coincide, and if either of these planes coincide with the plane of the optic 
axes, the principal lines of like polarisation are straight lines in and perpen- 
dicular to this plane. 

186. With a plate parallel to the plane of the optic axes, the relative 
retardation is obtained from (13) by changing c, 6, a in cyclical order, if we 
take the axis of (f perpendicular to its tacea, and that of ^ parallel to the 
greatest axis of the ellipsoid of polarisation, and as far as terms of the second 
order 

a*c»S*/T* = (a -c)*n* + (a-c)(ac -6*) (a cos* 5 -c sin* d)sin«t; 
whence the curves of constant retardation are the system of hyperbolas 

having the lines 17/f = ^Ja/c for their asymptotes. 
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Making the same changes in (16), the lines of like polarisation are 
given by 

• . .T. ... • V 1 — cos 2^ cos 2>Ir . _ . -,. 

sm 2i/r 

and are thus hyperbolas with asymptotes 

f sin -^ — i; cos -^ = 0, f cos -^ sin* ^ — 17 sin -^ cos' ^ = 0. 

The real axes of the hyperbolas make angles 

\ tan-^ {(1 - cos 2^ir cos 2^)/(cos 2^ sin 2^^)} 

with the axis of ^ and referred to their principal axes their equation becomes 

[s/l +coaF 2^- 2 cos 2>P cos 2^ - sin 2^^} «* 

' - {Vl + cos" 2^ - 2 cos 2>I' cos 2*^ + sin 2-^} y» = 2T* sin 2^. 

The principal lines of like polarisation are however scarcely visible, as the 
polarisation of the streams within the plate varies but slightly within the 
field of view. 

186. The interference phenomenon, observed with a biaxal plate per- 
pendicular to one of the optic axes, has a certain resemblance to that produced 
by an uniaxal plate similarly cut ; the rings, when the field is small, being 
circles round the point oprresponding to the optic axis. 

This may be seen from the following approximate calculation. The relative 
retardation of the interfering streams is 

S s Tsin f (cot r, — cot r,) = HT (cos r^co, — cos r,/«i). 

When the double refiraction is weak and the field is small, we may replace the 
angles ri, r, by their me::;n value r and regard a>i, {o, as the* propagational 
speeds of the waves travelling in a given direction making angles ^, ^' with 
the optic axes, then 

S = nrco8r — ^''^^'' . =n!^cosr^^^sinAsin6^ 

if we write for Oi, o, in the denominator their common value 6 corresponding 
to normal incidence : but 

sin <^' = sin 2>I' = 2 \/(a«- 6»)(6"- c>)/(a» - c>), 
sin 4> = sin r == 6 sin i/H, 
whence retaining only the first power of sin t 

S = T {\/(a« - 6») (6« - c«)/6*} sin i. 

To this approximation the curves of constant retardation are circles with 
radii proportional to the relative retardation, instead of the square root of 
this quantity, as in the case of the uniaxal plate. 
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To obtain the lines of like polarisation, we have to write in (14) 
a;' = f cos S[' + Tsin ^, y' = 77, £r' = - f sin S[^ + T cos ^, 

\ = cos -^ COS ^, /A = sin -^^ 1/ = — cos -^ sin ^, 

which gives 
17 (f sin -^ — 77 cos •^)' — 2jrcot 2^ (f sin -^ — 17 cos •^) (f cos -^ + 17 sin '^) 

- T" (f sin 2^ - 17 cos 2^) = 0, 

and when the field is very small 

f sin 2*^ — 77 cos 2^ = 0. 

Thus in this case, the principal lines of like polarisation are two straight 
lines through the centre of the field inclined to one another at an angle equal 
to twice that between the planes of polarisation and analysation. When 
these planes are at right-angles, these lines coincide and the planes of 
polarisation and analysation bisect the angles between this line and the trace 
of the plane of the optic axes. Hence as the plate is turned in its own plane, 
the principal line of like polarisation turns at the same rate in the opposite 
direction. In the case of the uniaxal plate perpendicular to the optic axis 
between crossed polariser and analyser, the principal lines of like polarisation 
form a black cross, that remains fixed as the plate is rotated about it& 
normal. 

187. When a conical pencil of white light is employed, coloured rings or 
bands are obtained, provided, as in all cases of interference, the relative 
retardation of the interfering streams is not too great The isochromatic 
curves follow more or less the course of the curves of constant retardation, 
unless the dispersion is excessive, and the principal lines of like polarisation 
become, when the polariser and analjrser are crossed, dark brushes fringed 
with colour. The phenomena may however be considerably modifi^, if the 
axes of the ellipsoid of polarisation not only vary in magnitude, but also 
change their position, as the wave-length alters. 

An uniaxal crystal has its optic axis in an invariable direction for all 
colours, determined by the principal axis of the ciystallographic system to 
which it belongs, and the dispersion only affects the law of distribution of 
colour in the coloured curves. There are however a small number of crystals, 
such as the uniaxal Apophylite and Brucite of Texas, that are of opposite 
sign for the extreme spectral colours, becoming isotropic for some inter- 
mediate wave-length. 

In biaxal crystals the optic axes have, in the majority of cases, different 
directions for the different colours and the plane in which they are situated 
may also vary, and crystals may exhibit both dispersion of the optic axes and 
dispersion of the mean line. The different cases of dispersion may be most 
conveniently examined with plates perpendicular to the first mean line placed 



186, 187] Dispersion of the Optic Axes 287 

Id the diagonal position between crossed polariser and analyser, that is with 
the plane of the optic axes for light of mean wave-length bisecting the angle 
between the planes of primitive and final polarisation. 

With crystals of the prismatic system, the axes ot the ellipsoid of 
polarisation coincide with the crystallographic axes for all wave-lengths and 
are fixed in direction, but in some few cases, such as Brookite, their order of 
magnitude changes, so that the plane of the optic axes for red light is at 
light-angles to the plane of the optic axes for blue light, the crystal being uni- 
axal for some intermediate colour. More generally the optic axes are in the 
flame plane for all colours, the dispersion only affecting the angle between them, 
which may be the greater for blue light as in Aragonite, or for red light as is 
the case with Topaz. In these more common cases the system of rings is 
coloured symmetrically with respect to the plane of the optic axes and to the 
perpendicular line, while the colour for which the apparent separation of the 
axes is the least is that on the concave side of the summit of the. hyperbolic 
brushes and on the concave side of the first ring round the point corresponding 
to the optic axis at the part nearest the centre of the field. 

Cxystals of the monoclinic system have one lais of the ellipsoid of 
polarisation fixed in direction, while the other two may have any directions at 
right-angles to one another in the perpendicular plane — the one plane of 
symmetry of the system. In a few rare instances, as is the case with crystals 
of Magnesium Ammonium Chromate. the fixed axis changes with the colour 
of the light from the greatest to the mean or to the least axis of the ellipsoid, 
but we need only consider the more ordinary cases, in which for all colours 
the fixed axis is (1) the first mean-line, (2) the second mean-line, (3) the 
intennediate axis of the ellipsoid of polarisation. 

(1) When the first mean-line is in the direction of the fixed axis, the 
dispersion affects the angle between the optic axes and, if the position of the 
second mean-line vary in the plane of symmetry of the system, the plane in 
which the optic axes lie. This is known as '' crossed dispersion," of which 
Borax affords an example, and is recognised by a symmetrical distribution of 
colour in the interference pattern with respect to the centre alone. 

(2) If the fixed axis determine the second mean-line, and the position of 
the first mean-line in the perpendicular plane be dependent upon the colour, 
the optic axes for the different colours are in planes that intersect in the 
normal to the plane of symmetry. We then have dispersion of the optic axes 
accompanied with dispersion of the mean-line in the perpendicular direction, 
with respect to which the co^ur of the fringes is symmetrical. This is called 
" horizontal dispersion '* and is exhibited by Adularia. 

(3) *^ Inclined dispersion " occurs when the intermediate axis of the 
ellipsoid of polarisation is given by the fixed direction, while the other axes 
change their direction in the perpendicular plane. ' The plane of the optic 
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axes is then the same for all colours, but there is dispersion of the mean-line 
in this plane. This variety of dispersion is shown by Qypsum, Diopside and 
Sphene : it results in a symmetrical distribution of colour with respect to the 
trace of the plane of the optic axes on the plane of the interference pattern. 

In crystals of the anorthic system none of the axes of the ellipsoid has a 
prescribed direction and nothing can be inferred d priori respecting the 
character of the dispersion of the optic axes. 

188. The rings and brushes obtained with crystalline plates undergo 
considerable alteration and even entirely change their character, if the light 
employed be elliptically or circularly polarised and be subsequently either 
plane, circularly or elliptically analysed. 

All varieties of polarisation firom plane. to circular maybe obtained by 
associating an ordinary polariser with a plate of crystal of such a thickness 
that a relative retardation of \/4 is introduced between the components, into 
which it divides a stream of polarised light Such plates are termed quarter- 
wave plates and are usually of mica or selenite, on account of the fiunlity with 
which these crystals can be split into extremely thin laminae. 

In the case of mica, which is a negative biaxal crystal, the laminse are 
perpendicular to the plane of the optic axes and the stream polarised in this 
plane is less retarded than that polarised in the perpendicular plane : while 
with selenite, a positive biaxal crystal, the plates are parallel to the optic axes 
and the stream polarised in a plane parallel to the first mean-line is the one 
that is least retarded. 

Let us then suppose that we place before a plate of crystal an ordinary 
polariser followed by a quarter-wave plate and that the light after passing 
through the crystal traverses a second quarter- wave plate and an analyser : 
we will further assume that though the light converges on the plate of crystal, 
it is so nearly parallel during its passage through the polariser, quarter- wave 
plates and analyser, that the polarisations may be regarded as constant over 
the whole beam for ecLch of these portions of its course. 

Let a be the angle between the primitive plane of polarisation and the 
plane of least retardation of the first quarter- wave plate, . ' 

'^1 the angle between this plane, and the plane of ^ polarisation of the 
quicker wave in the plate of crystal, 

'^a the angle between this plane of polarisation and the plane of least 
retardatipn of the second quarter- wave plate, antl finally 

/8 the angle between this plane and the final plane of analysation. 

Then resolving in turn along directions parallel and perpendicular to the 
planes of polarisation of the quicker waves in the successive plates and 
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reinembenDg that a retardation of X/4 is introduced by a factor — /, the light 
emergent from the analyser is represented by the vector 

a [{cos '^, (cos a cos -^i + t sin cr sin -^i) 

+ sin -^9 (— cos a sin -^i + t sin a cos -^i) «"***} cos fi 

+ i {sin -^9 (cos a cos -^i + t sin a sin -^i) 

— cqs ^^1(7- cos a sin -^i 4- i sin a cos -^i) e"^] sin)9] «"** 

^a\A'k'BL-\' Ce-^ + tBer^] e'**, (say), 

where A = cos a cos 13 cos ^, cos ^, ~ sin a sin sin ^, sin ^,, 

£ B cos a sin /9 cos '^, sin '^^ + sin a cos )9 sin yjti cos '^„ 

C = — cos a cos )9 sin -^i sin y^^ 4- sin cr sin cos -^i cos -^j, 

D 3= cos a sin sin ^1 cos ^^ + sin a cos fi cos ^1 sin ^,. 

Whence the intensity, obtained by multiplying this by its conjugate ex- 
pression, is 

/ = a* {-*•+ 5« + (7«+ Z)»+ 2 (-4C + 52)) cos ic8 + 2 (il 2)-5C) sin icS} 
=:a»{(il+(7)« + (5 + i))'-4(ilC + 52))sin»~ 

+ 4(il2) - BC) sin ^ cos ^l 

= a» |co8« (a - /8) cos« (-^i + -^j) + sin» (a + fi) sin» (-^j + -^j) 

— (sin 2a sin 2/8 — cos 2a cos 2)8 sin 2-^1 sin 2-^,) sin* — 

A. 

+ (cos 2a sin 2)8 sin 2-^1 +sin 22 cos 2)8 sin 2-^,) sin — cos — {• (17), 

in which expression the first two terms represent the intensity when the plate 
of crystal is removed. 

We have then, as in the case of plane polarisation and analysation, prin- 
cipal carves of constant retardation S^nX, along which the intensity is the 
same as before the introduction of the plate, but there are in general no 
principal lines of like 'polarisation. The intensity is a maximum or a mini- 
mum when 

2 8 _ cos 2a sin 2)8 sin 2*^, + sin 2a cos 2/3 sin 2*^, 
\ " sin 2a sin 2/8 — cos 2a cos 2/8 sin 2-^1 sin 2^, ' 

having then the values 

/=s -5- {1 + cos 2a cos 2/8 cos 2-^, cos 2^, 

± >/( 1 - cos* 2a cos' 2-^,) ( 1 - cos* 2fi cos* 2-^,) { . 
w. 19 
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189. The above equations contain the solution of all the cases that may 
arise, but the most interesting ones are those in which either the coefficient of 
sin- (ttS/X) or that of sin {^irhjx) in equation (17) vanishes* 

The coeffipient of sin* (ttB/X) is zero, when a = + 7r/4, ^ = or 7r/2, and 
when a=0 or 7r/2, )8 = ± 7r/4. 

In the first case the light is plane analysed and circularly polarised in 
a right- or left-handed direction according as a = + 7r/4 or = — 7r/4 ; and 
calling y^ the angle between the plane of polarisation of the least retarded 
stream in the crystalline plate and the final plane of polarisation, the intensity 
is in the two cases 

/ = ^ {1 i sin 2^ sin (27rS/X)}. 

In the second case the light is plane polarised and. circularly analysed in 
a right- or left-handed direction, according as /8 = + 7r/4 or = — 7r/4, if we 
understand by a right-handed circular analyser one that permits the trans- 
mission of a right-handed circularly polarised stream, in other words a crim- 
bination of a quarter- wave plate and a plane analyser that, used as a polariser, 
produces a right-handed circularly polarised stream. Calling yjr the angle 
between the original plane of polarisation and the plane of polarisation of 
the quicker wave in the plate of crystal, the intensity is . 

/ = ~ {1 ± sin 2^' sin {2irS/X)}, 

• • • 

according as the circular analysation is right- or left-handed. 

Let us suppose the light to be plane polarised and circularly analysed in 
a right-handed direction, then 7 and 17 being the angles that the primitive 
plane of polarisation and the plane of polarisation of -the quicker wave in the 
plate make respectively with a fixed plane in the crystal, the intensity is 
given by 

/ = |jl + sin2(i7-.7)sin27r||. ' 

Hence the illumination is the same as before the insertion of the plate along 
the curves of constant retardation 8 ~ nX/2 and along the principal lines of 
like polarisation 1; = 7, 17 =s 7r/2 + 7 : while in the region for which 

7 < 17 < 7r/2 + 7 

the dark curves are given by 

S = (n + 3/4)\, n==0, 1,2..., 

the absolute minima occurring on the line 17 = 7 + 7r/4, and outside this 

region the curves 

S = (n + 1/4)X, n = 0, 1, 2... 

* Bertin, Awi, de Ch. et de Phyi. (8) Lvn. 257 (1859); (5) xvm. 495 (1879). 
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are dark, the absolute minima being on the line 77=7 + 37r/4. Thus the 
interposition of the quarter- wave plate has had the effect of pushing the 
bands outwards by a quarter of an interval in the first region and pulling 
them in by the same amount in the remainder of the field. . 

Similar results are obtained when the analysation is left-handed, and 
when the polarisation is circular and the analysation plane. 

■ 

In order to fix our ideas, let us assume that the primitive and final planes 
of polarisation are at right angles ; then th^ principal lines of like polarisation 
are determined by these planes and the dark curves are expanded in the 
region bounded by these lines that contains the line of like polarisation, for 
which the plane of polarisation of the quicker wave in the crystalline plate is 
parallel to that of the quicker wave in the quarter- wave plate. 

Moreoiver we see that there is a distinction between the behaviour of 
positive and negative crystals ; for 17 being the angle between the fixed plane 
and the plane of polarisation of the least retarded stream in the crystalline 
plate, the region for which 7 < 17 < 7 + 7r/2 in the case of a positive plate is 
that for which 7 -1- 7r/2 < 17 < 7 4- tt for a similarly orientated negative plate 
and vice verad, so that on passing from the one case to the pther the parts of 
the field, in which contraction and expansion occur, are interchanged. 

Now in the case of a positive uniaxal crystal the stream polarised in the 
principal section is the least retarded : hence with a plate perpendicular to 
the optic axis, the primitive and final planes of polarisation, being crossed, 
expansion or contraction of the rings will occur in the quadrants that contain 
the plane of least retardation of the quarter-wave plate, according as the 
crystal is positive or negative. 

Turning now to the case of a biaxal plate. cut perpendicularly to the first 
mean line, let us again suppose the primitive and final planes, of polarisation 
to be at right angles, and the plate placed in the diagonal position, so that 
the plane of least retardation of the quarter-wave plate is either parallel or 
perpendicular to the plane of the optic axes of the biaxal plate under con- 
sideration. Then the principal line of like polarisation is a rectangular 
hyperbola with its asymptotes inclined at 45^ to the trace of the plane of the 
optic axes and the contraction of the rings will occur in the region of the 
field bounded by this hyperbola that contains the line of like polarisation, for 
which the plane of polarisation of the quicker wave in the crystal is perpen- 
dicular to the plane of least retardation of the quarter- wave plate. 

Now if the biaxal crystal be positive, the greatest axis of the ellipsoid of 
polarisation coincides with the first mean line, and it follows that corresponding 
to points on the trace of the plane of the optic axes lying on the concave side 
of the hyperbola, the plane of polarisation of the quicker wave is parallel to the 
plane of the optic axes, while it is perpendicular to this plane for the other 

19-2 
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points of this trace and for points on the line perpendicular to it through the 
centre of the field. Hence with a positive plate, expansion or contraction of 
the rings will occur on the concave side of the hyperbola according as the 
plane of the optic axes of the biaxal plate is parallel or perpendicular to the 
plane of polarisation of the least retarded stream in the quarter-wave plate, 
the reverse being the case with a negative biaxal plate. 

190. The coefficient of sin(27r8/X) in equation (17) vanishes when 

(1) a^Q or 7r/2 and ;9 = or 7r/2, 

(2) a= + 7r/4 and ')8 = ± 7r/4, 

(3) ^1 + -^j = and )8 = a or a 4-7r/2, 

or V^i + ^^2 = W2 \ aiid )9 = — aor— a+ 7r/2. 

The first of these three cases need not concern us further, as the light is then 
plane polarised and plane analysed. 

In the second case the polarisation and analysation are both circular, the 
direction being the same if a = )8 = + ir/4 and opposite if a = — )8 = ± 7r/4, and 
the corresponding intensities are 

/ = a«cos'M/\) and / = a« sin« (ttS/X). 

There are then no principal lines of like polarisation and the dark curves are 
continuous ; circles with uniaxal plates perpendicular to the optic axis and 
Cassini's ovals with biaxal plates normal to the first mean line. 

In the third case the light is polarised and analysed elliptically, the 
quarter- wave plates being parallel if -^i + '^^ = and crossed if -^i + -^^ = 7r/2. 

The character of elliptic polarisation is determined by the ellipse traced 
out by the extremity of the polarisation-vector that characterises the stream, 
and two elliptic polarisers are similar, if the ellipse^ be similar for the streams 
that they produce ; they have the same sign, if the ellipses be traversed in 
the same ^direction ; and the angle between them is that included between 
the planes of maximum polarisation of the emergent streams. An elliptic 
analyser is defined by the nature of the polarisation produced, when its 
position being retained the light is transmitted through it in the opposite 
direction and the position of the observer is reversed. 

With these definitions we see that the polariser and analyser are similar, 
parallel and of the same sign, when -^i + -^j = 0, ^8 = cr and when -^i + -^j = 7r/2, 
fi = 7r/2 — a ; that they are similar, crossed and of opposite sign, when 
^i + '^«=0, /8 = 7r/2-»-a and when •^i+'^i^ 7r/2, )8 = — a. 

The intensity in the first case is 

/ = a' {1 - (1 - cos» 2a cos' 2^0 sin« (ttS/X)}, 

and in the second case 

/ = a' {1 - cos» 2a cos* ^'f^] sin* (ttS/X). 



=«»!"( 
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As these two expressions are complementary, we need only consider the 
phenomenon represented by the second. The principal curves of constant 
retardation are given by h^n\ and these curves are black, the curves 
S s nX/2 being bright : there are no principal lines of like polarisation, since 
the expression 1 — cos' 2a cos* 2*^1 is never zero, but the intensity of the bright 
curves is a minimum where they are cut by the lines -^j = 0, -^i = 7r/2, that is 
by the lines for which the plane 6( polarisation of the quicker wave in the 
plate is parallel or perpendicular to the planes of polarisation of the least 
retarded streams in the quarter-wave plates, and the intensity is a maximum 
along the lines -^ = 7r/4, -^ = 3w/4. 

191. When a conical pencil of polarised light passes through a com- 
bination of two crystalline plates and is subsequently analysed, the intensity 
at any point of the field is given by (8) and since the angles '^^ and y^^ as 
well as the retardations Si and .S, in general vary over the extent of the field, 
the interference pattern in monochromatic light becomes very complicated. 

Thus writing the equation in the form 

cos>(/8-a)-8in2(>fr,-a)8in2(>fri-/9)sin«^ 

-8in2(>^,-a)8in2(>^,-/8)8in«^ 

-28in2(>fr,-a)8in2(>^,-)8)sin^8in\-' 

f wSi ttSi o/i f \ • ^^ • ^Ml 

X jcos-r-^.co8-Y^ — co8 2('^, -"-^jsm--— sin-r-j- . 

We see that when the polariser and analyser are crossed ()9 — a = 7r/2) the 
intensity is zero only if 

sin 2 (-^1 — a)8in^ «= ± sin 2 (-^j — a)sin ^1 

co8-^co8-~— co82('^,— '^,)8in ---^8in-p= T II 

80 that there are no longer continuous dark curves, but only isolated dark 
spots given by the intersection of the systems of curves (18)*. 

192. When however the field is very small or when the primitive light 
is white, so, that the interference is visible only for small retardations, the 
problem may in many cases be reduced to one of much less complexity by 

* a. Langbeig, Pogg. Ann. Exg..Bd. i. 539 (1842). Ohm, Abhandl. Bayer. Akad, vii. 48, 
265 (1855). Van der V7illigeii, Arch, du vnute TeyUr, m. 241 (1878). Berlin, Ann. de Ch. et de 
Pkffi. (6) n. 485 (1884). Pockels, Qdtt. Naekr. (1890) 259. Heeht, N. Jahrb. fUr Min. BeU.-Bd. 
zi. 818 (1898). 
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the possibility of regarding the polarisations of the streams within the com- 
pound plate as constant over the part considered. 

As an instance of this simplification of the investigation, let us consider 
the case of a Savart's plate, which consists of two plates of an uniazal crystal 
of equal thickness, cut at the same inclination — about 45° — to the optic axis 
and superposed with their principal sections at right angles. 

Taking as the fixed plane of reference the principal section of the first 
plate and regarding the polarisations of the streams within the plate as 
invariable over the field, the expression for the intensity reduces to 

/ = a" jcos" (^ - a) - sin 2a sin 2^ sin« IT ?^~^l . 

■ » 

Hence the interference pattern depends upon the single system of curves of 
constant retardation S| — 8, = const., and the principal curves of constant 
retardation are given by S^ ~ 8, = nX, and these are bright, black or of inter- 
mediate intensit}^ according as the polariser and analyser are parallel, crossed 
or inclined at some other angle. 

To determine the form of the curves, we have from § 181 



S, _ /I 1\ , o' - (? . _ a ■ • 



i(S-^)«^'^"'^'*+Kn-SS«^^«^**' 



where x ^ ^he angle that the optic axis makes with the normal to the plate 
and ci' = a"cos'x + c'8in"x5 while S, is obtained from this expression by 
writing d — 90® for 0. Hence the principal curves of constant retardation are 
given by 



7^- =»^-T — ^ C ' . (cos - sm 0) sm % 

T a«cos*x + c'8in'x 



c'fa' — c')8m'Y , _^ • ./i\ • •• 
— K7^-r-r — : — . - \ . - (cos* g - sin* g) Sin* t. 
2n (a« cos* X + c« sm' x)* 

The curves are thus equilateral hyperbolas seen at a considerable distance 
from their vertices, with asjonptotes parallel to the bisectors of the angles 
between the principal sections of the plates. They appear as a system of 
parallel straight lines bisecting the angle between the principal sections that 
is related in the same manner to the directions of the optic axes of the two 
plates. 

The terms of the first order attain their maximum importance when 
cos 2^ = — (a* — c')/(a' + c*), which corresponds to an inclination of the optic 
axes of nearly 45"" and in this case the bands are very close together. 
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193. Returning to the general formula (8), let us consider the inter- 
ference phenomena exhibited by a tWin uniaxal plate*. 

Taking the principal section of the plate as the fixed plane of reference, 
let OL represent the normal to the plate, 
Oil,, OA^ the optic axes of the first and 
second constituents respectively, OM the 
direction of the wave-normal in the 
plates, neglecting as we have done in 
obtaining (8) the effect of the refraction 
at the twin plane: then we have 

sin '^ = sin r sin d/sin AiM, 

sin '^t *^ sin r sin d/sin A^M, 
and 

cos -4ilf =» cos r cos X + sin r sin X cos d, 

cos A^M^ cos r cos ;^ — sin r sin % cos 0. 

The character of the interference pattern depends upon the four systems 
of curves of constant retardation 

Si ss const., ht = const, Si + 8i = const., S, — S, = const., 

of which the first two are called the primary curves of the first and second 
kind ; while the last two may be termed the secondary curves of the first and 
second kind respectively. There are in general no principal lines of like 
polarisation. 

The primary curves of the first kind are given by the equation 




Fig. 44. 



(S-S^)^^"^^^^'*+(S-^)«^°'^^^^'* 



+ — iT— Sin 



d} 



in2xcos^sint + 2(^^--j = y^. 



where T^ is the thickness of the first plate, and those of the second kind are 
given by an equation obtained from this by changing Ti into T^ and writing 
±ir for 0. Hence the equations of the secondary curves of the first and 
second kind are given by 



(S - SS •^•''* ^ ''"' *■ ■*■ (s - 1^) ^'"^ ^ ""' *■ 






- . . _/n n\ Ax, 



the upper and lower signs referring to the curves of the first and second kind 
respectively. 



* Pockels, Uk. eit. 
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Thus in general the curves of the four systems differ from one another 
only in their dimensions and in the positions of their centres in the trace of 
the principal section of the plate on the screen of observation. If the plates 
have the same thickness, the secondary curves of the second kind become a 
system of straight lines perpendicular to the principal section ; those of the 
first kind have their centre at the middle point of the field and when the 
primary curves are parabolas, become straight lines parallel to the principal 
section. 

Let us now suppose that the planes of polarisation and analysation are 
crossed and parallel and perpend iculsp* to the principal section of the plate — . 
the so-called normal position. Then the expression for the intensity- becomes 

/=aMaiSm*— ^+aasm«— ^ + a,8m«— ^_- — -■fa4 8m' ^^ ^^ k 

where 

Oi = sin 2-^1 cos 2-^, sin 2 (-^i — -^j), a, = cos 2'y^i sin 2-^, sin 2 (-^j — '^,), 

Oa = sin 2-^1 sin ^.-y^^ cos* (-^i — ^^, a* = — sin 2-^1 sin 2-^, sin' (-^j — -^j). 

Even in this case the equation is too complicated for general treatment 
and it is necessary to obtain an idea of the principal features of the inter- 
ference pattern by considering different parts of the field, at which one or 
other ;of the four systems of curves attains a primary importance. 

(a) Along the trace of the principal section of the plate, '^i = or ir, 
'^, = 7r or and Oi, a,, a,, »« are all zero: hence through the centre of the 
field and parallel to the principal section there is a black brush, that has 
its greatest width near the centre, where the increase in the value of the 
coefficients is slowest. 




Fig. 45. 

(6) On lines perpendicular to the principal section through the points 
corresponding to the optic axes, either ^t-± 'rrl2 or -i^i = ± 7r/2 and in these 
two cases respectively only Oj = sin' 2-^1 or a, = sin' 2-^8 differ from zero. Con- 
sequently on these lines the primary curves of the first or second kind are 
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alone visible, and the intensity of the bright curves of these systems increases 
with their distance from the axial points, while near these points there is a 
short dark brush perpendicular to the principal section, sin 2'i/ri and sin 2^|r2 
being there very small. 

(c) On the circle having the line joining the axial points as diameter, 
'^i — V^i = ± t/2 and all the coefficients vanish except a^ = sin" 2-^1, so that on 
this drcle the secondary curves of the second kind alone appear ; but in no 
part of the field are the secondary curves of the first kind isolated, since the 
case, in which all the coefficients except a, are zero, cannot occur. 

(d) For points near the black brush in the centre of the field, 

where € is a small angle, and neglecting powers of e above the second 

/= 46'a« {2 8iD«^ + 2 sit.' ^ - sin* ^ ^ ^ ^H . 
the mazimam value of which is 1^=16^ a*, whence 

I 

I=/„|i8in'!^+i8in»!j-i8in«!:i^>}. 
When 5, + 8, = (2n + 1) X/2 

/-/„|j8in«'J + icoS'^-i}=i/„. 

and thos the secondfiury curves of the first kind are here of uniform intensity 
and will appear relatively dark, as their intensity is only one-fourth of the 
maximum. 

On the secondary curves of the first kind between these dark curves, 

^ + 2^»WX and for n even, / = /„» sin« {it (Si - Sa)/(2X)} while for n odd 

'J«/»oorf{w(S,-Sj)/(2X)|, Hence on these curves the intensity varies 

between and /«»> and the parts for which < /< ^/m have the same width 

as those for which ^/^ < /< /m* so that since the parts appear bright when 

I^^Imf the dark parts of these curves are narrower, than the bright 

When 8|-8, = nX,/=/,„sin*{7r(Sj+8«)/(2X)} 

or =/«cos*{7r(S, + S,)/(2X)}, 

according as n is even or odd and consequently the portions of the secondary 
curves of the second kind cut off by the curves of constant intensity 

S, + S, = (2n+l)X/2 

are alternately bright of intensity between 7^/4 and /m and dark of intensity 
between and /m/4. 

Hence the general appea^nce near the centre of the field will be relatively 
dark continuous curves of the secondary system 6f the first kind and between 
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these dark spots arraoged in chess-board fashion in a direction perpendicular 
(the plates having equal thickness) to the principal section of the plate. 



MJJ. I .I.I. I 

■ ' ■ ' ■■ rr' i r '= 

Fig. 46. 
(e) For points near the circle through the axial points, we may write 

^,-■^. = ±(^2 + 0, 
whence ' 

o, = T « sin 4^1 + 4e* sin' 2^1, ii,= ± e sin 4^1 + 46* cos* 2^,, 

a,=!-6*8in*2i|'„ 04=sin»2-i(r, ±6ain 4^, — Se'ain'g'^, 

and 



+ c sin 4^1 1 sin' 
+ 6" ^4 sin' 2^1 a 
-.m-2^.sin- '<\-^^ )]. 

But ,m-^-sm-?^-sia ''<Y''^ "° '''V^' ' "'' '"^ °° "" 
secondary curves of the second kind i,— 8, = nX the intensity is grren by the 
term containing e' as a factor, which is very small throughout the region in 
question. Hence these curves will appear dark for a certain distance on each 
side of the circle on the line joining the axial points as diameter. 

(/) In order to determine the nature of the transition from the chess- 
board pattern (d) to the dark secondary carves of the second kind in the 
vicinity of the circle through th^ axial points, let ua consider the part of the 
field for which 

^1 = w/8, ^, = IT — 7r/8. 

We have in this case 

a,= 1/2, o,= ]/2, o,= - 1/4, o««= 1/4, 
and 
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Hence for 

S, + S, = (2n + 1) X/2, / = i «^ jl + siir^ "^ -^-^-» zA'H 

and these curves, instead of being continuous and dark, have an intensity 
vaiying between aY4 and aV2 and thus appear less marked. 

Further for S, + S, = tiX 

/ = a' Sin' ^ — -^ 1 + cos' ^-^- > when n is even, 

/«a«cos«^^A> ji+8in=^-^^'-H when n is odd; 

hence on passing along the curve Si + S, = nX from a dark spot the intensity 
increases more rapidly than in the former case {d), so that the dark portions 
of these curves in the direction of the secondary curves of the second kind 
are narrower than they are near the centre of the field. 

Finally for Si — Sj = n\, 

/ = a'sin*~^-^T- — -, when n is even, /=a'cos* ' when n is odd, 

and hence the changes of intensity on the secondary curves of the second 
kind follow the same law as before. 

The result of this is that in the region under consideration, the main 
features are isolated portions of the secondaiy curves of the second kind. 

TT 3ir 

{g) For '^i = ± T I or ± -J- and -^j nearly w, the coefficient Oi is the most 

important, and for -^^ = + - or ± — and -^i very small, the principal co- 
efficient is a«; hence the primary curves of the first and second kind occur 
most strongly near the first and second axial point respectively in the middle 
of the sectors between the arms of the black brushes. 



CHAPTER XV. 

THE STUDY OF POLARISED LIGHT. 

194. We have assumed in what precedes the possibility of obtaining 
a stream of polarised light without giving any definite specification of the 
means by which this may be effected. It has, however, been shown in the 
course of our investigations that the light reflected at the polarising angle 
from the surface of an isotropic medium is at any rate nearly plane polarised^ 
and that the polarisation of the stream transmitted by a pile of transparent 
isotropic plates tends to become perfect as the number of the plates is 
indefinitely increased and when the angle of incidence on the pile approximates 
to the polarising angle. 

Certain crystals, conspicuous among which is Tourmaline, also polarise 
the light that they transmit, — a property that is due to the variation of the 
absorption of light with the position of the plane of polarisation in the 
crystal. Thus tourmaline absorbs light polarised in a plane parallel to 
the optic axis more energetically than light polarised in the perpendicular 
plane, and a moderate thickness of a plate, cut parallel to the axis, transmits 
sensibly the extraordinary stream alone. The polarisation is however seldom 
quite perfect and the intensity of the extraordinary stream is also much 
weakened by absorption in its passage through the plate. 

195. By far the most eJSfectual mode of obtaining a plane polarised stream 
of strong intensity is to separate a beam of common light into two oppositely 
polarised streams by double refraction and to subsequently isolate one of the 
streams. This is done by what are termed polarising prisms, of which there 
are two tjrpes; in the one such a lateral separation of the streams is produced, 
that it is possible to block ofi* one of the emergent pencils by a screen ; in 
the other the second stream is prevented from emerging by total reflection*. 

Of the first class of polarising prisms there are three principal forms. 

* For a discassion of polarising prisms, see Feussner, Zeitschr. f, Imtrurnkd. iv. 41 (1SS4). 
Orosse, Die gebr&uehlichen PoUtrisatiowpriimen, Claosthall, 1887; VerhandL d. Get, deuUcK 
Naturf, XI. (2) 33 (1891). 
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The earliest example is a polariser devised by Rochon* and exhibited to the 
Paris Academy in 1777. This consists of two prisms of Iceland spar, having 
the same angle and so cut that in the one the optic axis is perpendicular to 
one of the faces, while in the other it is parallel to the refracting edge. The 
prisms are mounted together with their edges in opposite directions, and in 
such a way that the light is incident on the face that is normal to the optic 
axis. The ordinary stream passes through the polariser without deviation 
and is achromatic, while the extraordinary stream is deviated towards the 
edge of the second prism by an amount dependent upon the colour of the 
light. 

For the second prism of Rochon's combination, Senarmontf substituted 
a prism in which the optic axis is parallel to the face of emergence and 
perpendicular to the refracting edge. The separation of the streams is less 
than in Rochon's form, but the prism is easier to make and less costly of 
material. 

On the other hand in a combination due to Wollaston^ there is a larger 
angle between the emergent streams, but neither pencil is achromatic. 
This polariser, as in Rochon's and Senarmont's forms, consists of two prisms 
of equal angles but the optic axis is parallel to the face of entry and 
perpendicular to the edge of the first prism, and parallel to the refracting 
edge of the second prism. Both streams are deflected by their passage 
through the polariser, the deviations being in opposite directions. 

196. Polarisers that depend upon the total reflection of one of the 
streams may be divided into two groups, according as it is the ordinary or 
the extraordinary pencil that is prevented from passing. 

In the prisms of the first group§, which are modifications of a type 
devised by Nicol, a prismatic piece of Iceland spar is divided into two halves 
by a cut and the pieces are joined together again with a thin layer of some 
medium between them, the refractive index of which is less than that 
corresponding to the ordinary stream in the spar. If then the angle of 
incidence oa this layer be in excess of a certain value, the ordinary stream 

* Recueil de M€m, 9ur la Micanique et iur la Phytique, Brest, 1783; Oilb. Amu xl. 141 
(1812); J. de Phyt, Lm. 192 (1801); Acta nova Acad. PetropoHtarue, tx. Part i. 37 (1788). 
t Ann. de Ch. et de Pkye. (3) l. 480 (1857). 
t Phil. Trane. ex. 126 (1820). 

§ Nicol, Edin. New Phil. Joum. vi. 83 (1828); xxtii. 332 (1839). Spassky, Pogg. Ann. xlit. 
168 (1838). Badicke, ibid, u 25 (1840). Haaert, ibid. cxin. 188 (1861). Potter, Phil. Mag. (4) 
XIV. 452 (1857); xvi. 419 (1858). Foucault, C. R. xlv. 238 (1857); Pogg. Ann. cii. 642 (1857). 
Hartnack and Prazmowski, C. R. Lxn. 149 (1866); Pogg. Ann. cxxvn. 494 (1866); Carl Report, 
I. 325 (1866); IL 217 (1867); Ann. de Ch. et de Pltyt. (4) vii. 181 (1866). GUd, Carl Report, 
XTi. 570(1880); xvii. 195 (1881). OUzebrook, Phil. Mag. (5) x. 247 (1880); xy. 352 (1883). 
S. P. Thompson, ibid. (5) xn. 349 (1881); xv. 435 (1883); xxi. 476 (1886). Madan and Ahrens, 
Nature, xxxi. 371 (1885). 
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will be totally reflected and absorbed by the blackened sides of the spar, but 
the extraordinary stream, the refractive index for which is in the case of spar 
always less than that for the ordinary stream, will in general pass through 
the layer and emerge from the prism. 

Prisms of this class differ in the crystallographic orientation of the faces 
and of the cut and in the medium placed between the two halves. In the 
earliest form, devised by Nicol, a natural crystal of spar is taken, the length 
of which is about «3^ times its breadth, and instead of the end faces, that 
make an angle of about TO"" 52' with the side edges, new faces are cut 
inclined to these edges at an angle of 68°. The crystal is then cut in half 
by a section perpendicular to these new faces and to the principal section of 
the prism, that is to the shorter diagonal of the faces, and the two halves are 
cemented together with canada balsam. 

Considering only the principal section of the prism, the total reflection 
of the ordinarj' stream commences from a certain direction IK of the 
incident light, that of the extraordinary stream from the direction JL of 
the incident pencil. 




For light incident in intermediate directions, only the extraordinar}' 
stream is transmitted and the angle between IK and JL defines the field of 
the prism. 

Ix>oking at an uniformly illuminated surface along the axis of the prism, 
so that the cut slopes away from the eye from left to right, the appearance 
is as follows : — on the left is a black space bounded by a violet edge, then 
a bright space due to the extraordinary stream alone, and lastly on the right 
a space illuminated by both streams, terminated on the left by an orange 
border and traversed by coloured bands. These bands are fringes of 
transmission analogous to Herschel's bands in the neighbourhood of total 
reflection. The blue border of the black space shows that the total reflection 
of the extraordinary stream commences first for red light, which is explained 
by the fact that the extraordinary dispersion of spar is less than that of the 
balsam, so that the relative refractive index increases from violet to red. 



196] NicoVs Ffism 303 

To determine the field of the prism, suppose that PQRS represents the 
principal section and OK, OL the limiting wave-normals of the oi-dinary and 
extraordinary streams. Let /i„, fi^ be the principal refractive indices of the 
spar and n the index of the balsam. 

Then for the total reflection of the ordinary stream, if the angle POK — fi, 

we have 

cofi/3=n/fi^ (1), 

and the corresponding angle of incidence to is given by 

sin to = /Ltosin)8 = ntan)8 (2). 

For the extraordinary stream, if the angle POL = 7, and the optic axis 
OA make an angle a with the cut, we have 

cos7 = w//A (3), 

where /a"* = /io""- cos^* (7 + a) + m,-' sin* (7 + a) (4), 

and the corresponding angle of incidence t^ is found from 

sin ie = /A sin 7 = n tan 7, 

whence from (3) and (4) 

. . - n (tt^* — /Lt«')sinacosa + /ioAt»^^/io*co8*a + u,*sin*a — n=* ,,. 

sinie= ^-^ — . - . ...(o). 

/xo cos' a H- /a/ 8in' a 

The optic axis makes an angle of about 45*" 23' 30'' with the original 

end faces of the rhomb, so that for the Nicol described above we have 

a = 41" 44' 30" nearly. Hence taking n = 1548, fi. « 165846, /a. = 1-48654, 

we obtain 

to = 36** 31' 30", 7 = 6n0'0", i. = 9"37'40". 

Thus the field of polarised light is 26'' 53' 50", and the ratio of the length 
to the breadth of the prism, which is nearly the cotangent of the angle 
between OL and the axis of the prism, is 3*53. 

Without discussing the various forms that have been suggested for 
a Nicol's prism, let us determine under what circumstances a prism on this 
principle with its end faces at right angles to the axis has a maximum field 
symmetrical with respect to the axis. 

From equations (I) and (3) the field within the prism is 

^ = ^ - 7 = COS"' COS"" {n^fio"^ + (m«"* ~ /Ao"*) sin* 0], 

Mo 

6 being the angle between the optic axis and the extraordinary wave- 
normal at the limit of total reflection. For this to be as large as possible, 
we roust have 

(1) = 7r/2, X = cos-' (n/fio) - cos"' (w/^e). 

(2) n^ fLf, since for a greater value of n, fi decreases while 7 cannot 
be less than zero, and for a less value of n, fi increases less rapidly than 7. 
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Thus the maximum field within the prism is 

In order that the external field may be symmetrical with respect to the 
axis of the prism, we must have 

sin i =• yite sin <^ = Mo sin {x — 4>\ 

N^here (f> is the angle between the cut and tlie normal to the end faces. 

This gives 

tan .^ = -^"^X _ ^f>£2^ . 
/i« + /io cos ;^ 2/A« 

The field is then 2i and the ratio of the length to the breadth of the 
prism is cot 0. In the case of Iceland spar we have 

X = 26° 19' 10'', 4> = 13' 53' 30", 2i = 41" 49', 

the ratio of the length to the breadth is 4*04. Since the optic axis must be 
at right-angles to the limiting extraordinary wave-normal, it can have one 
of two directions : — either it may be in the normal section of the prism at an 
angle of 13° 53' 30" to the end faces, or it may be perpendicular to the normal 
section and parallel to the cut. 

By selecting the second position for the optic axis, a prism is obtained in 
which several defects of an ordinary Nicol's prism are considerably reduced. 
In the first place it gives no lateral displacement of a stream of light directly 
transmitted through it; secondly a conical pencil incident directly on the 
prism emerges with a polarisation that is more nearly constant over its whole 
extent ; and thirdly the error in the determination of the plane of polarisation 
of a parallel pencil slightly inclined to the axis of rotation is reduced to 
a minimum*. 

197. The second group of prismsf depending upon the total reflection 
of one of the polarised streams is made by fixing a thin crystalline plate 
between the two equal prisms of glass, turned in opposite directions, by 
means of a cement with a refractive index equal to that of the glass. 

Considering only the normal section of the prisms, an investigation 
similar to that of the last section shows that for the maximum field, the 
refractive index of the glass and cement should be equal to the greatest 
index of the plate, and that with a biaxal plate the mean axis of the ellipsoid 
of polarisation should be parallel to its faces and the plate arranged so that 
this axis is in the normal section of the prisms : while with uniaxal plates the 
optic axis should be in a plane perpendicular to the normal section, which can 

* Olazebrook, loe, cit, 

t This type of prism was first suggested by Sang in 1837 : cf. Proc. R. S. Edin, Tvm. 337 
(1891). Jamin, C. R, Lznii. 221 (1869); Pogg. Ann. cxxxyii. 174 (1869). Zenker, of. ZeiUchr. 
f. Inttrumkd. it. 50 (1884). Bertrand, C. ^. zcix. 538 (1884). 
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always be managed with a plate of any crystallographic orientation by 
turning it in its own plane. In order that the field may be symmetrical., 
the angles of the glass prisms must be equal to 

90°-icos-»^, 

fjLa and fic being the least and the greatest indices of the plate. 

With these prisms (considering only the normal section) light polarised 
in a plane perpendicular to the greatest axis of the ellipsoid of polarisation 
is totally reflected, when the inclination to the plate is less than cos"^ (mo/mc) * 
the angular field on emergence is 2;^ where 

sin X = Mc sin {J cos"* Wmc)} 

and the ratio of the length to the breadth is cot [^ cos~^ (jia/fie)]- 

With a plate of' Iceland spar, such prisms give a field of 44*" 22' and the 
ratio of the length to the breadth is 4*28. 

With a plate of sodium nitrate (/io = 1*587, /a<5 = 1*336), the field is 
increased to 53^ and the ratio of the length to the breadth is reduced 
to 3-42. 

198. Any one of the above forms of polarisers may be employed as an 
analyser and will work sufficiently well, provided the analysation merely 
consists in bringing streams of light to a common plane of polarisation : but 
when it is a question of the exact determination of the plane of polarisation 
of a stream of plane polarised light, an analyser that works by extinction has 
not the required accuracy, as after the illumination has been reduced to 
a small quantity, the eye is unable to perceive any further diminution in the 
intensity and there is in consequence considerable uncertainty in the deter- 
mination of the position of the analyser, at which the light is entirely 
quenched. 

A delicate test of the existence of polarisation in a stream of light is 
afforded by the rings and brushes obtained when a conical pencil of polarised 
light traverses a crystalline plate and is subsequently analysed. This is the 
principle of a sensitive analyser due to Savart*. It consists of a Savart s 
plate (§ 192) connected with a Nicol's prism, the principal section of which 
bisects the angle between the principal sections of the double plate. We 
have seen that when a slightly convergent stream of polarised light is viewed 
through this combination, a series of parallel straight bands is in general 
perceived, but it is clear that these bands will vanish, when the analyser is 
so turned that the plane of polarisation of the incident light is coincident 
with either of the principal sections of the plate, as then there is no 
separation of the light into two oppositely polarised streams and consequently 
no interference. 

* Pogg, Ann. xux. 292 (1S40). 
W. 20 
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199. A still more sensitive plan is that adopted in the "half-shade" 
analysers* which depend upon the readiness with which the eye can compare 
the intensities of two streams seen in juxtaposition, when the illumination 
is slight. 

Suppose that the field of view is divided along a straight line into two 
parts of equal intensity by some apparatus that introduces a small angle 
between the planes of polarisation of the two halves, so that the plane of 
polarisation of the one is parallel to OP, that of the other is parallel to 0P\ 
Then if the field be viewed through a Nicol's prism, the whole will appear 
uniformly illuminated only when the principal section of the Nicol is the 
interior or exterior bisector of the angle POP'. Conversely the apparatus 
that produces this difference in the polarisations of the two halves of the 
field may be employed as an analyser, and if it be turned until the whole 
field has the same illumination, the plane of polarisation of the incident light 
will then bisect the interior or the exterior angle between the planes of 
polarisation of the analyser. When however the plane of polarisation of the 
incident light bisects the acute angle between the planes of polarisation of 
the analyser, the two parts of the field are too bright to admit of an accurate 
comparison of the intensities. 

The first analyser of this type was devised by Jellett. A long rhomb of 
spar is taken and the ends are cut off by planes perpendicular to the 
longitudinal edges: the prism thus obtained is then divided into two by 
a plane perpendicular to its ends and making a small angle with the longer 
diagonals of these fieu^es, and the parts are joined together along the plane of 
section after one of the halves has been reversed. 

Suppose now that a cylindrical stream of polarised light falls normally on 
the end face of the prism, so as to be equally divided by the plane of section : 
on entry into the prism the extraordinary streams in the two parts will be 
deviated and if the prism have a sufficient length, can be blocked by 
a diaphragm, but the ordinary streams will pass undeviated and the planes 
of polarisation of the two halves of the emergent pencil will make equal 
small angles with the normal to the plane of section. Hence in order to 
render the two halves of the field equally dark, the piism must be turned 
until the plane of section coincides with the primitive plane of polarisation 
of the light. 

A similar result is obtained with Cornu's analyser. A Nicol's prism is 

* JeUett, B. A. Report, 1860, n. 13; Proc, Ir. Acad. vni. 279 (1868). Goran, Bull Soe, Chem, 
(2) ziv. 140 (1870). Bighi, Mem. deW Aec. R. di Bologna, (4) vi. 599 (1885). Lippich, ZeiUchr. 
/. Imtrvrnkd. n. 167 (1882); xn. 333 (1892); Wien. Ber. lxxxv. (2) 268 (1882); xci. (2) 1069 
(1885); xCiz. (2*) 695 (1890). Laurent, Dingier Polytechnisches Journal, ccxxm. 608; J. de 
PItyt. m. 183 (1874); C, R. Lxxvni. 349 (1874). Dnfet, J. de Phyt. (2) i. 552 (1882). Poynting, 
Phil. Mag. (5) x. 18 (1880). Mao^ de L^pinay, J. de Phys. (3) ix. 585 (1900); C. JR. ozxxi. 832 
(1900). 
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cut in half by a plane through the short diagonals of its end faces : and 
a wedge-shaped piece is removed from one half, its edge being parallel to the 
length of the prism and its angle about 3^ The two parts are then re-united, 
formiug a prism that consists of two half-Nicols with their principal sections 
inclined to one another at a small angle. 

A different method of obtaining a half-shade analyser has been adopted 
by Laurent. This depends upon the action of a half-wave plate of quartz 
cut parallel to the axis, in traversing which a stream of plane polarised light 
has its polarisation changed, the new plane of polarisation being inclined 
to the principal section at the same angle as the primitive plane, but on the 
opposite side of the axis. Half the field of view is covered by the plate, to 
which is attached a Nicol's prism with its principal section inclined at 
a small angle to that of the plate. In examining a stream of light the eye 
looking through the Nicol's prism is focussed on the edge of the plate, and 
the instrument is rotated until both halves of the field are equally dark: 
when this is the case, the principal section of the plate is parallel to the 
plane of polarisation of the stream. 

200. Half-shade analysers present the same appearance when the light 
examined is partially or elliptically polarised, as when it is plane polarised, 
the direction determined in these two cases being the plane of partial 
polarisation and that of maximum polarisation. An ellipticity, even though 
slight, in the polarisation of a stream of white light may however be readily 
detected by means of a Bravais' plate* (§ 176). 

Let us suppose that a stream of elliptically polarised light traverses the 
plate and is subsequently analjrsed in a plane inclined at an angle 7 to the 
principal section of one of its halves. We may represent any one of the con- 
stituents of the primitive composite stream by its components polarised in 
planes parallel and perpendicular to this principal section with the polari- 
sation-vectors 

(W** and be^^^+^\ 

respectively, and if S be the relative retardation of phase introduced by the 
plate, the polarisation-vector for the stream emerging from the analyser will 
be for the one half of the field 

{a cos 7 + 5 sin 76* <^-^] e '**^, 
and for the other 

{a cos ye"*^ -f 6 sin ye'^] e'^, 

giving as the intensity in the two cases 

(a cos 7 + 6 sin 7)' — 2ab sin 27 sin' — - — , 

* Ann. de Ch, et de Pkyt. (8) xloi. 129 (1855). Qainoke, Pogg, Ann. czxvii. 199 (1866). 

20-2 
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and for the intensity of the composite stream 

2 (a COS 7 4- 6 sin 7)- — 2 siu ^'/Zah sin- —^ — . 

When the incident light is plane polarised, A = 0, and the two halves of 
the field have the same colour, and this is the sensitive tint, if the analyser 
be set for extinction of the light, when the plate is away. If however the 
initial stream be elliptically polarised, the tint of one half is raised and that 
of the other is lowered and under no circumstances can these be made 
alike, unless the analyser be set so as to render the whole field free from 
colour. 

201. Before proceeding to the study of the means employed for the 
investigation of an elliptically polarised stream, we will first consider 
a method of representing geometrically the state of polarisation of a train 
of waves of light*. 

Taking the axis of z in the direction of propagation, a stream of polarised 
light may be represented by its components polarised in planes parallel 
respectively to the axes of x and y with the polarisation-vectors 

wherein a and 6 are in general complex, and their ratio 

hfa = (5/a) e*^* = (5/a) cos A' + t (6/a) sin A' = « + vt, say, 

a and 6 being the amplitudes of the components, and A' the acceleration of 
phase of the second relatively to that of the first. 

This ratio defines the form and the orientation of the elliptic vibration of 
the extremity of the polarisation-vector of the stream ; and we may therefore 
represent the state of polarisation by a point on a plane, for which the 
abscissa is u and the ordinate is v, the length of the radius-vector to the 
representative point giving the ratio of the amplitudes and the angle that 
it makes with the axis of abscissse being the difference of phase. Since the 
polarisation is right- or left-handed according as A' lies between and ir or 
between ir and 29r, the vibrations in the stream will be right- or lefl-handed 
according as the representative point is above or below the axis of u. 

When the point is on the axis of u, the stream is plane polarised in an 
azimuth tan'^ u with respect to the plane of xz ; if the point be on the axis 
of v, the differei^ce of phase is ir/2 and the planes of maximum and minimum 
polarisation are parallel ta the axes of x and y. 

Points |>, 'p' on the axis of ordinates at unit distance from the origin 
represent circular polarisation. 

Now if be the angle that the planes of maximum and minimum 

* Poinoar^, TMarie Math, de la Lumi^re, n. p. 276. 
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polarisation make with the coordinate axes, tanyS be the ratio of the axes of 
the elliptic vibrations and tan <r = 6/a, we have 

tan 20 = cos A' tan 2a, sin 2/3 = sin A' sin 2<r, 

which give, since 

u = cos A' tan <r, i; = sin A' tan o-, 

tt' + v' + 2 u cot 2^ - 1 = 0, w» + v* - 2t; cosec 2)8 + 1 = 0. 




Fig. 48. 

Thus if 6 be constant, the points representing the different states of 
polarisation lie on a circle through p and p\ and if the ratio of the axes 
of the elliptic vibrations be constant, the points corresponding to different 
orientations of the axes are on a circle cutting the first system of circles 
orthogonally. 

Any point is the intersection of a circle of the one (d) system with 
a circle of the second (/8) system : the distance from the origin of the point, 
in which the circle of the first (0) system cuts the axis of u, is the tangent 
of the angle that the plane of maximum or of minimum polarisation makes 
with the axis of x, according as the representative point is within or without 
the circle of radius equal to unity with its centre at the origin. 

The polarisation-vectors of the component streams being 
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referred to the axes of x and y, let the polarisation-vectors of the components 
polarised in the planes of maximum and minimum polarisation be 

f = c cos ^e*<**+*+'.\ V = ic sin ^6*(»<+^+'>, 
then the angle between f and f ' being 6 

c cos ^e** = a cos 5 + 6 sin 6e^^\ ic sin )8e** = — a sin tf + 6 cos 0e^^\ 
whence 

c cos ^ sin 6 = 6 sin 6 sin A \ c sin /} cos e = 6 cos sin A', 

and tan e = tan )8 tan 6 = OnjOq = tan O^'n, 

n being the point in which the circle {6) cuts the axis of u and q* the point 
furthest from the origin in which the circle (^) intersects the axis of v. But 
it is easy to show that the line qn passes through the representative point 
m, 80 that € is the angle Oq'm or the complement of the angle Onm, 

The effect of changing from one set of rectangular axes to another is to 
move the representative point along the circle (^). Now the difference of 
phase between the component streams polarised in planes parallel to the axes 
is the angle that the line joining to the representative point makes with 
the axis Ou : hence if Ot, Ot' be the tangents from to the circle (fi), the 
difference of phase between any two rectangular components of the stream 
lies between tOu ^and IfOu, Now Ot = 1, Ok = cosec 2^, where k is the centre 
of the circle (13) ; therefore 

sin tOu = cos eOA; = 0^/OA; = sin 2^ and tOu = 2/3, 

so that the diffierence of phase varies between 2)8 and tt — 2/3. 

It is now easy to represent the effect on the polarisation that is produced 
by passing the stream normally through a crystalline plate. Let a be the 
angle between the plane ofxz and the plane of polaiisation of the most retarded 
stream in the plate, A the relative retardation of phase that the plate intro- 
duces ; then we have first to find the polarisation- vectors of the compoDents 
polarised in planes parallel to those of the streams in the plate ; secondly, to 
introduce the difference of phase A between these components ; and finally, 
to determine the nature of the polarisation when the stream is again referred 
to the original axes. 

The primitive polarisation being represented by the point m of the circles 
(0) and (/3), the final state of polarisation of the stream is, therefore, found 
by the following successive operations : — Firstly, a motion of m along the 
circle (6) to the point m[ in which it cuts the circle (tf — a) ; secondly, a rota- 
tion of Omf through the angle A, bringing m' to m", the point of intersection 
(say) of the circles (0^) and (fi') ; thirdly, a motion of m" along the circle 
(fi') to the point in which it intersects the circle (^ + a). 
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202. The final polariaation may, however, be determiDed in a far more 
simple fashion by another method of representation that is derived from the 
foregoing by a stereographic projection. 

Describe a sphere of unit diameter touching the plane of uv at the 
origin of the cooitlinates, and let the points of the plane be projected on the 
sur&ce of this sphere by joining them to 0\ the extremity of the diameter of 
the sphere through 0. 




Fig. 49. 

Then the axes of t£ and t; project into great circles at right-angles to one 
another, the former of which may be called the equator ; the points p, p' 
become the poles ; the circles {0) will be represented by the meridians 20 and 
the circles (/9) by the parallels of latitude 2^ ; and if tan a be the length of 
the radius- vector Om and the angle mOu = A^ the point m will be projected 
into Af, where the arc 0M^2a and the angle MOO' = A'. 

Thus any point on the sphere will represent the state of polarisation of a 
stream of light, the azimuth of its plane of maximum polarisation being half 
the longitude, and the ratio of the axes of the elliptic vibrations being the 
tangent of half the latitude of the point ; and the polarisation is right- or lefb- 
handed according as the point is in the northern or the southern hemisphere. 

This being the case, the effect of the transmission through a crystalline 
plate is represented by three successive rotations : — (1) round the polar axis 
PP" through an angle —2a, (2) round the diameter OOf in a left-handed 
direction through the angle A, (3) round the polar axi» through an angle 2a ; 
and these three operations are clearly equivalent to a single rotation in a 
left-handed direction through an angle A round an equatorial diameter A A' 
where the arc OA = 2a. 

203. The investigation of a stream of elliptically polarised light consists 
in determining the elliptic path traced by the extremity of the polarisation- 
vector, and this may be done in two ways : — 
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(1) by finding the ratio of the amplitudes and the difference of phase 
of the vibrations of the polarisation- vectors of the component streams polar- 
ised in two rectangular directions ; 

(2) by determining the ratio of the axes of the ellipse, their position 
with respect to some given line and the direction in which the path is 
traversed. 

The principle adopted in both cases is the same and consists in the 
reduction of the pencil of light to a plane polarised stream and the subse- 
quent determination of the plane of polarisation of the pencil. 

204. In the first of these methods of studying a stream of elliptically 
polarised light, the reduction to plane polarisation is effected by means of a 
compensator, which introduces an adjustable relative retardation between 
the rectangular components of the stream. Compensators are of two kinds: 
the first class of instruments introduces a retardation that is variable over 
the whole extent of the field and gives rise to interference fringes that are 
localised on the surface of the compensator ; in the second class, the retarda- 
tion introduced is the same for the whole field, which is of uniform colour or 
intensity according as the light is white or monochromatic. 

The compensator of the first type, known as Babinet's compensator, 
consists of two prisms of quartz having the same very small angle, mounted 
together to form a plate and cut so that the outer surfaces are parallel 
to the optic axis of the crystal, which is in one prism perpendicular and in 
the other pai^allel to the refracting edge. One -of the prisms is fixed, while 
the other can be moved over it by means of a micrometer screw, and the 
prisms should be so arranged that the one with its edge perpendicular to the 
optic axis receives the incident light. 

When this is the case, a stream of light falling normally on the compen- 
sator traverses the first prism with a speed Xl/;i«, and the second with a 
speed n//ia, if it be polarised in a plane perpendicular to the edge, while 
these speeds will be interchanged in the case of polarisation in a plane 
parallel to the edge: consequently passage through the compensator will 
retard the second stream relatively to the first by an amount (/i^ — ai«) (c^i ^ d^ 
measured in length in air, where d^y d^ are the distances traversed in the first 
and second prisms respectively, since, the phenomenon under consideration 
being localised at the compensator, these distances may be regarded as 
sensibly the same for the two streams. . 

Thus the retardation, that is introduced, is the same along each line 
parallel to the edges of the prisms, but is different along the length of the 
compensator: hence if a stream of light polarised in an azimuth a with 
respect to the principal section of the first prism fall normally on the instru- 
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ment and be subsequently analysed, a series of coloured bands will be seen, 
when the light is white, and a set of bright and dark bands, when it is 
monochromatic. 

Since the difference of phase is not constant along the whole compensator, 
it is necessary to confine the attention to a small portion of the field, within 
which the relative retardation may be regarded as practically constant. 
This is marked off by two spider-lines parallel to the edges of the prisms. 
If the prisms be of equal thickness at the place thus indicated, the emergent 
light is plane polarised in the same azimuth a as the incident stream, since 
the changes of phase and amplitude due to passage into or out of each prism 
are sensibly the same for both component streams. On moving one of the 
prisms over the other a varying retardation is introduced: the emergent 
light is elliptically polarised and cannot be quenched by a rotation of the 
analyser, though for two positions the intensity becomes a maximum and 
a minimum respectively. By a further motion of the prism the relative 
retardation becomes + X/2 and the light is again plane polarised in an azimuth 
of 7r — a : if the distance that the prism has to be shifbed between the two 
positions that give plane polarised light be Wy then a shift of w' from' the 

initial position of zero-retardation gives a relative retardation of ± — „ , 

and the compensator is thus graduated. 

Before using the compensator it has to be ascertained which of the two 
prisms is the one that can be moved, and which is the direction of its motion 
that increases or diminishes its thickness at the point between the spider- 
lines. We must also find out whether the prism, that receives the incident 
light, has its edge perpendicular or parallel to the optic axis, as in the latter 
case the sign of the retardation is the opposite to that given above. 

This may be determined in the following manner* : — flight from a slit 
parallel to the edges of the prisms &lls on a Billet's divided lens arranged to 
give two real images of the slit on the surface of the compensator at the part 
opposite the spider-lines, and the compensator is set so that the prisms have 
the same thickness at this place. The light from these images after traversing 
the compensator gives rise to two systems of interference fringes polarised 
in perpendicular planes, and these can be separated from one another by 
examining them with a double-image prism. Now it is easy to see that of 
these systems of fringes the one that has its centre nearest the edge of the 
first prism is due to light polarised in the principal section of that prism : 
and hence the edge of the first prism will be pai*allel or perpendicular to the 
optic axis, according as the system of bands nearest to or furthest from it is 
due to light polarised in the parallel plane. 

* Quincke, Pogg, Ann. czztii.'^II (1S66). 
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205. Suppose now that a stream of elliptically polarised light falls 
uormally upon the compensator, arranged so that the light enters by the 
prism that has its edge perpendicular to the optic axis, this also being 
the prism that can be moved. Then starting from the zero position of the 
instrument, in which (^ = ^ at the place marked out by the spider-lines, 
the micrometer screw is turned in one direction or the other until the least 
motion is found that renders the light, emergent between the lines, plane 
polarised, and the azimuth a of its plane of polarisation with respect to the 
plane at right-angles to the edges of the prisms is observed. 

Now the polarisation- vectors of the componenls of the incident light 
polarised in planes perpendicular and parallel respectively to the edges of 
the prisms may be represented by 

f = a cos n^, 17 = 6 cos (w t + A), 

the polarisation of the stream being right-handed if A be between and 7r, 
or between — ir and — 27r, and left-handed when A is between ir and 27r or 
between and — 7r. 

Suppose that the phase of the second component is retarded relatively 
to that of the first in its passage through the compensator by an amount 
A', this being positive or negative according as the motion of the prism 
has increased or diminished di, and being in all cases less than 9r. Then 
on emergence firom the compensator the components may be represented by 

f =A;acos(n^ + ^), i7 = A:6cos(n^-f- A — A' + 0), 

and hence the azimuth of the plane of polarisation a is tan~^(6/a) or 
7r — tan~^ (hja), according as A — A' = ± 2n'jr or ± (2n + 1) ir. 

Hence if a be less than 7r/2, the polarization is right- or left-handed 
according as A' is positive or negative, and if a exceed 7r/2, the polarisation is 
right- or left-handed, according as A' is negative or positive : thus the polar- 
isation is right- or lefb-handed according as tan a sin A' is positive or negativa 

Since the numerical value of tan a gives the ratio of the amplitudes of 
the polarisation-vectors of the component streams polarised in planes parallel 
and perpendicular to the edges of the prisms, the elliptic polarisation is 
completely determined. 

206. Babinet's compensator may also be used for a direct determination 
of the position and ratio of the axes of the elliptic vibrations in a stream 
of light. 

A beam of elliptically polarised light may be represented by the polar- 
isation-vectors 

f = c cos fi cos nt and 17 = — c sin ^ sin nt 

corresponding to the componedt streams polarised in the planes of maximum 
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and miniroum polarisation of the beam, /3 being less than 7r/4 and positive 
or negative according as the polarisation is right- or left-handed. 

Now suppose the compensator is so set that it retards the phase of the 
stream polarised in a plane perpendicular to the edges of the prisms by an 
amount 7r/2 relatively to that of the stream polarised in a plane parallel to 
the edges, and let us first suppose that it is turned until the former of these 
planes coincides with the plane of maximum polarisation of the inoident 
light, then the polarisation-vectors of the emergent streams will be 

f = Arc cos fi cos (nt + ^), i; = — ic sin ^ sin f n< + ^ -f- ^ J = — fee sin^ cos(n^ +^), 

and the emergent light will be plane polarised in an azimuth a with respect 
to the plane perpendicular to the edges of the prisms, given by tan a = — tan fi, 
and tan a will be positive or negative according as the polarisation is left- or 
right-handed. 

Similarly if the compensator be so turned that the plane perpendicular 
to the edges of the prisms coincides with the plane of minimum polarisation 
of the incident light, the azimuth a of the plane of polarisation of the 
emergent stream, measured from this plane, is given by tana = — cot^. 

Hence when the emergent light is plane polarised, the plane perpendicular 
to the edges of the prisms will give the plane of maximum or minimum 
polarisation of the stream according as tana is numerically less or greater 
than unity ; its numerical value is the ratio of the axes of the elliptic vibra- 
tion ; and the polarisation is left- or right-handed according as tan a is positive 
or negative. 

207. The chief objection to the use of Babinet's compensator is that the 
fringes are localised at the instrument*, and it is therefore necessary to 
focus the eye on its surface, which renders it difficult to fix the direction 
of the stream of light that is studied. This disadvantage is overcome by 
employing a compensator of the second kind, that introduces the same relative 
retardation over the whole field. 

An instrument of this type was devised by Biot, and consists of a plate 
of quartz cut parallel to the optic axis, followed by a second plate of adjust- 
able thickness also parallel to the optic axis, and so placed that its axis is at 
right-angles to that of the first plate : in order that the thickness of the 
second plate may be capable of adjustment it is formed of two quartz wedges 
¥dth the edges parallel to the optic axis, one of which can be moved over the 
other by means of a micrometer screw. 

208. Instead of using the compensator in the second of the two methods 
described above, it is perhaps more convenient to employ a quarter-wave 

* Schmidt, Wied. Ann, xxxv. 860 (1S8S). Mao« de L^pinay, J. de Phyt. (2) x. 904 (1S91). 
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plate for the determination of the elements of the elliptic polarisation. 
Unfortunately it is difficult to obtain quarter- wave plates that are absolutely 
correct, and if perfect for one wave-length, they are of necessity imperfect 
for light of a different frequency. It is, however, possible to use an imperfect 
plate for the investigation of the polarisation*, provided the relative retarda- 
tion of phase that it introduces lies between 2)9 and ir — 2)9, the limiting 
differences of phase between the rectangular components of the stream of 
elliptically polarised light. 




Fig. 50. 

Let the point M, representative of the polarisation of the stream to be 
investigated, be determined by its longitude ON =^20 and its latitude 
NM=2I3: then the effect of transmission through the plate is given by a 
rotation through an angle A round the axis AA' in the plane of the equator, 
where A is the relative retardation of phase introduced by the plate and 
OA is twice the angle that the plane of polarisation of the most retarded 
stream in the plate makes with the plane of reference. If the resulting 
polarisation be plane, this rotation must bring M into the equator to the 
point M', say, and the arc AAT is twice the angle a that the resulting plane 
of polarisation makes with that of the most retarded stream in the plate. 

If the arc NA = 2^, the spherical triangle ANM, in which 

AM^AM'^^a, 

gives sin 2^ = tan 2)9 cot A (6), 

cos 2o- = cos 2)9 cos 2^ (7), 

cos A = tan 2^cot 2o- (8). 

Whence it follows that there are two possible positions of the axis AA\ BR, 
such that NA + NB = tt, and that the values of a corresponding to these 
positions are complementary to one another. If the polarisation be right- 

• MaoGullagh, Proc. R. 1. Acad, ii. 3S4 (1843); CoUecUd Worki, pp. 238—242. Stokes, 
B, A. Report, 1851, Part u. 14; Math, and Phyi. Papen, ni. 197. 
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handed, A will lie within or without the arc ON, according as A is greater 
or less than 7r/2 ; the reverse being the case if the polarisation be left-handed. 

If then Xi *"^d ^O'' + X« ^ ^^® azimuths, measured from a fixed plane of 
reference in a direction from right to left, of the plane of polarisation of the 
most retarded stream in the crystalline plate, when the emergent light is 
plane polarised, and if ff he the azimuth of the plane of maximum or of 
minimum polarisation of the primitive stream, we have 

Xi = ^±*>X.= ^ + *>and « = (x, + x.)/2, <^=(Xi-X2)/2 (9). 

Again if o-j and a^ be the azimuths of the plane of polarisation of the 
stream emerging from the plate in its first and second positions, measured 
from right to left fix)m a plane of reference fixed in the plate, (<r, + <r,)/2 gives 
a direction inclined at 45"" to the plane of polarisation of the most retarded 
stream in the plate, and or, - <ri = 7r/2 ± 2cr, whence 

cos 2)8 = sin (or, - o-O sec (xf - Xi) (10). 

Further it is easy to see that tan (o-j — o-j) and tan (;^ — Xi) have the same or 
opposite signs according as A is less or greater than 7r/2, and therefore 

co8A = tan(flr,-flrj)taii(xti-Xi) (11). 

To complete the specification* of the state of polarisation of the primitive 
stream, we require to know the azimuths of the resulting plane of polaiisation 
measured from the plane of polarisation of the most retarded stream in the 
crystalline plate. If <r/ and a^ be these azimuths measured in a left-handed 
direction, the stream is right- or left-handed, according as a/ and a^ are 
greater or less than 7r/2, and the angle gives the plane of maximum or 
of minimum polarisation accoitiing as sin cr^' is greater or less than sin a/, 

209. We have seen in Chapter II that a stream of light may be one of 
seven different types: it is possible to have (I) common light, (2) polarised 
light, which may be either (a) elliptically, (6) circularly or (c) plane polarised, 
and (3) partially polarised light, the partial polarisation being (a) elliptical, 
or (6) circular, or (c) plane. 

A stream of common light, when examined with a Nicol's prism, appears 
of constant intensity for all positions of the prism and it retains this 
characteristic after transmission through a quarter-wave plate, whatever 
may be its orientation. 

Circularly polarised light resembles common light when it is viewed 
through an analyser, but after transmission through a quarter- wave plate 
it can be extinguished by a rotation of the analyser. 

Elliptically polarised light, when observed through a I^icol, has an 
intensity dependent upon the orientation of the analyser, but in no case 
is the light entirely quenched. 
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Plane polarised light, when similarly investigated, can be entirely 
extinguished by rotating the analyser. 

Partially plane polarised light resembles elliptical ly polarised light, when 
examined with a Nicol's prism, but the two kinds of light are distinguished 
by the fact that elliptically polarised light is converted into plane polarised 
light by transmission through a quarter-wave plate with its principal plane 
in the plane of maximum or of minimum polarisation of the stream. 

Partially elliptically polarised light resembles partially plane polarised 
light, but may be differentiated from it in either of two ways: (1) by 
transmitting the stream through a quarter- wave plate with its principal 
plane in the plane of partial polarisation, then the light will be partially 
plane or partially elliptically polarised, according as the plane of partial 
polarisation remains the same or is altered : (2) by placing the quarter-wave 
plate with its principal plane at 45'' to the plane of partial polarisation, 
then in the case of partial plane polarisation all traces of polarisation 
will disappear. 

Partially circularly polarised light appears like common light, but is 
distinguished from it by transmission through a quarter-wave plate, which 
reduces it to partially plane polarised light*. 

* Beer, Uiihert Optik, 2nd ed. p. 176. 



CHAPTER XVI. 

ABSORBING MEDIA. 

210. The characteristic property of absorbing media is that they reduce 
the intensity of a stream of light in its progress through them by an amount 
that increases with the distance traversed, and it therefore follows that in 
these media the polarisation-vector of a train of plane waves of light must 
have a varying amplitude, so that, if we represent its components by the real 
parts of 

one at least of the quantities I, v-, n must be complex. 

Now in the case of a transparent isotropic medium, I, m, n are connected 

by the relation 

/« + m« + n= = ««/Xl«, 

where H is the propagational speed of light in the medium, and we can only 
retain this relation in the case of absorbing media, if we assume that il* then 
becomes a complex quantity. We are therefore led to extend the differential 
equations and hence also the boundary conditions obtained in Chapter XIII, 
so as to include absorbing anisotropic media, by assigning to <E> the value 

24> = Oiiw' + OaV" + a»tt;* + ia^vw + 2anwu + 2a,jtii; (1), 

where Ou... are complex quantitie& 

If we write Ukk — «** + ta'jwk, 
we have 4> = ^ + t4>', 
where 2^ ^ OuU* + a^t^ -^ dnVji^ -^ ia^vw •{- 2(i^wu -{- ^a^iUv (2), 

2^ = Oii'u' + OaV + Oa'u;* + 2(1^' vw + 2an'wu + 2012' wv (3), 

and by a proper choice of axes, we can bring either 4> into the form 

24) = aV + 6V + c«ti;«. (4), 

or 4>' into the form 

2<I>' = a'V + 6V + c'^w* (5j; 
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in the first case the axes are termed the polarisation-axes, a, 6, c being the 
principal polarisation -constants, and in the second case the axes are called 
the absorption-axes, a', b\ c' being the principal constants of absorption. 

In a crystal of the anorthic system the two sets of axes are independent 
of one another, and taking the axes in the direction of the polarisation-axes, 
the medium is characterised by nine constants : this number is reduced to 
seven in the case of a monoclinic crystal, as then one of the polarisation -axes 
is coincident with one of the absorption-axes. In crystals of the prismatic 
svstem, the two sets of axes are identical and there are six constants : these 
are reduced to four in the case of crystals of the tetragonal and hexagonal 
systems, while crystals of the cubic system and isotropic media possess only 
two constants*. 

211. In order to determine the general characteristics of the propagation 
of light in absorbing media, let us take the axis of z in the direction of the 
wave-normal ; then w^O and u, v are functions of z and t alone, so that the 
differential equations become 

„ . dhi ^_ dh) .. _ 3^ , _ a^w _, 

u = a,,.g^ + a,,g^, « = «»3P + ^.3-^ (6). 

Let (w,t;) = (Z, 5)5e-t'-=^» (7), 

where il*-|--B' = l, ^ = ic(l— ti/), w = a)/(l — ti/) ; 

then these equations give 

(w* — Oil) .4 = Oi, B, (o)* — aja) B^diiA (8), 

whence (S* — Oji) (©* — o^) = rlja* (9), 

and . 5 + ^LZ^|_l = , (10). 

Equation (9) determines two values of a>' and therefore two values of to and 
p, while (10) gives the corresponding values of the complex ratio B/A ; 
denoting these by the suffixes (1), (2), we have 

2,jr, + 5A = o (11). 

Since the ratio B/A is complex, it follows that the two waves thus 
determined are elliptically polarised. Now by a proper choice of the origin 
of time we can arrange that 

ilZ) = c(cos^cosa — Asin^sin a), JSZ) = c (cos ^ sin a -H t sin^Scos a), 
where tan /3 is the ratio of the axes of the elliptic path of the end of the 

• Drude, WUd. Ann. xxxii. 584 (1887); xl. 665 (1890). Winkelmann, Handb. der Physik, 
ji. 807—819. Voigt, Wied. Ann, xxni. 677 (1884); Komp. der theor. Pkygik, ii. 708—725. 
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polarisation- vectx>r and a is the angle that these axes make with the coordinate 
axes: whence (11) gives the two equations 

cos ()8, + A) cos (Oj, - tti) = 0, sin (^, - A) sin (oj - aO = 0, 

which are satisfied only if 

ai=ai + 7r/2 and /3^ = /3u 

or «j = ai and I3i = 'rrl2 — 13^, 

both of which conditions express that in the two waves the ellipses are 
similar and traversed in the same direction, while their major axes are at 
right-angles. 

212. Unless the polajisation-axes and the absorption-axes are coincident, 
it is impossible to bring 4> and 4>' simultaneously into the forms (4) and (5) 
and by no real transformation of the coordinate axes can ^ be made to 
assume the form 

2^ = a«u« + 5V + 5«m;*, 

but this may be effected by the employment of a complex system of 
coordinates x, y, z. 

Let the scheme of transformation be 



X 


X 


y 


z 

A 

7i 


y 


A 


A 


z 


7i 


7« 



where a^, /9i, ... represent complex direction-cosines, fulfilling the ordinary 
conditions of an orthogonal transformation ; then 






(12), 



whence we obtain three seta of equations of the form 

( Oil - «**) a* + Om A -h a„ TJk = 
o^oih + (a. -:?»■) i8* -ha»7A = 



.(13), 
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A = 1, 2, 3 and :ci = a, S, = 6, «, = c: and from these equations we obtain 

ttu-^ d,2 an =0 (14), 

On a^ — a? Oa 

the three roots of which give the values of d*, 6*, c*, and these being known, 
equations (13) give the values of oa, /5a, 7a- 

213. The differential equations now become 
(u,t;,t.)=V«^^, -, -j 



W' ay' aJWau "^ayat; "^'a-^aw/ ^ ^' 



ay a-?/ Vaa: du dy 

•*u au at; at£; ^ ,_^. 

^* 8i + a^+ai=^ <i6>' 

where 2<> = a*w* + 6V + c'a/* (17). 

Writing (w, v, «;)=(!, 5, C')5e^t^-'^+*^-«> (18), 

where il* + -B" + (7* = 1 and l, w, fi are the complex direction-cosines of the 
wave-normal, determined by 

i = gj? -h )8,m -t- 7in, fn = a^-f-)8,m + 78n, n = 5,^ + ^,m -h 7$n (19), 

these equations give 

(a«-5?)2 = (a»2Z-f-6«5rn-|-c«0n)i (20), 

and two similar equations, with 

ili + 5m+Cn = (21). 

Whence _?!_ + _!?:1- + _!?!_ = (22), 

a* — o)* 6' — 6)* c* — Q)' 

A:B:C:: — - = n • z (23). 

Separating (22) inta its real and imaginary parts we obtain two simultaneous 
equations involving a> and p. The results are very complicated, but it is 
clear that Fresnel's laws for transparent crystalline media no longer hold 

214. A notable simplification of the problem however occurs when we 
can regard the absorption as slight, and in that case the propagation is 
determined in accordance with Fresners laws. 

Let us take the polarisation-axes as the coordinate axes, then 
au = a' + Aa'ui On = 6'+ ta'jj, an='d*'{' ta'nt 
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(24), 



.(25). 



and regarding a'u^ as a small quantity of the first order, we have from (14) 
by neglecting terms of the second order 

which gives as the values of s? 
whence, ¥rriting 

we obtain from (13) 

o«ai + (aa-au)A+(6*-a')i8'i + a'„7i = 
a'„ai + a'„i8i+(a'»-a'u)7, + (c«-a«)y/ = 

(^idi -k-fi A' +yiyi^o) 

and a'„i8/ + a«7i' = 0\ 

a'W + (aa-au)A'-(6*-a«)A + a'„7/ = 
a«a/ + a'„/8i' + (a'«-a'„)7/-(c"-a')7i = 

which are satisfied as far as terms of the first order by 

«.=1. A = 0. 7x = 0. «,'-0. A' = ^, -y''-^' 

and Oi, i8i, ... 7s' are obtained from these by a cyclical change of letters and 
subscripts. With these values we obtain 

\ a* — V o* — c*/ 
= m + im' = m + t(n^+Z^.) [ (26). 

and thence, since «•== a)'(l + 2ti/), 

^ ^' ^3 ^' , ^v [ 2Zf Z« a^> - 2i/€i>« | 

Hence separating the real and imaginary parts, equation (22) gives 



m 



P 



rnr 



n' 



a* — 0)* 6* — ft)* c* — o)' 



= 



.(27), 



and 



f« 



l(a»-a>' 






y (b'-to^y^id' 



-«')«J 



"'*"(a«-««)«"*'''"(6«-a>«)«"^''»(c«-a>«)« 



mn 



+ 2««(fti.^J7(^.^) + 2a«(^_^)(^,_^) + 2a'„ (^, _ ^) ( j, . ^,) (28). 
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surface intersect, not in definite points but along portions of curves, that in 
the case of anorthic and monoclinic crystals are unsjrmmetrical with respect 
to the planes of optical symmetry and do not in general pass through the 
optic axes. Thus in weakly absorbing crystals, while there are at most 
two directions of equal wave-velocity, there is a series of axes of equal 
absorption *. 

216. We are now in a position to consider the interference phenomena 
exhibited by plates of weakly absorbing crystals f. 

Let a, /9, 17 be the angles that the primitive and final planes of polarisation 
and the plane of polarisation of the quicker wave within the plate make 
respectively with some fixed plane of reference : then neglecting the ellipticity 
of the polarisation of the streams within the crystal, as this is very slight in 
the case of weak absorption, and making the same assumptions as in 
Chapter XIV, the polarisation-vectors of the streams emergent fix>m the 
plate may be represented by 

a cos (a — rj) e""*''' e*^*^~**»^ and a sin (a — 1;) e """«*'« 6' («<-«•«), 

where a = 2irTI{Tci) cos r), T being the thickness of the plate and r the angle 
of entry ; and that of the stream leaving the analyser will be 

a {cos (a - 17) cos 08 - 17) e - "»'» 6-"^« + sin (a - 17) sin (^ - 17) e -•'•'« 6 - •««•} 6***, 
and the intensity is 

/ = a' {co^ (a - 17) cos^ 08 - 17) e**"*''* + sin*<a - 17) sin* {fi-fj) e'^^* 
+ 2 sin (a - 17) cos (a - 17) sin (ff - 17) cos (fi - 17) e-(»'«''«+»'i'«) cos kB] . . .(33), 

where B is the relative retardation of the streams as determined in 
Chapter XIV. 

If the incident light be unpolarised, we may replace it by two independent 
streams of equal intensity polarised in any two rectangular planes, and the 
final intensity will be the sum of the final intensities of these streams : hence 

/=^{cos«(/8-i7)e-«-»'^ + sin«(/8-i7)e-«^«} (34). 

When the light is neither polarised nor analysed, the intensity is 

7=|(e-^»'.+e-«-.'.) (35). 

217. Let us first apply these formulae to the case of an uniaxal plate 
perpendicular to the optic axis placed in convergent light between crossed 
NicoFs prisms. The intensity then is 

/ = ^ sin« 2 (a - f))[e-^^ + e'^^* - 2 e-<w+.'t<rt) cos kB] (36), 

* Dnide, WUd. Ann. xl. 676 (1S90). 

t Voigt, WUd. Ann. xxra. 6S7 (18S4); N. Jahrb. fUr Min. (1886) i. 119. Drude, Ltharh. der 
OpHk, pp. 345—851. Liebisch, Phyi. Krytt. pp. 527--5S3. 
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Making these substitutions we obtain 

+ a'* 8in» ?^^- oo8» ^^^ - d* co8» 2Lt2L sin' ^^^H 

^(cos'3^^'-oo8'^-|3^') (31), 



-r / 



and «« = a» - (a« - c") sin* 21±X . 

When the wave-normal is very nearly coincident with one of the optic 
axes, 80 that %, say, is very small, we may proceed to a further simplification*; 
for if '^ be the angle A' AN, we have approximately 

whence 

ill- cos ^ cos ^^/2, 5i = sin^^/2, Ci = -8in,^cosi^/2, 
il, «- cos N[^ sin 1^/2. £, = cosi^/2, C,=: ain^sin^fr/2, 

and («30) gives 

2i/i6« = (a'« cos« N[^ + c'« sin« ^) cos« |^ + 6'« sin» ^ 

I (32). 

2i/,6«= (a'« cos« N[^ + c'» sin« ^) sin* ^ + 6'*oos« ^^ 

When the wave-normal coincides with the optic axis, these formulss 
become indeterminate, but we obtain from (30) 

2y/6' s b*^, when the plane of polarisation is parallel to the plane of 

the optic axes, and 

2i;/6« s= a'' COS" "9 -he** sin* "¥ for the stream polarised in the perpendicular 

plane. 

There are two types of biaxal absorbing crystals: in those of the first 
type, such as Andalusite, Hornblende, Titanite, v^' > i//, while in those of the 
second type, of which Cordierite, Epidote, Axinite are examples, Vi>v^. 
Similarly with uniaxal crystals: in those of the first type (Magnesium 
platino-cyanide) i/, < i/^ , in those of the second type (Tourmaline) v^ > i/«. 

In traversing unit distance in the direction of the wave-normal, the 

amplitude of the vibrations is diminished in the proportion exp (2?rv/(Tft>)} : 1. 

If then we draw through a given point vectors equal to the absorption- 

coeflBcients Vi/<k>i and vjto^, we shall obtain a surface of two sheets that has 

a certain analogy with the surface of wave-quickness. The sheets of this 

* Voigt, Wi€d, Ann. zxui. 695 (1884). 
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surface intersect, not in definite points but along portions of curves, that in 
the case of anorthic and monoclinic crystals are unsymmetrical with respect 
to the planes of optical symmetry and do not in general pass through the 
optic axe& Thus in weakly absorbing crystals, while there are at most 
two directions of equal wave-velocity, there is a series of axes of equal 
absorption * 

216. We are now in a position to consider the interference phenomena 
exhibited by plates of weakly absorbing crystals f. 

Let a, /9, 17 be the angles that the primitive and final planes of polarisation 
and the plane of polarisation of the quicker wave within the plate make 
respectively with some fixed plane of reference : then neglecting the ellipticity 
of the polarisation of the streams within the crystal, as this is very slight in 
the case of weak absorption, and making the same assumptions as in 
Chapter XIV, the polarisation-vectors of the streams emergent from the 
plate may be represented by 

a cos (a — 17) e"''*'''^*^*^"***^ and asin (a —17)6 ""•'«*'« e'^"*""«*«>, 

where a = 27rT/(T(o cos r), T being the thickness of the plate and r the angle 
of entry ; and that of the stream leaving the analyser will be 

a {cos (a - 17) cos 08 - 17) 6 - "»'» 6"'"'*» + sin (a - 17) sin (^ - 17) e - "•'« e - ***•} 6***, 
and the intensity is 

/ = a» {co^ {a - 17) cos' 08 - 17) e~*'«*^» + sin»^a - 17) sin' (fi — tf) e'^'^* 
-h 2sin (a -17) cos (a- 17) sin (^- 17) cos()3- 17) c- <"»•'»+•'•'•) cos ieS}...(33), 

where B is the relative retardation of the streams as determined in 
Chapter XIV. 

If the incident light be unpolarised, we may replace it by two independent 
streams of equal intensity polarised in any two rectangular planes, and the 
final intensity will be the sum of the final intensities of these streams : hence 

7= J {cos* (/8- 17) «"*"»'» + sin« 09-17) «"*^«} (34). 

When the light is neither polarised nor analysed, the intensity is 

I^^ie-^^'^-he-^^*) (35). 



217. Let us first apply these formulae to the case of an uniazal plate 
perpendicular to the optic axis placed in convergent light between crossed 
Nicors prisms. The intensity then is 



a« 



/= J sin' 2 (a - i7){e-«^ + e'^^* - 2 e'^'^^^''^*^ cos tcS] (36), 

* Dnide, WUd, Ann. xl. 676 (1S90). 

t Voigt, Wied, Ann, zxm. 5S7 (1SS4); N, Jahrb. fUr Min. (18S5) i. 119. Dnide, Lekrb. der 
Optik, pp. 845—851. Liebisch, Phyi. Kryit. pp. 527-4>88. 
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1 ft «'* ft a'* cos* Y + c ^ sin* Y 

where 2i/o = — , 2ve = —z r~ ^ • ^ - 

'a*' * a* cos* X + c* sin* X 

In the direction of the optic axis i^o = »'«, Cq = <re, 8 = 0, whence /= 0, and 
the intensity also vanishes when 17 = a or a + tt/Z, so that there is a black 
cross with its arms parallel to the principal planes of the Nicol's prisma The 
second factor in (36) equated to zero gives a series of dark rings round the 
optic axis, but these are only completely black if i/qO-o = VeC^. 

The rings become less conspicuous the stronger the absorption, since the 
£Bu;tor exp [^(p^o + ^^e)} becomes vanishingly small, and 

a* 
/ = J sin* (a - fj) (e"*^« + e' '•'•^O- 

Thus in crystals of the first type, such as magnesium platino-cyanide, for 
which a' is small and c is large, the field is bright except for the dark cross ; 
in crystals of the second type, such as tourmaline, for which a* is laige and c 
is small, the whole field is dark. 

When the incident light is unpolarised 

/= I {cos»(^-i7)6-«^*+sin*(^-i7)e'«'«'«}, 

and in the direction of the optic axis 

r a* , 

• 2 

Thus with crystals of the first type, there is a dark brush perpendicular 
to the plane of analysation interrupted by a bright spot at the centre ; while 
with crystals of the second type, the brush is parallel to the plane of 
analysation and is continuous. 

When the light is neither polarised nor analysed 



a* 



and in crystals of the first type there is a bright spot surrounded by a dark 
field ; with those of the second type there is a dark spot in the centre of 
a lighter field. 

218. As a second example of the interference phenomena given by 
absorbing crystals, we will consider the case of a biaxal plate cut in a 
direction perpendicular to one of the optic axes. 

Taking the plane of the optic axes as the plane of reference, we have for 
small angles of incidence 17 == '^/2, where -^ is the azimuth of the plane of 
incidence : hence if the planes of polarisation and analysation be crossed 

/ = ^' sin*(2a - yp^){e'^' 4 e'^^ - 2e'^^^-^''^' coskB] (37), 
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where a' = 2irTl{Th) and Vi, i/, are given by (32), which formulae, though 
strictly holding only for the cases of prismatic crystals, will afford with 
sufficient accuracy a qualitative explanation of the phenomena observed 
with crystals of other systems. 

For the direction of the optic axis itself, we obtain by resolving the 
incident light into streams polarised in planes parallel and perpendicular to 
the plane of the optic axes 

/o = J sin 2a (6-'> - c-"-'')* (38), 

where 2i// = h'^lb\ Ivi = (a'« cos« ^ + c'« sin» *)/i" (39). 

The factor sin* (2a — '^) gives a principal line of like polarisation '^ = 2a, 
which is black, but is interrupted by a brighter spot at the point corre- 
sponding to the optic axis, unless a^^O or 7r/2. Since cosicS changes 
periodically as the angle of incidence increases, the last factor in (37) will 
give a series of dark rings. These however will be too fsiint to be observed, 
if the plate be of a thickness for the absorption to be marked, as the factor 
exp {— (vi + 1/,) a] then is very small and the term in question becomes 

Now 3^: " "^ ®^° ''' (^«' ■" ''^'^ ^^"^'^ " ^ "*""')' 

and this is zero, if -^ = or tt, giving a maximum value of «/, and if i/^ = i^, or 
^|r = 7r/2 corresponding to a minimum value of J, Thus in addition to the 
black line of like polarisation '^ « 2a, there is a dark line perpendicular to 
the plane of the optic axes. 

If the planes of polarisation and analysation be parallel and the plate be 
of sufficient thickness 

/ = a» jcos* (a - ^] e-«^»-^ + sin* (a - ^) e'^ , 

and the phenomenon is essentially the same as when the light is unanalysed, 
the intensity then being 

/ = a« |cos« ^a - ^^ e'^^' + sin« [a - ^) e'^A . 
Taking this last case and supposing a = 0, we have 

/ = a« fees' ^ e-^^' + sin« ^ e'^A , 
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Now 
dl 



dir 






= 0, if -^ = or TT, or if -^ = ± 7r/2. 

But for -^ = or TT, / = /^ = a'6"^« ^ 

fori^ = ± 7r/2, 1=1^=^ a*e-<''»'+''«'>^ 

whence for crystals of the first type, for which i/,' > Vi\ /, > /i and the dark 
brush is in the plane of the optic axes and continues through the centre of 
the field : with crystals of the second tjrpe, 1// > i/,', A > 7, and there is a dark 
brush perpendicular to the plane of the optic axes interrupted by a brighter 
central spot. The reverse is the case when a ^ 7r/2. 

When the light is neither polarised nor analysed 

7 = 1 {e-^^ + e'^*'l 

7.= J {«-«•'/- + e-Wc}. 

This expression has already been discussed and it shows that there will 
be a dark brush perpendicular to the .plane of the optic axes with a brighter 
spot at its centre. 

219. Passing now to the problem of reflection and refraction* at the 
interface of absorbing media, we may at once apply the formulsd obtained 
for transparent substances, provided we replace by complex quantities the 
parameters that occur therein. 

Thus in the first place the geometrical laws of the phenomenon follow 
from the fact that the boundary conditions are linear, homogeneous relations 
between the vectors characterising the incident, reflected and refracted 
streams: for the interface being the plane of yz and the vectors being 
proportional to 

exp [iKk (]^i^ + fhi^ + VkS - ®aO}. 

where ^a«a = ^awa = 2^/ta , 

it follows that the quantities 

^A«Ai ^A^A, ^AWa, 

must have the same value for each of the streams. 

* Dnide, Wied. Ann, xxxii. 5S4 (1S87); zxxiv. 4S9; xxzr. SOS (188S); xzxyi. 582, 865 (1889) ; 
xzziz. 481 (1890). Voigt, ibid, xxin. 104 (1884); xxv. 95 (1885); zzxi. 233 (1887); zzxv. 76 
1888) ; Komp. der theor. Phynk, xl 730—747. 
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Let us as before adopt the light- vector «j as representative of the streams, 
and let us suppose that the normal to the planes of constant amplitude of 
the incident stream are in the plane of incidence, which we will take as the 
plane of xz, then m = m' = and therefore m = and we may write 

(isTi, isr„ isr,) = (n, Jc,-l)D 
where Tc = tan ^, D = cos ^ A exp {ui 

^ being the complex azimuth of the vector with respect to the plane of 
incidence. 

Since the vector o- is independent of y, the differential equations give 






.(40). 



*,= |{-^ 






dz * ^'^Kdz dxj * ^"^ dx 
3 J 3«^» . ^ f^i 3«rA Sot,) 



'11 



+ ai|-^aF+^ 






_ 9er, , _ 



\ 3^ dxj 

1 3cr,\ 
3a:; 



_ 3o' 
da; 




_ 3«j 



■■}| 



(41), 



whence, writing o>/n ~ A, Z/n ^ e, we obtain 

(aa? + aa-A«)(aaC»-2a„e + a,i-A«) = («»«-a»)'(^ + l) ...(42), 



1c^ 



A' -" ^ — ^^ 



(43); 



(OaC - Ou) Ve» + 1 
similar equations with 6 written for a applying to the second medium. 

Now the incident stream being given, the value of ^ is known and 
equation (42) determines the complex directions of the normals of the 
reflected and refracted waves and (43) determines the azimuths of the light- 
vectors. Care must be taken to select the values of e that correspond to 
streams leaving the interface with amplitudes that decrease as the distance 
therefrom increases. 

Introducing now the surface conditions we obtain as in Chapter XIII, 

1.1 COB ^A^ 'Sill C08^B 
lnC08 4>A =Sr}iCOS^i£ 

S^cos^il = UciCos^iB \ (44), 

Xfc (— a^Jcn + On + ObH) cos ipA 

= 2^1 (— bnlcfii + fcjs + ^»^^) COS ^-B 

the suffix (i) and the letter B referring to the second medium. 



^ ...(45), 



(46), 
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If the first medium be isotropic, we have, denoting by F, 5 and P\ 5' the 
amplitudes of the components of the light-vectors of the incident and reflected 
streams perpendicular and parallel respectively to the plane of incidence 

{0 — (?') cos t = ^ cos ^1^1 + ^ cos ^-Bj 
((? + (?') sin t = n, cos ^^i + n, cos ^-B, 
P-\'P' = sin^5i + 8in^5, 

ie«' {P — P') cos t = Jcx {(5«ii — inWi) sin ^i + 6« cos ^} -B, 

+ '^ {(fc»^» — tnWi) sin ^a + 5m cos ^} 5, 

where i is the complex angle of incidence. 

220. Without proceeding to the further developments of these equations, 

we will now take the more interesting case of metallic reflection, in which 

both media are isotropic. Then f being the complex angle of refraction, we 

have 

(5 — 5') cos i = Hi COS f 

{G + 5') sin 1 = 5i sin f 
P^P' =/», 

{P — P') sin i COS i = Jf^j sin f cos r 

whence 5' = -?E£z^)S. ^.^-jiL^L^ 

sm (i + f) sin (i + f ) 

/"= ^°<!-*')/', 5,^ °°^* _ g 

tan (i + r) sin (i + f) cos (i — r) 

When the incident light is plane polarised and the first medium is trans- 
parent P, Q and % are real. Taking this case and writing the complex 
refractive index 

/? cos* f = ^tf"*~ — sin* % = 17* e~*^, 

fi=^0co8€, v= tan€ (48), 

r7'*cos2u = ^co8 2€-sin*i, J7» sin 2tt = ^ sin 26 (49), 

cot (2u - €) = cot € cos ^2 tan-» ?^* J (50), 

tan(t£ — 2€) = tan ti cos f2tan""*-;^ — :] (51). 

P dV-*-' 008 i - I7e- 



.(47). 



and 
we have 



which give 



Whence 



where 



F ^-*«' 008 1 + I7e-^ ^ 
COS 2^ = cos (ti — 2c) sin (2 tan~* ^ .) 

tan Ai « sin (u - 2€) tan (2 tan""* -^ X 



.(52) ; 
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g _ cos t - Ue-^ 

where cos 26. = cos u sin (2 tan""* .) > (53). 

^ V cos*/ ' 

U 



and 7^ = ^^^.- , rr^-u. = ^P<^g^A 



tan A. = sin u tan ( 2 tan""* ; 1 

\ cost/ ' 



Also if the incident light be polarised at an azimuth of 45** to the plane of 
incidence, we have 

F' sin't- Crcoste"*** 



,— Oc 



= tan<^e^' (54), 



Q' sin' i •\'U cos ie 

where A is the difference of phase between the components of the light- 
vector of the reflected stream perpendicular and parallel to the plane of 
incidence and tan <^ is the ratio of the amplitudes, and 

cos 2<f) = cos w sin ( 2 tah""* -; — t- . ) 

V sin I tan I/, .^^. 

jj \ (55). 

tan A = sin t£ tan (2 tan~* - — r- . ) 

V sin t tan t/ 

Now as t increases from 0** to 90**, A decreases from tt to : hence at 
a certain angle of incidence /, called the principal angle of incidence, A = 7r/2 
and if the corresponding value of <^ be ^, we have that when i = 7 

Cr=tan/sin/, w=2)9. 

The angles / and /9 having been determined, the values of 6 and € may be 
obtained from (51) and (49), we have in &ct 

tan 2 (iS- €) = tan 2^ cos 27) ..g. 

^ = sin«/tan«/8in4)8cosec2€J ^^ ^' 

and these being known, equations (49), (50) give the values of u and U for 
any angle of incidence. 

221. The simplest method of investigating the phenomenon of metallic 
reflection is to directly measure A and tan <f> by means of Babinet's com- 
pensator and an analysing prism, as described in § 205*. Other methods 
have however been employed. Thus Jaminf compared the intensity of the 
light reflected from a metal with that reflected at the same angle from a glass 
surface, when the light was polarised in planes parallel and perpendicular 
to the plane of incidence, and determined the relative difference of phase 
between these streams introduced by the metallic reflection by observations 
of the angles of incidence, for which the reflected light was plane polarised 
after 2, 4, 6... reflections fit the surfaces of two mirrors of the metal 

* Quincke, Pogg. Ann. oxxvm. 541 (1866). Hennig, G'dtt. Naehr. (1887) 365. 
t Afm. de Ch. et de Phyi, (8) zix. 296 (1847). 
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placed parallel to one another, the primitive light being polarised in a plane 
inclined to the. plane of incidence. 

The change of phase that metallic reflection introduces, when the light is 
polarised in a plane either parallel or perpendicular to the plane of incidence, 
may be compared with that caused by reflection at the surface of a trans- 
parent substance by aid of the phenomenon of interference, such as that 
produced by Fresnel's mirrors*, or by thin isotropic plates f. Of these 
methods the most satisfactory is that employed by Wernicke^. A stream 
of white light falls upon a thin film of some transparent substance, the 
hinder sur&ce of which is in part coated with the metal to be investigated, 
and the reflected light is analysed with a spectroscope. A channelled spectrum 
is thus obtained, and the relative difference of phase due to the metallic 
reflection is determined from the shift of the bands in the part of the 
spectrum given by the light reflected from the coated region of the film. 
This method has been improved by Drude§, who employed a wedge-shaped 
film and monochromatic light. 

222. It has been pointed out that the optical constants of a metal 6 and 
€ or fji and v may be obtained from measures^of the principal angle of incidence 
I and the principal azimuth fi, but Drude|| has shown that the most accurate 
plan is to deduce these constants frx>m a series of measures of <f) and A for 
angles of incidence near the principal incidence. 

From equations (55) we have 

tan u = sin A tan 26, cos (2 tan"'-; — rr ^.l = cos A sin 26, 

^ \ smttant/ ^ 

whence u and U are determined from the various observations and € and 
are then deduced from (51) and (49). 

Now in most cases d^fijl + i^ is suflSciently large for powers of 1/6 
above the second to be neglected, and if this be so 



^, ^/- cos 26 sin* t \ 



and since 

J7* cos 2u = ^ cos 2€ — sin' i, 
we have 

Ucosus^coscTl -^^j, Usinu'^dsinefl +^^r) •••(57). 

* Senarmont, Ann, deCK etde Phy$. (2) lxxixl 861 (1840). Qainoke, Pogg, Ann. cxlu. 219 
(1871). 

^ Quincke, ihid. cxui. 880 (1871). Wiener, WUd. Ann. zxxi. 629 (1887). 
X BerL MonaUher. (1875) 678. 
f Wied. Ann. l. 595 (1898). 
D ibid, xxzix. 504 (1890). 
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To a first approximation then fT is a constant = d, and denoting its mean 
value deduced from the observations by S, we may use this vajue for in the 
small terms on the right-hand sides of equations (57) ; whence the optical 
constants may be calculated from the formulae 

/ J_ S sin» i\ 



^ SWcosw/- 1 



yxi/ = dsin€=: 



tu 



smu 



N 



/J. Ssin't N 
V 2S» N )' 



where JST is the number of observations. 



In this manner Drude has determined the optical constants of a number 
of metals, some of his results being given in the following table. 





Sodiam Light 


Bed Light 


M 


r 


M 


! 

P 


Aluminium 


1-44 


3-63 


1-62 


3-36 


Antimony 


3-04 - 


1-63 


317 


1-66 


Bismuth 


1-90 


1-93 


2-07 


1-90 


Cadmium 


113 


4-43 


1-31 


4-05 


Copper 


0-641 


4-09 


0-580 


5-24 


Gold 


0-366 


7-71 


0-306 


10-2 


Iron 


2-36 


1-36 






Steel 


2-41 


1-38 


2-62 


1-32 


Lead 


2-01 


1-73 


1-97 


1-74 


Magnesium 


0-37 


11-8 


0-40 


11-5 


Mercury 


1-73 


2-87 


1-87 


2-78 


Nickel 


1-79 


1-86 


1-89 


1-88 


Platinum 


206 


2-06 


216 


2*06 


SUver 


0181 


20-3 


0-203 


19-5 


Tin 


1-48 


3-56 


1-66 


3-30 


Zinc 


2-12 . 


2-60 


2-36 


2-34 



The first thing that we notice from these values is that copper, gold, 
magnesium and silver have refractive indices less than unity, so that the 
propagational speed of light in these metals is less than it is in free ether. 
This remarkable result has been completely confirmed by experiments with 
metallic prisms of small refracting angle*, which Kundt first succeeded in 
making, in most cases by electrolytic deposition on platinised glas& The 

* Eandt, Wied. Atm. xxxiv. 469 (1888) ; xxxyi. 824 (1889) : Phil. Mag. (5) xxti. 1 (1888). 
Da Bois and Babens, Wied. Attn. xu. 507 (1890). Shea, ibid, tlytl 177 (1892). 
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formula required for calculating the refractive index from the observations 
is easily deduced from the geometrical laws of refraction at the surface of 
absorbing media*. 

Another interesting fact is that only in the cases of copper, lead and gold 
is the dispersion normal : in all other cases the index for red light is greater 
than that for sodium light. 

The value of fiv, on which the absorption depends, varies in the case of 
sodium light from 2*62 for copper to 5*48 for zinc. Copper is thus the most 
transparent of the metals, but even in this case the reduction of intensity in 
traversing unit thickness, which is given by exp {— 47r/ii//X.), \ being the wave- 
length in free ether, is considerable. 

The larger the value of v, the greater is the intensity of the light reflected 
at the surfisu^ of an absorbing medium. Hence when a mixed stream is 
incident, the constituent that is most absorbed in the medium will have the 
greater importance in the reflected pencil, and this predominance will be 
increased at each subsequent reflection. In fact by repeated reflections it 
has been found possible to separate out waves of very large wave-length. 
Thus by five reflections at the surface of Sylvite, waves of length 0-061 mm. 
have been isolated f. 

• Ydgt, WUd. Ann, zznr. 144 (1S85). Drode, ibid. xLn. 666 (1S91). H. A. Loientz, ibid, 
ZLTX. S44 (189S). 

t Babens and Niohols, Wied. Ann. lx. 418 (1897). Babens and ABohkiiiMS, ibid. iX7. 241 
(1898). 
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223. We have hitherto merely considered the propagation of trains of 
waves of definite period without taking into account the fact that in material 
media light travels in a given direction with a speed that depends upon the 
frequency of the waves. The equations obtained may of coarse be made to 
include the £a€ts of dispersion by regarding the parameters of the medium as 
functions of the period, but this procedure leaves unexplained the unequal 
rate at which waves of different periods travel and gives no information 
respecting the law that connects the speed with the frequency of the 
luminous vibrations. Moreover it affords no explanation of the complex 
values of the parameters, that we have been led to adopt, in order to explain 
the phenomena presented by absorbing media. 

Observations of Jupiter's satellites show that in free ether the velocity 
of light is independent of the frequency, for were this not the case, the 
satellites would appear to be coloured at the commencement and at the end 
of an eclipse. It thus becomes natural to attribute dispersion to the influence 
of the molecules of the material substance, and the bet that these occasion 
the phenomenon may be ascribed to either of two causes : it may be that 
the coaise-grainedness of the substance introduces '' a geometrical dimension 
in the ponderable matter which is comparable with the wave-length/' or it 
may be that there is "a definite interval of time somehow ingrained in the 
constitution of the ponderable matter which is comparable with period*." 

Now so far as ordinary dispersion is concerned, the first of these 
hypotheses may be made to give a fairly satisfactory account of the Acts, 
but other allied phenomena and especially that of abnormal or anomalous 
dispersion cannot be explained in this manner and it is therefore necessary 
to regard the second of the above assumptions as giving the actual cause of 
the influence of the molecules on the propagational speed of light. 

* Lord Kelvin, Baltimore Leeturet, p. S, Camb. (1904). 
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224. The coincidence of many of the Fraunhofer lines in the solar 
spectrum with the bright lines of the spectra given with the same apparatus 
by the vapours of certain elements, has been shown by Kirch hoff to be an 
instance of a general law that may be enunciated as follows : '' if a body 
emits in a given direction a beam propagating certain vibrations, defined by 
their period and their state of polarisation, it is capable of absorbing a beam 
propagating the same vibrations in the opposite direction* " 

This important result has been explained by Stokesf by the aid of the 
well-known dynamical theorem that, if a system, capable of executing 
vibrations, be acted on by a periodic force, the amplitudes of the forced 
vibrations will be very large when the period and direction of the force are 
identical or nearly so with the period and direction of the free vibrations of 
the system. It follows tben that if a stream, incident on a body, contain 
constituents that have periods and polarisations in agreement with those in 
the stream that the body emits, these components will excite within the 
molecules of the substance vibrations that have a considerable amplitude, 
and inasmuch as there can be no creation of energy, they must themselves 
be gradually extinguished during the passage of the stream through the 
medium. 

Closely allied with intense selective absorption we have the phenomenon 
of anomalous dlspei-sion. In the case of most transparent bodies the re- 
frangibility of a stream of light increases with the frequency of the vibrations, 
so that when a stream of white light traverses a prism of the substance, the 
red rays are the least deviated and the deviation increases continuously as 
we pass from red to violet. With prisms formed of certain media however 
the ordinary distribution of colours in the spectrum is largely departed from, 
the least deviated being in some cases the green or the blue. This was first 
observed by Fox Talbot J about the year 1840, but we owe the first published 
account of the phenomenon to Leroux§, who discovered in 1862 that vapour 
of iodine, which absorbs all but the red and violet rays, refracts the latter 
less powerfully than the former. 

Later experimental investigations by Christiansen ||, Eundt? and others 
have shown that there is an intimate connection between anomalous dis- 
persion and the absorptive power of a substance, and have established the 
law that the propagational speed in the medium is abnormally decreased for 
waves of less frequency and abnormally increased for those of greater frequency 
than those that are absorbed by the body. 

* Cotton, Aitropkyi. J. ix. 237 (1899). 

t See Pha. Mag, (4) zx. 20 (1S60). Lord Kelvin, Baltimore Lecturei, p. 101, Camb. (1904). 

* Proe. R. S. Edin. vn. 408 (1870). 

§ C. R, LT. 126 (1862) : PhiL Mag. (4) xxiy. 245 (1862). 

Pogg, Ann, cxu. 479 ; cxLin. 250 (1871) : Phil. Mag. (4) xli. 244 (1871). 
H Pogg. Ann. cxlh. 168; cxliu. 149, 259 (1871) ; cxliv. 128; cxlv. 67, 164 (1872). 
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This relation between dispersion and absorption leads to the conclusion 
that both must be attributed to the same cause, — vibrations within the 
molecules of the material medium excited by the vibrations in the stream 
of light incident upon it. 

225. It follows then that, in order to obtain the law of dispersion we 
must introduce into our equations additional vectors dependent upon the 
action of the molecules of the body and connected with the polarisation- 
vector for the pure ether by relations that express that the vibrations of the 
latter occasion forced vibrations of these new vectors*. 

There are several ways, all d priori equally possible, in which these 
additional vectors may be introduced into the equations, but perhaps the 
most simple and natural is to retain the form of the equations that have 
been deduced for the case of the free ether, regarding therein the polarisation- 
vector for the material medium as the resultant of the vector d for the pure 
ether and of the vectors dh, expressive of the action of the molecules of the 
substance. 

We then have Z) = ~curl«r, i3' = curle (1), 

where Z) = d-h2dA (2), 

and the components of the vector e are given by 

a a a 



(e,,e..,) = i(|^, -^-, ^)(n»dO (3), 



n^ v, w being the components of d. 

As regards the equations connecting the vectors dh with the vector d, 
these, if we take the coordinate axes in the direction of the axes of symmetiy 
of the medium, will have the form, 

bHVH-^'Wh-^Wvi.^v \ , (4), 

OhWh + ChWk + Ch'iJbk = wf 
t^A} va, Wk being the components of (£a- 

In the case of vibrations of frequency n, we then have 

wa (oa + iS,iTnah — 47r*n'aA") = u (5) 

and two similar equations : whence U, V, W being the components of D 

f;' = w4-2wA=t^{l+2(aA + t27maA'-47r»wW0"'} (6), 

and two similar equations, and introducing these values of u, v, w into 
equations (1) we obtain 

i) = — curltT, xT^^curlE (7), 

• Voigt, Komp. der theor. Phytik^ n. 747. 



(9). 
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the components of E being 

{E,,E,,L\)=^^{^, g^, -^)(a«£^'+6«r» + c«W^«) (8). 

where «' = "' {^ + ^ «,+ .27ma.'~ 47r'nwj ^ 

These equations are those that we have adopted to represent the case of 
absorbing crystals, in which the axes of absorption coincide with those of 
polarisation. 

226. Taking the case of an isotropic medium, we have a = b = c and the 
complex propagational speed is given by 

a>« = n«fl + 2 s — \ — ^ , , , ) ' 

= n«(i+2.-— i/^^^r (10), 

where aa is written for ^irakjah and n^ is the frequency of the free un- 
damped vibrations of the vector dh . Hence if /i be the refractive index and 
V the coefficient of absorption 

M'(l-.^y=l+S. ^/^* (11). 

Let us first suppose that a^ is very small: then provided that the 
frequencies n^ are well outside the limits of the visible spectrum, we may 
neglect the term containing a^i in which case there is no absorption through- 
out that part of the spectrum and 



1 - nVriA^ 



= l + 2_V?^^ -2'-^' ^'"^ 



1 - nV V n» 1 - V/n' 
= 1 + 2a,-' + n«2^ + n*2%' + ... 

-^-2a,->w,= -^2a,-»n/- (12), 

where the subscripts v and 9* refer to the vectors dt^, that have their 
frequencies beyond the violet and the red end of the spectrum respectively. 

22—2 
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Retaining only the first term of the second series, the formula connecting 
the refractive index with the period t of the light is of the form 

/.-' = -il'T^+^+^ + ^+ (13), 

which is found to represent with considerable accuracy the law of dispersion 
of transparent bodies. 

227. Passing now to the case that we have reserved, we see that there 
will be absorption when the frequency is near one of the critical frequencies 
n^, even when 0^ = 0; for as n increases through this value fi^ passes from 
00 to — 00 and when /x* is negative the wave ceases to be transmitted and 
absorption occurs. Also there is an abnormal increase of the refractive 
index for frequencies less than n^ and an abnormal decrease for frequencies 
greater than n^y so that the dispersion is anomalous. 

We will however consider the more general case in which a* though 
small is not actually zero. Writing 

so that ?i, , n, are the roots of the equation 

n- — ta^nA* ri'-nk^^ 0, 

we have "*"' "*'"*"' "*'«*"' 



1 + la^n - n^/uk^ (n^ - v^) (rii — n) (rii — n,) (r?a - n) ' 

But when the frequency n is very nearly equal to n^, the absolute value 
of n^ — n will be very small compared with that of iiz — n and we may write 
approximately • 

i + lann - wV^a' (^ - ^^a) K - w) 2 (w - n* - ia^nA^O ' 

since n^ — Wj = 2nA , Wi = ^a^nk't + Uk. 

This expression attains its maximum value for n^Uh and is relatively 
small when the frequency diffei*s in a marked degree from this critical value, 
and we may, when the periods of the free undamped vibrations of the vectors 
dk are not too close together, retain only the one term of the summation in 
(10) and write 

j.==n'ji^^_^^lL_ r (14). 

[ 2(n-TiA-ioAnAn)j ^ 

In order to determine the form of the curve of dispersion, let us write 

aA«A ' nA«aA/2 



€0' 
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then 






where N denotes on a scale of frequencies considerably magnified the distance 
from the point n = ^i^. 




Fig. 61. 

With centre 1 — iAj2 and radius equal to Aji describe a ciicle in the 
plane representing the complex variable ^ + ^17; then the line joining the 
points 1 and (1 — N)—i will cut this circle in the point P that corresponds to 
the complex number Jl-. If then fi^x — yi, the absolute value of OP is 
OF* H-y* and the abscissa SP of the point P is ^r* — y*, and the values of 2/i' and 
2fi^v^ corresponding to the given value of N are respectively the sum and 
diffei*ence of the tensors of the vectors OP and SP, If then on the ordinate 
through Q we take QR= OP and RT^RU^SP, the lengths QTand QU 
will represent the values of 2/Lt* and 2/i'i/' corresponding to the value of CQ 
of N. In this manner the curves representing the values of these quantities 
are constructed, and we see that the dispersion is anomalous, as the value of 
fjL^ increases largely on approaching the region of absorption from the side of 
frequencies less than the critical value and is abnormally decreased on the 
other side of the absorption-band*. 

228. Anomalous dispersion is most usually investigated by Newton's 
arrangement of crossed prisms, and this was adopted by Eundt in his ex- 
periments. A fine thread is stretched across the slit of a spectroscope and 
the light from the collimator before entering the telescope is made to pass 
through two prisms with their refracting edges at right angles, that of the 

* Kayser, Handb. der Spectroicopie, n. p. 652. 
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first being parallel to the slit. When the dispersion of both prisms is normal, 
the oblique spectrum thus obtained will be divided into two parts by a dark 
line forming a continuous curve in the direction of the length of the spectrum : 
if however the dispersion of the second prism be abnormal, this line will be 
interrupted by the absorption-bands and on crossing these there occurs a 
displacement of the line, that indicates an abrupt change of the refractive 
index of the substance of the prism. 

The disadvantage of this method is the great loss of light in traversing the 
absorbing material, which necessitates the employment of prisms of very small 
angle, and with liquid prisms capillarity may affect the concentration of the 
liquid at different distances from the edge. Moreover it is by no means 
certain that with prisms of very absorbing materials the refraction may not 
be modified by changes of phase, that vary with the wave-length and are 
dependent upon the thickness that is traversed. 

A second method* is to employ an interferential apparatus, placing a thin 
film of the substance in the path of one of the interfering streams. If white 
light be allowed to pass and be subsequently analysed by a spectroscope with 
its slit perpendicular to the direction of the fringes, the spectrum in the case 
of normal dispersion will be traversed by dark bands spreading out like a fan 
from the violet to the red: when however the dispersion is abnormal, these 
dark lines will be broken by the absorption-bands into portions of distinct 
curves, and if the absorption be not too vigorous, the separate parts will be 
joined by rapidly curved pieces passing through the region of absorption. 
Here again we are met by the diflSculty that, even though the incidence be 
normal, there may be a change of phase dependent upon the wave-length on 
entering and traversing the film. 

A third plan, free from the foregoing objections; is to employ the method 
of total reflectionf. A right-angled glass prism is placed on the plate of a 
spectroscope and its hypothenuse face is brought into optical contact with the 
substance to be examined. The slit of the spectroscope is placed at right- 
angles to the edge of the prism and the light internally reflected within the 
prism passes through a direct-vision combination of prisms with their edges 
parallel to the slit and then enters the telescope. When the dispersion of the 
substance is normal and the pencil from the centre of the slit is incident 
upon it at the critical angle for rays of mean period, the spectrum is divided 
into a brighter and a darker region by a line corresponding to the limit of 
total reflection, that traverses it obliquely from the red to the violet (fig. 52) ; 
but in the case of anomalous dispersion this line ¥rill consist of distinct 
branches. Thus in the case of a solution of fuchsine and a flint glass prism, 

* Mach and OBnobischin, Ameiger Wien Akad, xn. 51, 82 (1875) ; /. de Phys. v. 34 (187C) 
Carl. Rep. xi. 178 (1875). 

t Mach and Arbes, Wied. Ann. xxvn. 436 (1886). 
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the appeai-ance is as represented in fig. 53, the dark band at E corresponding 
to rays tor which the refractive indices of the fuchsinc and the prism have 
nearly the same value. In many cases the high reflecting power of the 



Fig. G2. 




Fig. M. 



Bubetance exhibiting anomalous dispersion masks the dividon between the 
partial and the total reflection, but in these cases the dividing line may be 
rendered sharper by having recourse to multiple reflections. 



CHAPTER XVIII. 



STRUCTURALLY ACTIVE MEDIA. 



229. A PLATE of an uniaxal crystal cut perpendicularly to the optic axis 
does not as a general rule modify in aoy way the polarisation of a stream of 
plane polarised light that passes through it along the normal to its faces, 
and the emergent light, when analysed by a double image prism, is divided 
into two colourless beams, one of which can be made to vanish by placing the 
principal plane of the prism either parallel or perpendicular to the plane of 
polarisation of the original stream. With a plate of quartz this is no longer 
the case, and for each position of the prism there are two emergent pencils, 
exhibiting complementary colours that change in a marked manner as the 
analysing prism is turned. 

This phenomenon was discovered in 1811 by Arago*, who pointed out 
that it could be explained by the supposition that each monochromatic 
constituent of the stream remains plane polarised after its passage through 
the quartz, but that its plane of polarisation has turned through an angle 
dependent upon the wave-length. 

The subject of rotary pol^sation was next investigated with remarkable 
skill and diligence by Biotf , who gave as the results of his experiments the 
following general laws of the phenomenon : 

(1) The rotation of the plane of polarisation produced by a plate of 
quartz cut perpendicularly to the optic axis is proportional to the thickness 
of the plate : it is the same for plates cut from different crystals and does 
not change when the plate is reversed. 

(2) Among crystals of quartz there are some that rotate the plane of 
polarisation from the left to the right of an observer receiving the light, 
while in the case of others the rotation is in the opposite direction: the 
former are called right-handed, the latter left-handed crystals. Plates of 
the two kinds of crystals that have the same thickness produce equal 
rotations in opposite directions. 

(3) The rotation of the plane of polarisation increases with the frequency 
of the light and varies very nearly as the inverse square of the wave-length. 

* M€m. de la prem. elas$e de PJmt. xii. (1) 93 (1811) ; (Euvre$ computet, x. 36. 

t Mim. de la prem. elatte de VJrut, xm. (1) 218 (1813) ; M€m. de VAcad, de$ Sc. ii. 41 (1818). 
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230. Certain uniaxal crystals, such as cinnabar and the hyposulphates of 
potassium, calcium, strontium and lead, possess the same property as quartz 
in the direction of their axes, and a few cubic crystals, such as the chlorate 
and the bromate of sodium, as well as some liquids and even vapoui-s, 
impress a rotation on the plane of polarisation of the light that travei-ses 
them, >vhatever may be the direction of the stream. 

Such substances are termed active media, and in all cases the rotation of 
the plane of polarisation is proportional to the distance travelled in the 
medium. The rotation produced by unit length of the medium is called the 
ix)tary power of the substance. 

From the fact that active liquids do not lose the rotary property, except 
in degree, by dilution with inactive substances and retain it even in a state 
of vapour, it was inferred by Biot that the property is inherent in the 
ultimate molecules, whence the quotient of the rotary power by the density 
of the active medium is sometimes called the molecular rotary power. If 
then R be the rotation produced by a column of length Z of a solution of the 
active substance, the molecular rotary power is 

[p] = i2(p + P)/(«pS). 

where j9, Pai*e the masses of the active substance and of the inactive solvent 
and h is the density of the solution. When there is no chemical action 
between the substance and the solvent, the molecular rotary power is in 
most cases constant. 

For a mixture of active substances that have no chemical action on one 
another, the total rotation is the algebraic sum of the separate rotations, so 
that with a solution of density h containing a mass P of inactive solvent and 
masses jE7i, ^j ... of active substances with molecular rotary powers [p,], [pa] ... 
the rotation produced by a column of length I is 

Ih 

When however there is chemical action between the substances dissolved, 
the molecular rotary powers are in general altered. 

231. Shortly after Arago's discovery, Fresnel* showed that rotaiy 
polarisation could be explained kinematically on the principles of the wave- 
theory by the supposition that a stream of plane polarised light on entering 
an active medium is divided into two oppositely circularly polarised streams 
of half the intensity that traverse the medium with unequal speeds. 

* Mim. de VAcad, de$ Sc. zx. 163 (1849), presented in 1818; Ann, de Ch, et de Phyt. (2) xtii. 
172 (1821) ; (Euvrei c(m^l^te$, i. 655. 
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The incident stream of plane polarised light characterised by the vector 

f = a cos — wt, 

IS equivalent to the two circularly polarised streams represented by the 

vectors 

-, 'a 27r , a . 27r ^ 

f 1 = 2 cos Y «^, ^1 = 9 sm — (ot, 

and f a ~ o ^^® '^~ ®^' ^2 == "" o s^^ T" ®^» 

ml \ A At 

of which the first is left- and the second is right-handed. 

If these travel with the different speeds oii and ©2, their retardations 
(measured in length in air) will be on emergence 

hi = a)T/a)i, &, = oiT/wj, 

where T is the distance traversed, and the polarisation-vectors of the 
emergent streams will be 

fi = 2 cos — {(at - Si)» Vi= 2 ^^" T ^ "" '^* 

and f « ^ 2 ^^ xT ^^^ "" ^"^' ^* "^ "" 2 ^^° Y ^^^ "" ^'^' 

These are equivalent to a single stream of plane polarised light, for which 
the components of the polarisation-vector are 

f = a cos - (S, - 8,) cos — ( ©t - ~9~~j ' 

17 = a sm - (Oa — 81) cos — ( *>^ "" '~ o~ ) • 

Thus the effect of the passage through the plate is to introduce a 
retardation of phase 7r(Si+S,)/X and to rotate the plane of polarisation 
through an angle JB = tt (S, — Si)/X, which is to the right or left according as 
Si is greater or less than S„ that is according as the right- or the left-handed 
circularly polarised stream travels at the greater rate in the medium. 

232. Fresnel* argued that, if this explanation be correct, it must be 
possible to separate the two coincident circularly polarised streams by 
limiting the medium, in which they travel, by a face oblique to their 
direction of propagation ; for since the streams have different velocities, they 
must be differently refracted on emergence. 

The amount of their divergence will indeed be exceedingly small, for 
the difference of the refractive indices is /i2 — Mi = B^K'tT), where R is the 

* Ann. deCK tide Phyi, (2) zxym. 147 (1S25) ; (Euwei complitet, x. 731. 
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rotation produced by a length T of the medium, and in the case of quartz, 
a millimetre length of which gives a rotation of 21§° with sodium light, the 
difference of the indices is only about '00007. Fresnel however succeeded 
in effecting the separation of the streams by a combination of left- and right- 
handed prisms of quartz arranged so as to double the deviation. 

This experiment has been regarded as a confirmation of Fresnel's views 
on the cause of rotary polarisation, and in fact v. Fleischl* in 1885 employed 
a similar arrangement for showing the existence of circular polarisation in 
active liquids. A little consideration will however show that the result is 
merely a consequence of the equivalence of a plane polarised stream and two 
oppositely circularly polarised streams, and is independent of the state of 
afiSedrs within the active medium, provided this be such as to produce 
a rotation of the plane of polarisation and a retardation of phase of the 
transmitted stream, both of which are proportional to the distance traversed^ . 

To make this clear, let us suppose that a prism of quartz has one of its 
&ce6 perpendicular to the optic axis, and that a train of plane waves polarised 
in the normal section of the prism is incident normally on this face. Now 
the experimental fact of rotary polarisation with which we have to deal is, 
that on the (^jce of emergence along any line parallel to the edge of the 
prism the plane of polarisation of the emergent light has been turned 
through an angle proportional to the distance of the line from the edge of 
the prism and the retardation of phase of the stream is proportional to the 
same quantity. 

If then the polarisation-vector of the incident light be f = a cos ^irmtjX 
the vector of the emergent stream along a line on the face of exit distant x 
from the edge of the prism will have for its components 

fs=acosl — ^flinJljcos-r- {(at — lxsmA) 

= ^008— {ft>t — (Z — A?)a?8in-4} + 5 cos -;r- {ot — (Z + 1) ^ sin A]y 
'2w-, . .\ 2w- 



i7 = a sin f — Aa?sin-4 J cos — {(ot — lxAnA) 



= 5 sin — {ft>t — (Z — &)a?sin Jl} — ^ sin — [<oi)t — {l-\-k)xsmA], 

where A is the angle of the prism and Z, k are constants. That is, the 
emergent light is equivalent to two trains of oppositely circularly polarised 
plane waves that are inclined at angles sin~^ {(ZT A;)sinil} to the face of 
emergence, and these are precisely the directions of the emergent streams 
on Fresnel's theory. 

• Wied. Ann, xxn, 127 (1885). 
t Oooy, C. R, xc. 992 (1880). 
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233. Fresnel suggested*, as a second method of verifying his conclusions, 
an experiment depending upon the interference of the circularly polarised 
streams emergent from an active substance. 

A stream of white light from a slit passes through a polarising prism and 
a plate of quartz cut perpendicularly to the optic axis and then falls upon 
Fresnel's mirrore or other interferential apparatus giving two images, real or 
virtual, of the slit. These images act as proximate sources of light, from 
each of which according to Fresnel's view emanate two correlated streams of 
light, that are circularly polarised in opposite directions, the right-hand 
streams being relatively accelerated or retarded in phase according as the 
plate of quartz is right- or left-handed. 

Now the two pair of similarly polarised streams will give two coincident 
systems of interference fringes situated at the centre of the field, but the 
oppositely polarised streams are incapable of interfering unless the light is 
passed through an analyser. When however an analyser is used, there will 
appear on either side of the central fringes a system of latei-al bands, which 
are produced by the interference of the left-handed stream from the one 
image and the right-handed stream from the other image, these streams 
starting from the sources with an initial difference of phase. 

The achromatic bands of these lateral systems will occur at the points, 
where the retardation of phase is stationary for light of mean wave-length X«, 
that is at the points given by 



d f 27r ex , ^j^ f. '^cx _dR ^ 



d\ 

where c is the distance between the sources, d their distance from the screen 
of observation and R is the rotation produced by the quartz. 

Let Xo be the distance from the centre of the field of the point at which 
the difference of phase of the interfering streams is zero for light of mean 
wave-length \ ; then 

d IT ' " IT c dXo -8 ^^0 * 

Assuming that*the rotary power is given by the law R = kTkr^ we have 

X dR , 

-5 -^- = — n and x = nx^. 

According to Biot n = 2 and the achromatic fringes of the lateral systems 
are at distances from the centre of the field that are double that of the 
points at which the interfering streams have the same phase ; but the value 
n= 2*13 gives results that are more in accord with the observed positions of 
the bands f. 

* CEuvra, i. 657. 

t Cornn, C. R. zcnL 809 (1881). 
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It is however possible to explain this experiment of interference without 
having recourse to the hypothesis of circularly polarised streams within the 
quartz. When monochromatic light is employed, an extended system of 
bands is obtained as in all cases of interference and these reach beyond the 
regions occupied by the lateral systems of bands in Fresnel's experiment; 
when the light is white and no analyser is used, the visible interference 
shrinks into a small central system, as the actual interference is quickly 
masked by the superposition at each point of maxima and minima due to 
streams of slightly different frequency. In the case of the polarised streams 
that emeige from the quartz plate, the azimuth of the plane of polarisation 
is a function of the wave-length, and when the light is passed through an 
analyser, those constituents are suppressed that have their plane of polari- 
sation nearly parallel to a given direction, so that the interference will again 
become visible at two determined points where the maxima coincide for the 
streams that still subsist. 

On this explanation the function of the quartz plate and analyser is 
simply to weed out the constituents of the composite stream that cause the 
obliteration of the interference phenomenon and as Righi* has shown, the 
appearance of the lateral systems may be brought about by employing other 
methods of suppressing these constituents. 

234. Fresnels theory only applies, in the case of quartz and other 
uniaxal active crystals, to streams propagat'Cd in the direction of the axis, but 
Airyi" in 1831 generalised it to include the passage of waves in any direction 
within the active media. 

Starting from the hypothesis that streams travelling along the axis are 
oppositely circularly polarised and observing that in a direction perpendicular 
to the axis they are pra<;tically plane polarised in and perpendicular to the 
principal section, he was led by principles of continuity to assume that in 
intermediate cases the two streams that are propagated in the same direction 
are oppositely elliptically polarised, their planes of maximum and minimum 
polarisation being respectively parallel and perpendicular to the principal 
plane of the waves. 

Let us suppose that a stream of light, plane polarised in an azimuth t 
with respect to the principal section, falls normally on a plate of quartz cut 
obliquely to the optic axis. 

The incident stream may be replaced by the elliptically polarised stream 
represented by the polarisation-vector 

fi = c,cosi8e* <*•'+'«>, 17, = -tCi sin i86* <"'+''> (1), 

* Mem. delV Accad, R, di Bologna (8) vni. 87 (1877) ; N, Cim. (3) ii. 181 (1877) ; J. de Phyt. 
Tii. 35 (1878). 

t Caw*. Phil Trans, vr. Part 1, 79, 199 (1881). 
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with its plane of maximum polarisation {p being less than 7r/4) in the 
principal section, together with the oppositely polarised stream represented 
by the polarisation -vector 

?2 = - Casin Pe' (»»<+•«), 17, = - 4CjCOS)86'<"^+'«) (2), 

where Cie'»' = r (cos i cos fi + 1 sin i sin B) 1 

' (3). 



} 



Cjg'*' = r ( — cos i sin )8 + t sin t cos fi) 

the polarisation-vector of the incident stream being r exp(An^). 

According to Airy's generalisation of Fresnel's theory, these oppositely 
polarised streams will traverse the plate with different speeds, and, emerging 
with a relative retardation of phase S, will compound into an elliptically 
polarised stream. Let 

f = c cos 76* <«*+*), 17 = — tc sin 76* (»'+*), 

7 being less than 7r/4, be the polarisation-vector of the resultant stream and 
let 6 be the angle that its plane of maximum polarisation makes with 
the principal section of the plate : then we must have 

c(cos7COsfl-|r tsin7sin fl)6*^' 2/ = ^i cos /Se' ^'* *^ — c^sin/Sc''^** *', 

c(cos7sinfl— tsin7Cos fl)e*^' *^ = — tCisin jSc'^'' *^— tCaCos^Se*''* * , 
when substituting for Cie*»' and c^»* from (3) and writing 

tani2 =sin2/8tan ^, tan ^ = cot 2)8 sin 12 (4), 

we obtain 



ce 



or 
ce 



v^^) (cos 7 cos ^ + 1 sin 7 sin fl) = r -1 cos (i + ii) cos -^ +< cost sin -^>, 
cc' v"*" «) (cos 7 sin ^ — t sin 7 cos ^) = r j sin (t + R) cos -^ — i sin t sin -5 • , 

' (•"''2/ jcos7COsf ^ — -o-] + tsin7sin (O — -^\ 

= r cos ( * + ^ ) ( cos -« + * sm ^ j 
ce'(*'^2/ •! cos 7 sin (^—9*) — tsin7Cosf^ — -^jj- 

= r8m(t + |)(cos|-t8ia|) 

The sum of the squares of these equations gives 

i^e <^+*^ cos 27 = r* {cos A + 1 cos (2i + R) sin A}. 
whence tan(2€+ S) = cos(2i + ii) tan A (6), 



\ (5). 
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and their ratio gives 

C087C08(g-f)+.sinysin(g-|) , jj. 

—— ^r ; -— ^=cot(t+2J(co8A+,smA). 

COS 7 Sin (^ — -^1 — ASin7Cos(^ — -^1 

cos 27sin CiO - R) / , R\ 

whence r 75 — /KZ — %\ = cot i + ^ cos A, 

1 — cos 27 cos {20 - R) \ 2 / 

sin 27 ^ f ' R\ ' A 

-. ^7^^ jy- = cot I + ^ sm A, 

1 - cos 27 COS (26 — R) \ 2) 

and from these equations we find 

tan (2^ - 12) = tan (2t + 12) cos A \ 

sin 27 = sin (2i + 12)8in A I (7). 

tan^ 7 = tan (t + 0) tan (t + 12 - ^)J 

An investigation of the emergent elliptically polarised stream gives the 
angles and 7 ; hence if we know the angle %, we can determine the angles 
12 and A and then by equations (4) find the angles fi and h that give 
the ratio of the axes of the elliptic vibrations of the streams within the 
crystal and their relative retardation produced by the passage through the 
plate. 

236. Airy assumed that in any direction within an active crystal two 
streams can be propagated without alteration of their state of polarisation 
and that these streams are oppositely polarised with their planes of maximum 
polarisation in and perpendicular to the principal plane of the streams. 
Gouy* on the other hand has proposed to deduce the existence of these 
streams of permanent type from the hypothesis that the action of the 
medium may be represented by a superposition of the effects of ordinary 
double refraction and of an independent rotary power of the crystal. 

Adopting the geometrical i^epresentation of the state of polarisation of 
a stream of light given in § 202, the result of normal passage through unit 
thickness of a plate of an active crystal is given on Cony's hjrpothesis by 
a rotation through an angle #c(/ii — /x,) round the axis CA corresponding to 
the principal section of the plate, C being the centre of the sphere, together 
with a rotation 2p round the polar axis CP, where k s 27r/X, ytij and /Lt, are 
the refractive indices of streams polarised in and perpendicularly to the 
principal section of the plate, supposed devoid of rotary power. 

Regarding these rotations as small and neglecting small quantities of the 
second order, the resultant rotation is represented by the sum of the vectors 

"" J.de Phys, (2) iv. 149 (1885). Lef^bre, ibid. (3) i. 121 (1892). Beanlard, ibid. (3) ii. 393 
(1893). 
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obtained by taking along CA, CP lengths proportional to the rotations round 
these axes, and is therefore a rotation 



V^^ (/x, - /t,V + V 



round the axis CJ/, where 



tan AM= 2pl[K (jmi - fi^)}. 




Fig. 54. 

Since the point Af and the diametrically opposite point if' remain fixed, 
they represent the polarisations of streams of permanent type, and we see 
that these streams are oppositely polarised with their planes of maximum 
polarisation respectively in and perpendicular to the principal section, and 
that the ratio tan fi of the axes of the elliptic vibrations of the ends of their 
polarisation-vectors is given by 

tan2)8 = 2p/{^0ti-/i,)} (8). 

In the case of quartz and other positive crystals, fii> fii and the stream with 
its plane of maximum polarisation in the principal section of the plate, is 
left- or right-handed according as p is positive or negative, that is according 
as the crystal is left- or right-handed. 

In traversing unit thickness the phase of the vibrations in the right- 
handed stream is retarded relatively to that of the left-handed vibrations by 
an amount 

/c(^'-/0=±^^^(Mi-A*3)' + V.. (9). 

the upper or lower sign being taken, according as p is positive or negative. 

If we wish to obtain the actual retardations of phase k/jl and Kfi' of the 
streams, we require to know the value of k(jjl + fi'). In order to determine 
this*, let a stream of permanent type be replaced by its components polarised 
in planes parallel and perpendicular to the principal section with the polarisa- 
tion-vectors 

* Poincar^, Thiorie Math, de a Lumibrtf n. p. 299. 



236, 236] Mallard's Theory 353 

and suppose that after traversing unit thickness these become 

then we have 

where a, )3, 7, B are constants depending upon the nature of the plate. 
But the stream being of permanent type, we have 

A'/A^R/B^e-^, 
where kx is the I'etardation of phase ; hence 

(a - 6-"«) A-^I3B^0, 7^ + (S - e'^) 5 = 0, 



and 



UCX 



= 0. 



7, 8 - «- 

The roots of this equation give the values of «"**^', 6~"^", and their 
product is 

a8-i87 = «-"' <'*'+'*"). 

But according to Gouy's hypothesis 

a/cosp = — )8/sin p = e"**^', 7/sin p = S/cosp = 6""^*, 
whence a8 — ^87 = c" '*^>+'*^ 
and m' + /' = A*i + M« (10). 

236. The theories hitherto considered are merely kinematical equivalents 
of the phenomenon of rotary polarisation and give no account of the physical 
character of the active substance: the case is otherwise with a theor}' 
elaborated by Mallard* 

This theory is based on some experiments made by Reusch in 1869^ on 
the optical properties of combinations of thin mica plates, in which it was 
found that a series of p identical parallel plates, arranged so that each was 
turned through an angle ir/p with respect to the former plate, possessed 
a rotary power just as a plate of quartz cut perpendicularly to the 
optic axis. 

Such a combination of crystalline plates is called by Mallard a packet, 
and the packet is said to be symmetrical when all the plates are identical 
and the angles of combination are the same: a symmetrical packet of jd plates 
is closed, if the common angle of combination be ir/p. The superposition of 
a number of packets constitutes a pile. 

• Ann, di$ Minei (7) x. 60 (1876) ; znc. 256 (1S81) : C. R, sen. 1165 (1881) : J. de Pky$, x. 
479 (1881): TtaiU de Critt. u, 26S. Sohnoke, Pogg. Atm. Ergb. vni. 16 (1878) : Math. Ann, ix. 
504 (1876) : Zeitichr, f. KryH. xm. 229 (1888). Poinoar^, Thione Math, de la Lumihre, ii. ch. 12. 

t Pogg, Ann, cxxxym. 628 (1869): Berl MonaUber, (1869) 530. 

w. 23 
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237. We will first take the case of a closed symmetrical packet. 
Adopting the geometrical representation of the state of polarisation by 
points on a sphere, the effect of the passage of a stream of polarised light 
through the packet is given by the resultant of successive rotations about 
axes CAy^ CA^, ... in the plane of the equator through an angle £, where C is 
the centre of the sphere, S the relative retardation of phase introduced by 
each plate, and AiA^ — AJL^— ... ^Zir/p^p being the number of plates in 
the packet. 

If then An denote a rotation B round the axis CA^ and Sp a rotation 27r/j} 
round the polar axis CP, the combined rotation is 

A| . A, . A, ... Ap = Ai . iS_ji AiiSp . S^^p^iS^ .... S^ip^Dp^iS (p^Dp, 
but ^(p-i)p ' Sp^ 8p,p^ Stw = ^ or S(p-i)p = S^p . 

whence A^ . A, . A, ... Ap = (^^S^y ; 

or the effect of the p successive rotations is the same as p times the resultant 

of the rotations A^ and S^^. 

To determine this resultant, we must draw through Ai a great circle 

making an angle B/2 with AiP in a direction 
opposite to the rotation round CAi, and through 
P a great circle making with PAi an angle 
ir/p in the same direction as the rotation round 
CP; then if these circles intersect in the point 
AT, the resultant of the two successive rotations 
is a rotation round CM through an angle equal 
to 2AyMP. 

Now since AiP = 9r/2, we have 

tan PM = tan ^r cosec - or PM = 7: cosec - , 

2 p 2 p 

cos AiMP = cos 5 cos — , 

2 p 

whence if A JSP = irip + », we have neglecting cd", 

CD = 3 cot - , 

o p 

and the resultant rotation (Ai/S^)^ is a rotation round CM through an angle 

( — + -rC0fc-)xp = 27r +^ cot - . 
\p 4 p/ ^ 4 p 

Hence if S be very small, the effect of the packet is very nearly to move the 
representative point along a parallel of latitude to a meridian differing from 
the original meridian by an angle 

4 p 




Fig. 55. 

if S be small : also 
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the rotation being in a direction opposite to that in which the angle of 
combination of the plates is measured. 

Thus in traversing a packet the plane of maximum polarisation of a 
stream of polarised light is turned through an angle i2, the form of the 
vibrations of the extremity of the polarisation-vector remaining unchanged. 
The rotation produced by a pile of n packets is nR, and the factor nph* is 
proportional to the thickness of the pile and very nearly to the inverse square 
of the wave-length, which represents very approximately the rotary power of 
quartz. 

238. In the general case of an open unsymmetiical packet, if £i, S,, . .. be 
the relative retardations of phase introduced 
by the constituent plates, and 0,, d,, ... be the 
successive angles of combination, we want to 
find the effect of successive rotations Si, S,, ... 
round the equatorial radii CAi, CA^, ... where 

A.\A^'^^Uif ulji!] ^ 2v] .... 

These rotations may be replaced by a rotation 
h round some axis CA in the plane of the 
equator, together with a rotation 2p round 
the polar axis CP, and we have to determine 
these rotations, or what comes to the same 
thing, the two rotations that will bring the 
representative point to its primitive position 
after the successive rotations have been performed. 

Let us take a polyhedral angle* CBBi ••- ^pi ^uch that the dihedral 
angle CBn » tt — £» and the angle BnCBn^i » A^GAn^i — 2dn ^nd let us roll 
this angle on the equator, starting with the face BCBi in this plane and CBi 
coincident with CAii then the edges CB^, 
CB^, ... will in turn occupy the positions 
CAt, CA^, ... until finally the edges CBp, CB 
coincide respectively with CAp^ CA, and in 
order to bring the pyramid and with it the 
representative point (supposed rigidly at- 
tached to the pyramid) back to its primitive 
position, we must rotate it round CA 
through an angle S, where the dihedral 
angle CB is ir^S, thus bringing CBi to 
CAi and then turn it about an axis per- 
pendicular to the plane of the equator 
through an angle Ai'CAi = 2p which is the 
excess of 2ir over the sum of the faces of the polyhedral angle. 

* Poinoai^, he. cit, p. 296. 

23—2 
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The axis GA represents the principal section of the packet, h is its doubly 
refracting power and p is its rotary power. 

If a sphere be described with unit radius round the vertex of the 
polyhedral angle as centre, the faces of the angle will intersect the sphere in 
a spherical polygon, and the polar polygon hb^ ... hph is such that 

66i = S,, 6162= Sj, ... bjJb = S, Z 66162 = 7r- 2^,, z 6,6,6, = 7r — 2^21 ---i 

and the sum of the angles of the polar polygon is 

p7r-2(^, +^,+ ...)=ji>7r-(27r-2p). 

so that 2p is the area of the polygon. 

When the rotations S,, S,* ••• ^^^ very small, the polar polygon becomes 




Fig. 58. 

practically plane and the properties of the packet are found- by drawing the 
line 661612 . . . bp, of which the successive parts 66, , 6162, . . . are parallel to the axes 
CAi, CAt, ... and represent the rotations round these axes: then 66p is parallel 
to the equatorial radius that corresponds to the principal section of the 
packet and its length gives the relative retardation of phase due to the 
double refraction and the area of the polygon is on the same scale twice the 
rotary power of the packet. These quantities being known, the streams of 
permanent type and the relative retardation of phase produced by their 
passage through the packet may be determined as in § 235. 

To find the actual retardations of phase Kfi\ xfi' of the streams of 
permanent type, we may notice that (§ 235) exp{- /c(/i'+/i")} is equal 
to the determinant of the linear substitutions that give the coefficients of 
vibration of the polarisation-vector on emergence in terms of the original 
coefficients. Now in the case of a packet this determinant is the product of 
the determinants of the linear substitutions relative to each plate of the 
packet, and these are respectively 

exp { - /c (ji\ + fi\)], exp { - /c (fi\ + /',)} . . . , 
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where /c/x'n. '^/^"n are the retardations of phase due to the «th constituent 
plate. Hence 

1 

239. In obtaining the differential equations that relate to ponderable 
media, the assumption was made (Chapter XYII.) that the forced vibrations 
of the fvuziliary vectors dh at a given point are determined by the value 
thereat of the polarisation- vector d relating to the pure ether: this is 
equivalent to neglecting the linear dimensions of the molecules in comparison 
with the wave-length of light. If however the molecules are of finite extent, 
the intra-molecular vibrations will depend not only on the value of d at 
a given point but also on its values in the vicinity and we must introduce on 
the right-hand side of equations (4) in § 225 the differential coefficients of 
ti, V, w with respect to the coordinates. We shall then have three equations 
of the form* 

+^ai+ <ii>- 

If the active substance be isotropic, the equations must remain unaltered 
when the coordinate axes are turned as a whole, but must change their form 
when one axis alone is reversed : the equation connecting d^ and d then 
becomes 

ttA^A + a'A^A 4- a"AeiA = d + Pa curl d (12). 

In the case of vibrations of frequency n, writing 

this gives 

dh = Ax-^d + phAk"' curl d, 

whence 2) = (I -h 2-4^-*) d + SpA^*"' curl d 

= ad + p curl d (say) (13), 

and since p is in all cases very small 

d = a-»D-<r'curl/) (14). 

Hence the fundamental equations 

2) = — curl tB-, w = curie (15), 

take the form 

i) = -curltir, «j=curlJ?+<rV«2) (16), 

* Dnide, Phytik dt* jEthers, p. 585. 
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the components of E being given by 

where 2* = — (i72+ F-+ Tf-) (18). 

The equations for the case of crystalline active media may bo deduced 
fix)m (11); but in view of the smallness of the rotary power and the weak 
double refraction of all known crystals, we shall obtain a sufficiently accurate 
result by assuming that the rotary terms in the differential equations have 
the same form as in the case of isotropic bodies, and the equations for active 
crystab will then be (16) and (17) with 

2^^a^U^ + a^V^ + a„W'+2a^VW-{-2a,,WU+2a^UV (19). 

Taking the plane ^=0 as the interface between two media that have 
different optical properties, the boundary conditions given by (15) are the 
continuity of tarj, iar„ ej, ^ to which may be added the continuity of U and Vi. 
In terms of the vector D these become the continuity of 

^ d<P fdU dW\ d<P fdV dU\ 



240. Eliminating cr between equations (16) we have 

D^V^E- V div E- aV^ curl D, 
of which the Cartesian equivalents are 

3* a* a* 



(if V tF) = V«f^ ^ ?^] 



\dx' dy' dz)\dxdU dydV^dzdW) 

\dy dz' dz dx' dx dyj ^^ 



Let (U, r, W)^(a,/3,y)Aexf{iK(lx-¥iny + nz-^€Dt)] (21); 

then these represent the components of the polarisation- vector of a stream of 
elliptically polarised light, so long as the ratio a : /3 :y is not real, and if we 
so choose the origin of time that 

Oil = aZ - m'L', ^A^I3L^l^'L\ yA = yL--ty'L' (22), 

then a, /8, 7 and a\ fi\ j are the direction-cosines of the axes of the ellipse 
traced by the extremity of the polarisation- vector and L, L' are the lengths of 
the axes in these directions. 

Taking the axes of symmetry as the coordinate axes 

2* = a«tr»-hft»F«-*-c«TF», 
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and substituting the values (21) in equations (20) we obtain 

(d* — col^) a -{- catcnfi — la/cmy — Fl =0 
— la-KTia + (t* — cd") )8 4- i<r/cty - Fm = 
icKma — ca/clfi + (c* — ©*) 7 — Fn = . 

where F ^a^la-k- b*fnfi + c^nry, 

and since div 2) = 

te4-m/8 + n7 = 

Eliminating a, )8, 7, F between (23) and (24), we obtain 



(23). 



(24). 



a' — ft)", la-Kfi, 
— tatcn, 6' — ft)*, 



i, 



rw, 



— «7/cm, — i 

c" — ft)', — n 
n, 



= 0, 



or 



(6« - ftr») (c» - ft)*) i« + (c=» ~ ft)') (a« - ft)«) m« + (a* - ft)«) (6« - ft)«) n« = cr»/e« . . .(25), 

which is the polar equation of the surface of wave-quickness. 

Let ft)i, 6)9 be the roots of this equation, then 

(2; - ft)i») (2; - ft)j») = (6« - ^) (c» - -?) Z« + (c» - ^) (a« - ^) m» 

4-(a«-^)(6«-^)n«-cr»/e«. 

is identically true for all values of z. Writing z = b\ we have 

(ft)x» - 6«) (6« - ft),«) = (a« - 6«) (6« - c») m« + cr»#c», 

which is always positive and greater than a^/c^: hence the roots of (25) are one 
greater and one less than 6* and can never become equal, so that the surface 
of wave-quickness consists of two distinct sheets one within and one without 
the sphere of radius 6. 

Solving (25) we find 

2ft)« = f«(6» + c») -h mHc" + a') + n* (a« -f-ft») 



±V^« + 5»+(7»-.2(il5 + 5C+C^) + 4<r»ic«...(26), 
where 4 « P (ft» - c»), 5 = m« ((5» - a«), C=n«(a»-6«); 

writing the radical in the form 

(A + B- Cy-^AB + 4<rV, 
we see that the difference between oii and 6), becomes least, when 

A+B-C^Q and 45 = 0, 
and these equations combined with i" + m" + n" = 1 give 
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which are the direction-cosines of the optic axes of the medium supposed to 
be deprived of its activity*. 

If ;^, ;^' be the angles that the wave-normal makes with these directions, 
equation (26) gives 

2ft)' = (j^s + c« -f. (a* - C-) cos X cos x ± V(a^--^'0' sm^ X^m^' + 4<7V . . .(27). 

241. Now a, /8, 7 and a', ^, 7 and Z, m, n being the direction-cosines of 
three vectors at right-angles to one another we have 

a=-(7'm-i8'n), /3 = - (a'w - 77). y = - (I3'l - a'm\ 
whence i (m7 — n;9) -4 = (tZ7 + X 7') 771 — {iLfi -h i^')8') 'i 

Hence separating real and imaginary parts, equations (23) give the six 
equations 

Lit ^oi^^aK ^)j a!=F% (b' - 0)'+ <rK ~] ^'=i^'m, (c' - ©» -h o-/c p) 7' = i?"n^ 

(28), 

where F^^aHa + b^mfi-^ c^n/y, F' = a- /a' + 6^ m/8' + 0*117'. 

Multiplying these equations by a, /8, 7 and a\ I3\ y respectively, and adding, 
we obtain 

<r/c(~ + |;) = 2ft)*--a»(a* + a'»)-&'(/8=» + /8'*)-c«(7»-h7'«) 

= 2ft)«-a«(m«-hn«)-6«(n2 + Z«)-c»(Z« + m') 

= 2ft)» -^ c»i« - ft),' (29), 

where a»i and o), are the wave-velocities in the direction (I, m, n). 

Hence using the subscripts d), (,) to refer to the quicker and the slower 
wave respectively, we have 

Now the solution Z,7A = ~A7A expresses that the streams are of 
opposite rotations with their planes of maximum polarisation coincident and 
must therefore be rejected on account of the continuity between active and 

* Gf. ClebBoh, CreUe^i J. Lvn; 819 (1860). Weder, N. Jahrb. f, Min, BeU..Bd. xi. 1 (1898). 
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inactive media. We therefore have L^L^ ^ — L^jLi, or the polarisations of 
the streams propagated in a given direction are opposite. From the specifi- 
cation of J7, F, W it follows that a positive value of L'jL denotes a left-handed 
stream, and hence the quicker wave is left- or right-handed according as cr is 
positive or negative. 

Introducing the angles x^ X ^^^^ ^^^ wave-normal makes with the optic 
axes, we have 

2<7/c 7^/ = - 2<7/c J- = - (a' - c^) sin X sin x 

-i- V(^« - c*) sin* X sin* x + ^^'^^ ...(30)- 

242. The interference patterns obtained with plates of quartz cut at' 
right-angles to the optic axis present certain notable characteristics that 
serve to distinguish them from similar plates of an inactive crystal. These 
peculiarities were first observed by Airy and were explained by him with 
the aid of the hypotheses considered in § 234* 

In order to obtain a result that will be useful to us later, we will first 
obtain an expression for the intensity, when a pencil of elliptically polarised 
light falls upon a plate of quartz and after traversing the same is transmitted 
through a plane analyser. 

Let the primitive stream be replaced by its components polarised in 
planes parallel and perpendicular to its plane of maximum polarisation with 
the polarisation-vectors 

f = cos fi'e'^, i; = — t sin jS'e'^, 

where ff is numerically less than 7r/4 and positive or negative according as 
the stream is left- or right-handed. 

On entering the plate the primitive stream is replaced by two oppositely 
polarised streams with their planes of maximum polarisation respectively 
parallel and perpendicular to the principal section and the polarisation- vectors 
of these streams may be represented by the components 

f 1 = Ci cos /3e'^\ i;j = — tci sin /8e"**, 

and f 1 — c, sin /3e'^, Vi"^ ^ cos fie *'^, 

where fi is numerically less than 9r/4 and positive or negative according as 

the plate is left- or right-handed. Whence if a be the angle that the plane 

of maximum polarisation of the primitive stream makes with the principal 

section 

Ci cos /8 + c, sin /8 = cos a cos /S' + 1 sin a sin fi', 

Ci sin /8 — Ca cos fi = cos a sin fi' + i sin a cos /S', 

or Cj = cos a cos (fi — /8') + * sin a sin (fi -f fi'), 

C = cos a sin (fi — fi')^ c sin a cos {fi -h fi'). 

♦ loe, eit. 
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In passing through the plate, the phase of the vibrations in the second 
stream is retarded relatively to the phase of the vibrations in the first by 
an amount S, where 8 is a positive quantity, and if the plane of analysation 
make an angle 7 with the principal section, the polarisation-vector of the 
stream emergent from the analyser may be represented by 

B = {(ci cos ^-\-C2 sin /8e~**) cos 7 — t (ci sin /8 — c, cos Per^) sin 7} e**•^"^^ 
and the intensity, obtained by multiplying this by the conjugate expression, is 
/ = [c^c^ cos' y8 + CjCj' sin' /8 + (c^c^e^ + Ci'c,e""**) sin fi cos /8} cos' 7 
+ {ci Ci sin' y8 + c^c^ cos' fi - {c^c^e"^ -H Ci'CjC""'*) sin y8 cos ^} sin' 7 
— £ (ciCj'e^ — c/cje"*') sin 7 cos 7, 
where Ci', c^ are conjugate to Cj, Cj respectively. 

But 
Cid' = cos' a cos' 08 - /8') + sin' a sin' ()8 + yS'), 
c,Ca' = cos' a sin' (/S - /S') + sin' a cos' (/8 + /y), 

CiCa' = cos' a sin (/8 - /S') cos 08 - /30 ~ sin' a sin (/8 -h )8') cos (i8 + /8') 

+ i8inacosacos2/8', 

Ci'cs = cos' a sin (/8 - /8') cos (y8 - /8') - sin' a sin 08 + )8') cos 08 + /8') 

— t sin acos a cos 2/8', 
whence 

r S S 

/= cos' a cos' ^8^ + sin' a sin' ;8' — sin 2a cos 2)8' sin 2;8 sin 5 cos^ 

— {cos* a sin 2 (/8 - /8') - sin' a sin 2 (/8 + /8')} sin 2/8 sin' 1 1 cos' 7 

r s s 

+ cos' a sin' /8' + sin' a cos' /8' + sin 2a cos 2/8' sin 2/3 sin ^ cos ^ 

+ jcos' a sin 2 0- /8') - sin' a sin 2 (/8 + /8')} sin 2/8 sin' -A sin' 7 

r }\ 7\ 

+ 8in2acos2/8' + 2{cos'a8in2(/8-/8')-sin'a8in2(/8 + /80l8in2Cos2 

81 

— 2 sin 2a cos 2/8' sin'- sin 7 cos 7 

= cos' /8' cos' (7— a) + sin' /8' sin' (7— a) 

r 8 8 

4- cos 2/8' -^sin 2/8 sin 2 (7 — a) sin ^ cos ^ 

— (cos 2a cos 27 sin' 2/8 + sin 2a sin 27) sin' ^j- 

f g 8 81 

-h sin 2/8^ cos 2/8scos27sin2/8sin'^ — sin 27 sin ^ cos ^f 

= 8in'/8' + cos 2/8' jcos (7 -a) cos ^ + sin (7- a) sin 2/8 sin ^i 

+ cos' (7 + a) cos' 2/8 sin' ^ 

(8 8 8\ 
cos 27 sin 2/8 sin' ^ — sin 27 sin ^ cos ^j (31). 
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This expression with the same limitations as in Chapter XIV. may be 
applied to the case in which the pencil of light incident on the plate is 
conical. 

243. Let us first suppose that the incident light is plane polarised, then 
^S' = and 

7 = ] COS (7 — a) COS ^ + sin (7 — a) sin 2/8 sin 5 f + cos* (7 + a) cos' 2/8 sin' ^ 

cos -^^ cos 5 + sin yjt sin 2/8 sin ^ j + cos* (27 — yjt) cos* 2/8 sin* 5 (32), 

where yft is the angle betVeen the final and the primitive plane of polarisation 
of the stream. 

When the planes of polarisation and analysation are crossed -^ = 7r/2, and 

/ = (sin' 2/8 + cos* 2/8 sin* 27) sin* I (33). 

The intensity is thus a minimum when 7 = 0** or 90"* or ISO** or 270"* and 
there are therefore dark brushes parallel and perpendicular to the primitive 
plane of polarisation, but these will be insensible near the centre of the field, 
since in the vicinity of the axis /8 is approximately 9r/4. 

In addition to these we have the dark curves of constant retardation 
given by 8 = 2w7r. Now if the crystal were inactive, we should have 

= T^ {vc»«-c'sm*i- v©*-a*sm*i}=c ^ ^sm*i, 

X a ^ ' X a© 

where T is the thickness of the plate and % the angle of incidence, whence if 
the angle of incidence be small, we may take in the case of an active plate 



X ( CUk> W\) 



where p7X~* is the rotation of the plane of polarisation when the light passes 
through in the direction of the axis. The dark curves are therefore circles 
and the difference of the squares of the sines of their angular radii is con- 
stant for small angles of incidence. 

When the planes of polarisation and analysation are parallel 

7 = 1 - (sin* 2^ + cos* 2/8 sin* 27) sin* ^ (34), 

and the interference pattern is complementary to the above. 

If the planes of polarisation and analysation be neither parallel nor 
crossed, 

2 "• X ) + <5os" (27 - ir) cos* 2/8 sin* 5 . . .(35) 
where t^n ^ = sin 2/8 tan -tfr. 
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Now if we suppose that the different points of a given curve of retardation 
are not at very diflFerent distances from the centre, we may regard /8 as 
sensibly constant for all points of this curve, and we obtain the approximate 
equation of the curves of maximum and of minimum intensity by equating 
to zero the derivative of / with respect to 8, regarding )8 as constant. This 



gives 



, ,5, V . o^^ , cos* -f + sm« -f sm' 2)8 + cos' 2^ cos* (27 - -f ) 

tan (S — v) = sm 2/8 tan -^ — r-^ r-— ^ — . ^SL, r^r^ tts — ^-^ 

^ ^^ ^ r cos*'^;r + sm«'^;r8m*2^-cos*2)8cos*(27-'»^) 

= tanQ) (say) (36), 

and therefore S exceeds % or ;)^ + tt. . . by the angle w dependent upon the 
angle 7. If the angle of incidence be small, so that tan 13 does not diflFer 
greatly from unity and if yft be less than 7r/2, tan© is always positive and 
attains its maximum value when 7 = '<^/2 + n7r/2 and its minimum value 
when 7= ylt/2 + (2n + 1) 7r/4. Hence to obtain the form of the dark curves, 
it is necessary to describe a circle of radius OC and to increase the radii of 
this circle by amounts variable with their direction, that attain their maximum 
value along the internal and external bisectors of the angle between the 
primitive and final planes of polarisation and their minimum value along 
directions inclined at 45° to the former. The result is a kind of square with 
rounded comers, known as a " quadratic curve." On the other hand, if -^/r be 
greater than 7r/2, o> is then negative and the greatest contractions from the 
circular form occur when 27 = iitt + -^^ and the least contractions when 

27 = (2n+l)9r/2 + '^;r. 

It follows then if the primitive plane of polarisation be vertical, the highest 
comer of the quadratic curve is to the left of this plane (fig. 59). 





Fig. 59. 



Fig. 60. 



With a right-handed plate, fi is negative and consequently a> is positive 
or negative according ssyft is greater or less than 7r/2. Consequently in this 
case the highest comer of the curve is to the right of the vertical plane 
(fig. 60). 
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The intensity on one of the dark quadratic curves is 
/ = J [cos' yjlt + 8in« -f sin« 2/8 + cos« (27 - yjr) co8« 2)8 

- Vices' yjt - sin« yfr sin' 2fi - cos* (27 - -f ) cos* 2/8)- + sin'^"2i8 sin* 2yjr] 

which is a maximum or a minimum according as 

27 = iiTT + -^^ or = (2n +*1) 7r/2 + yfr ; 

hence the greatest intensity on the curve occurs at the corners or at the 
centi-es of the sides according as '^ is less or greater than 7r/2. 

At the centre of the field fi = 7r/4 and the intensity is cos'(S/2 — ylr): this 
is zero, if -^^ = 7r/2 + p, where p i^ the rotation of the plane of polarisation 
produced by passage through the plate in the direction of the optic axis, and 
in this case the first term in (35) is very small for points near the centre and 
the intensity is approximately given by 

/ = cos* (27 - -f ) cos' 2^ sin* 2 , 
which is a maximum or a minimum according as 

27 = -tfr + TiTT or = -^/r + (2/1 + 1) ir/2. 

The central spot will then be dark and extended in the direction of the 
diagonals of the quadratic curves, as a kind of rectangular cross. 

244. When the primitive light is circularly polarised, y8' = ± 7r/4, the 
upper or lower sign being taken according as the stream is left- or right- 
handed. Hence in this case 

/=jJl±2co8 2/8 [cos 27 sin 2/88in'^ — sin27sin^cos^)}• 
=^{l ± cos 27 sin 2/8 cos 2/8 

T cos 2^ 7sin' 27 + cos' 27 sin' 2/8 cos (S - x)l (37). 

where tan x = tan 27/sin 2/8. 

Taking the upper sign, the dark curves are determined by 

S = 2n7r + x, 
and writing as a first approximation sin 2/8 = 1, we have for the dark curves 

S = 2n'jr -H 27, nearly. 

Oonsequently B, and hence also t, increases continually as 7 increases and 
this shows that the dark curves are two mutually inwrapping spirals, that are 
right-handed, since 7 is measured from the principal section to the plane of 
analysation in a counter-clockwise direction. At the centre these spirals 
touch the line OQ that makes an angle 12 with the plane of analysation on 
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the right-hand side of it, 22 being the ix)tation of the plane of polai-isation 
produced by passage through the plate in the direction of the axis. 




Fig. 61. 

The actual curves are however not so simple, for % is only equal to 27, 
when 7 = m9r/4, and is in excess or defect of this quantity according as 7 is 
between m7r/2 and (2m + l)7r/4! or between (2i»4-l)7r/4 and (m+l)ir/2: 
hence B and therefore also i is, in the odd octants, counted to the right from 
the plane of analysation, too great and in the even octants too small for an 
uniform spiral, and the dark curves consequently have the form of quadratic 
spirals. 

If the primitive stream be right-handed, we must take the lower sign in 
(37) and the dark curves are given by S = (2n 4- 1) tt + % ; that is we have the 
same curves as before, but they are turned through a right-angle. 

On the other hand if the plate be right-handed, fi is negative and the 
spirals are left-handed. 

245. An interesting case treated by Airy is that in which a conical 
pencil of plane polarised light passes in succession through two plates of 
quartz perpendicular to the axis, of opposite sign and equal thickness, and is 
subsequently analysed. 

Taking the first plate as left-handed, the light emergent from it consists 
of the two oppositely polarised streams with the polarisation-vectors 

f I = Ci cos Pe'^-^\ i;j = - tCi sin /8e*<**"*> , 

fa = Cj sin /8«'<'«-^-*>, 17, = tc, cos ^e**^-*"*', 

where Ci = cos a cos/9 + i sin asin /3, 

Cs = cosasin/S — i sin a cos/3. 
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a being the angle that the primitive plane of polarisation makes with the 
principal section and the first stream having its plane of maximum 
polarisation parallel to the principal section. 

In the second plate on the other hand it is the right-handed stream that 
has its plane of maximum polarisation in the principal section, and therefore 
on entry into the plate, the pencil is divided into two streams with the 
polarisation-vectors 

fi' = Jfci cos /8«'<^-•^ Vi = *Ai sin y8e*<'«"'S 

f/ = ifc, sin /8«*^-*>, 17/ = - iA:, cos pe'^^\ 

where A?i cos /8 + A:, sin /8 = Ci cos /8 + c, sin y8e "**, 

A?i sin )8 — A;^ cos /8 = — Ci sin )8 + Ca cos y8e""*', 

or A?, = c, cos 2/8 + Ca sin 2/8e~*', 

A:, = Ci sin 2/8 — Cj cos 2/8e~'*. 

In traversing the plate the phase of the vibrations in the second stream 
is relatively retarded by an amount S, and if 7 be the azimuth of the plane 
of analysation with respect to the principal section, the polarisation- vector of 
the final plane polarised stream is 

H = {(fci cos /8 + A:, sin /8«"^) cos 7 + i (A?i sin /8 - A^ cos /86~'*) sin 7} c'^***~•^ 

giving as the intensity 

/ = [kjc^ COS' /8 + Ar^A;,' sin« /8 + {kjc^e^ + k^k^) sin /8 cos ^} cos' 7 

+ [kjc^ sin' /8 + kjc^ cos* /8 - (Jcjc^e »« + k^k^"^) sin /8 cos /8 j sin« 7 

+ ^ {kjcie*^ — kik^"^) sin 7 cos 7, 

where A^i', A;/ are the expressions conjugate to Ar^, A;^ respectively. 

Now 

kjci' = CiCi cos' 2/8 4- c^' sin* 2/8 + (CiC,'«** 4- c/Cje"**) sin 2^ cos 2/8 

8 S 
= cos' a cos' /8 -H sin" a sin' /8 — sin 2a sin 4/8 sin s ^^s^ 

— cos 2a sin 2/8 sin 4/8 sin' - , 

it 

kjc^ = CCi' sin' 2/8 + cc/ cos' 2/8 - (CiCa'«** + c/cjC"**) sin 2^ cos 2/8 

S S 
= cos' a sin' /8 -H sin' a cos'/8 + sin 2a sin 4/8 sin ^ cos 5 

+ cos 2a sin 2/8 sin 4/8 sin' x , 
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= 2 (cc,' - <yj') sin 2/9 cos 2)8 cos 8 - (Cjc'e*^ + cic^r^*) cos* 2/3 

+ (C.C.' + c'c) sin' 2/9 J 

= COS 2a sin 2^+4 sin 2a cos- 2^ (sin ^ cos 5 — 2 sin' - cos ^1 

sin*2»-28in*|j, ' i 

= 2t (cc,' - ca') sin 2/8 cos 2/9 sin 5 - (cjc'e** - c^'c^-^) cos' 2/9; 

-(c,c'-c'c)sin'.2/8 

/ s s 

= — t (sin 2a — 8 sin 2a cos' 2y8 sin- ^ cos* ^ 

— 4 cos 2a cos 2/8 sin 4/8 sin* 5 cos ■= )'; 

hence 

f . 5 S 

/ = Jcos* a — 2 sin 2a cos 2/8 sin 4/8 sin' ^ cos ^ 

— cos 2a sin- 4/8 sin* ^ (• cos- 7 

+ -jsin' a + 2 sin 2a cos 2/3 sin 4/8 sin' ^ cos ^ 
+ cos 2a sin' 4/8 sin* ^ > sin' 7 

sin a cos a — 4 sin 2a cos' 2/8 sin' ^ cos' ^ 

S SI 

— 2co8 2a cos 2/8 sin 4/8 sin' ^ cos ^V sin 7COS 7 

= cos" (7 — a) — 4 cos' 2/8 sin' ^ jsin 2a sin 27 cos' ^ 

+ sin 2 (7 + a) sin 2/8 sin ^ cos ^ + cos 2a cos 27 sin' 2/8 sin' ^f 

(38). 

If the planes of polarisation and analysation be crossed, so that 

7- a + 7r/2, 

S f S SI' 

7=4 cos' 2^ sin' ^ -^sin 2a cos 3 + cos 2a sin 2/8 sin ^J- 

= 4 (sin' 2a + cos' 2a sin' 2/8) cos' 2/8 sin' ^ sin' ( g + X ) (39), 

where tan % = tan 2a/sin 2/8. 
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In this case the expression for the intensity vanishes, when S = 2n7r, 
which gives a series of dtu-k circles as in the case of a single plate : it also 
vanishes when h = 2nir — 2;^ and writing as a first approximation sin 2^8 = 1, 
this corresponds to a second system of dark curves given by 
B = 2niT ~ 4a, nearly. 

Now a is measured from the primitive plane of polarisation to the 
principal section in a clockwise direction, and since from the above S and 
consequently t increases as a diminishes, it follows that this second system of 
dark curves consists of four similar left-handed spirals, each of which is 
turned through 90° from the position of that adjacent to it. At the centre 
these spirals touch the lines GOC, C'OC inclined at an angle Rj2 to the 
planes of polarisation and analysation on the left-hand side, where R is the 
lotatioa of the plane of polarisation produced by normal passage through 
either of the plates. 

Since sin' S/2 and 8in*{S/2 + x) have the same value when a = i mr/2, the 
points in which the spirals intersect the circles lie in directions parallel and 
perpendicular to the primitive plane of polarisation, but as ^ is in excess or 
defect of 2a, according as a lies between mrj2 and (2n + l)ir/4 or between 
(2» + l)ir/4 and (n + l)Tr/2, the spirals inteiBect the circles at angles 
somewhat greater than those at which an uniform spiral would cut them. 

When S is very small, the intensity is a minimum when a — mfl-/2 ; hence 
at a distance from the centre there will be faint brushes parallel and per- 
pendicular to the primitive plane of polarisation. 




When the plate that receives the incident light is right-handed, fi is 
negative: this changes the sign of ;^ and the spirals will be right-handed. 



CHAPTER XIX. 

MAGNETICALLY ACTIYE MEDIA, 

246. In the course of a series of experiments instituted with the view of 
establishing a relation between electric and magnetic phenomena and those 
of light Faraday* in 1845 discovered, that a transparent body in itself 
inactive acquires the property of rotating the plane of polarisation of a stream 
of light, when it is placed in a magnetic field, the effect being a mazimam 
when the stream traverses the medium in the direction of the lines of force of 
the field and nil when the magnetic force is at right-angles to the pencil of 
ray& The list of magnetically active media is now known to include a large 
number of solids and liquidsf, in fact most diamagnetic substances and even 
gaises and vapours}. 

The distinguishing features of the magnetic rotation of the plane of 
polarisation are: 

(1) that the activity is temporary, appearing and disappearing simul- 
taneously with the magnetic force that produces the field§ ; 

(2) that the direction of rotation is changed with respect to the observer, 
when the direction of propagation is reversed : in other words, the direction 
of rotation in space is the same whether the light travels along or in a 
direction opposite to the lines of force, whereas in structurally active media 
reversal of the stream involves a change in the direction of rotation in space. 
It follows then that if a pencil of polarised light, after passing through the 
substance, be reflected by a mirror so as to be sent through it again in the 
opposite direction, the rotation is doubled when it results firom magnetic 
action and is annulled if the medium be structurally active. 

The direction of rotation is thus determined by that of the magnetic force 
and in the case of most diamagnetic substances is the same as that in which 

• Phil. Trans, cxxxvi. 1 (1S46) : Exp. Res. xix"» series, § 26, Arts. 2146—2242. 

t Matthiessen, C. R. xxir. 969 ; xxv. 20, 173 (1847). Bertin, Arm. de Ch. et de Pk^s. (8) 
xxm. 6 (1848). Ed. Beoquerel, ibid. (8) xxvui. 384 (1850). 

X H. Becqaerel, J. de Phys. vm. 198 (1879) ; ix. 265 (1880). Bichat, ibid. ym. 204 (1879) ; 
zx. 275 (1880). 

§ Biohat and Blondlot, J. de Phys. (2) i. 364 (1882). 
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a positive current must circulate round the stream, in order to produce the 
magnetic field that actually exists. There are however notable exceptions to 
this rule that the rotation is positive for diamagnetic and negative for ferro- 
magnetic media ; for oxide of manganese and the salts of nickel and cobalt, 
though magnetic, give a positive rotation, while the diamagnetic chromate of 
potash and bichloride of titanium produce a negative rotation*. 

The angle through which the plane of polarisation is turned in passing 
through a magnetically active medium is found to be proportional to : 

(1) the distance within the medium over which the light travels ; 

(2) the intensity of the resolved part of the magnetic force in the direction 
of propagation of the stream f. 

These laws may clearly be replaced by the single general statement that 
the angular rotation between two points is proportional to the difference of 
their magnetic potentials. 

The coefficient of proportionality is a physical constant as characteristic of 
the substance as ij» refractive index and is known as '* Verdet's constant " : in 
CO. 8. emits it is the rotation of the plane of polarisation between two points, 
one centimetre apart, the magnetic potentials of which differ by a c.o.s. unit. 

In the case of thin transparent plates of iron, nickel and cobalt the above 
statement has to be modified, for as the intensity of the magnetic force is 
increased, the rotation produced by these metals rises to a maximum and 
then remains sensibly constant. The law of magnetic rotation, as given by 
Du Bois, is in the case of these metals that the angular rotation between two 
points is proportional to the difference of their potentials of magnetisation. 
In all three metals the rotation is positive and extraordinarily great: the 
theoretical value of the maximum rotation of red light produced by a plate of 
the thickness of 1 cm. is in the case of nickel 89,000*", of cobalt 198,000*" and 
of iron 200.000*"}. 

In a transparent medium the rotations of the plane of polarisation of 
streams of different frequencies vary approximately as the inverse square of 
the period : but this law is not exact, as the product of the rotation by the 
square of the period increases with the frequency of the light, the substances 
for which this increase is most marked being those that have the greater 
dispersive power§. Absorbing media however form exceptions to these rules, 

* Verdet, C. R. xliy. 1209 (1857) : (Euvres, 1. 168 : Arm, de Ch. et de Phyi. (8) Ln. 129 (1858) : 
(Ewvm, X. 176. 

t Wiedemann, Pogg. Ann. lxxxii. 215 (1851). Verdet, C. R. xxxtiu. 618; xxxix. 548 (1854) : 
Ann. de Ch. et de Pkyi. (8) zli. 870 (1854) ; xliii. 87 (1855) : (Euvree, i. 107, 112, 152, 155. 
Como and Potier, C. R. en. 885 (1886). 

X Kondt, Wud. Ann. xxm. 228 (1884) ; zxvn. 191 (1886). Da Bois, ibid. xxxi. 941 (1887). 

§ Ed. Becqnerel, Ann. de Ch. et de Phy$. (3) xvn. 437 (1846). Wiedemann, Pogg, Ann, 
Lzzzxz. 215 (1851). Vezdet, C. R. lti. 630; ltu. 670 (1863) : Ann. de Ch. et de Phyi, (8) lxix. 
415 (1863) : (Euvree, i. 205, 209, 214. 

24—2 
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as indeed might be expected from the fact that near and within the region of 
absorption the refractive index experiences abnormal variations. 

H. Becquerel* has from theoretical considerations stated as the law of 
magnetic rotary dispersion that the magnetic rotary power varies as X {dfi/dK) 
and has shown that this formula holds in the case of creosote and carbon 
bisulphide, while it gives in general a good approximation to the observed 
order of magnitude ; but there is at present no experimental proof that this 
relation is true in the case of absorbing media*!*. 

Attempts have been made without much success to find a relation between 
the magnetic rotary power of a substance and its refractive index. De la Rive| 
advanced the statement, to a great extent confirmed by Bertin's experimental^ 
that the magnetic rotation ought to increase with the refractive index of the 
medium, but Yerdet's experiments || have conclusively shown that, though 
substances with a high refractive index have in general a large rotary power 
when placed in a magnetic field, there is no constant relation between these 
quantities. 

• 

247. Another action of magnetism on light has been discovered by KerrT, 
who found that when plane polarised light is reflected from the polished pole 
of an electromagnet, the plane of polarisation of the reflected light is in 
certain cases altered when the magnet is excited. The following resulta have 
been obtained by Kerr and have been confirmed by later investigations**. 

When the mirror is magnetised normally, light polarised in one of the 
principal azimuths gives at normal or at oblique incidence a reflected stream 
that is slightly elliptically polarised with the plane of maximum polarisation 
rotated from the primitive plane of polarisation in a direction opposite to that 
of the current exciting the pole. For light polarised in a plane perpendicular 
to the plane of incidence the rotation is a maximum for an angle of incidence 
between 44'' and 68^ : in the case of light polarised in the plane of incidence 
the rotation decreases continuously as the angle of incidence increases^ 

In the case of tangential magnetisation of the mirror, no change is pro- 
duced either at normal incidence or when the plane of incidence is perpen- 
dicular to the lines of magnetic force : but when the lines of force are in the 
plane of incidence and the incidence is oblique, the reflected light is elliptically 

• C. R. cxxv. 679 (1897). 

t Gt (Cotton, Le Phinomtne de Zeeman, Seientiot No. 5, p. 81. 

t Train de ViUetriciU, i. 606 (1864). 

§ loe, cit. 

I C. R, xuii. 629 (1866) : Arm. de Ch, et de Pkyi, (8) ui. 129 (1868) : (Euvres, 1. 168, 176. 

IT PhiL Mag. (6) m. 321 (1877) ; v. 161 (1878). 

•• Bighi, Ann, de CK et de Phy$, (6) it. 433 (1885) ; n. 66 (1886) ; x. 200 (1887) : M&m, R. 
Acead. Lineei (i*) i. 867 ; m. 14, 662 (1886-6). Kondt, WUd. Aim. zxm. 228 (1884) ; zxm. 191 
(1886). Do BoiB, ihid, xxzix. 26 (1890). Sissingh, ibid. xuz. 116 (1891) ; Areh. N€€rL zxnu 
173 (1894). Zeeman, ibid. zxni. 262 (1894) ; (2) i. 864, 876 (1897). 
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polarised, and if the primitive plane of polarisation coincide with the plane of 
incidence, the plane of maximum polarisation of the reflected light is rotated 
fix>m the primitive plane in all cases in a direction opposite to that of the 
current that would produce a field of the same sign as the magnet ; if the light 
be polarised at right-angles to the plane of incidence, the rotation is in the 
same direction as the current for angles of incidence between 0^ and from 75* 
to 80^ and in the opposite direction for larger angles of incidence. 

248. In 1896 Zeeman* discovered the remarkable effect produced on the 
character of the radiations by placing the source of light in an uniform 
magnetic field. 

Earlier investigatorsf had indeed observed that the insertion of a Geissler's 
tube between the poles of an electromagnet influenced the colour and the 
spectrum of the light issuing from it and Fievez| found that the aspect of the 
sodium lines was modified, when the source emitting these radiations was 
placed in a magnetic field. These earlier discoveries however have character- 
istics that distinguish them from the phenomenon known as '' the Zeeman 
effect " and are most probably to be attributed in the one case to chemical 
action within the tube and in the second case to a change in the form of the 
flame produced by a lack of uniformity in the magnetic field. 

It has already been stated that a rotation of the molecules of a source as 
wholes will affect the character of the radiations emitted therefrom, and in 
this manner it is possible to give an account of the main features of the 
Zeeman effect. Whatever be the nature of the vibrations within a radiating 
molecule, they may in the case of strictly monochromatic light be represented 
by a vector, the extremity of which executes in general elliptic vibrations : 
this vector may be replaced by a component vibrating in the direction along 
which the radiation is considered, together with a component with elliptic 
vibrations in the perpendicular plane, this latter component giving rise to an 
elliptically polarised stream of definite frequency. If now we impress upon 
the vector an uniform rotation round the direction of propagation as axis, this 
elliptically polarised stream will be replaced by two oppositely circularly 
polarised streams with frequencies in excess and defect respectively of the 
primitive frequency by an amount equal to the number of revolutions per 

* ZUHngnfenl Kon. Akad. v. Wet, Amsterdam, Y. 181, 242 (1896) ; Yi. 18, 99, 260, i06 (1897) ; 
Yn. 122 (1898) ; Yni. 828 (1899) : Arch, liierL (2) i. 44, 217, 888 (1897) ; Y. 287 (1900) : PhiL 
Mag. (5) xuii. 226 ; xuv. 55, 255 (1897) ; xly. 197 (1898) : A$tiroph^. J. y. 882 (1897) ; zz. 47 
(1899). 

t Piacker, Pogg. Ann. civ. 118 (1858). Trdve, C. R. lxz. 86 (1870). Angstr&m, Pogg. Ann, 
ozuY. 300 (1872) : C. R. Lxxin. 869 (1871) : PhiL Mag. (4) xui. 898 (1871). Daniel, C, R. lxz. 
188 (1870). Seochi, ibid, lxx. 481 (1870). Chaotard, ibid, lzzix. 1128 (1874) ; lxzx. 1161 ; 
Lzxxx. 75 (1875) ; Lxxxn. 272 (1876). Van Aobel, J. de Phgs. (8) Yn. 408 (1898). Th4nard, C, R. 
Lzzxix. 298 (1879) ; zci. 387 (1880). 

X BuU. Aead. BruxelUs (8) ix. 327, 881 (1885) ; xn. 80 
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second of the impressed rotation. When a single molecule is considered, the 
intensities of the two streams will be unequal, but since the elliptic vibrations 
of the vectors corresponding to the different molecules of the source must be 
supposed to have all possible orientations, the two circularly polarised streams 
will in the aggregate be of the same intensity, provided we suppose the 
rotation to be the same for all molecules. Again in a direction perpendicular 
to the axis of rotation, we shall have two streams polarised in the same plane 
with the same frequencies as the two circularly polarised streams, and a 
stream polarised in the perpendicular plane of the primitive frequency. 

These are the characteristics of the simplest form of the Zeeman effect 
When a luminous source is placed in a strong uniform magnetic field and the 
radiation in the direction of the lines of force is examined with a spectroscope 
of considerable resolving power, it is found that a spectral line is replaced by 
a doublet, the constituents of which have equal intensities and on a scale of 
frequencies are symmetrically placed on either side of the primitive line with 
a distance between them proportional to the strength of the field : these two 
components are circularly polarised in opposite directions, that with the 
higher frequency having the direction of the current that produces the field. 
The constituents of the doublet are in general complex, which may be 
accounted for by the fact that the original radiation is itself complex and 
that the magnetic field may not exercise the same influence on all the 
molecules of the source. 

In a direction perpendicular to the lines of force, the radiations may be 
divided into two groups, that are polarised respectively in planes parallel and 
perpendicular to the magnetic forca The constituents of the group with 
polarisation parallel to the lines of force agree in all cases with the doublet 
observed in the direction of the field : but in the case of the second group 
several variations are observed. The simplest phenomenon is that of a single 
line coinciding in position with the primitive line, but sometimes there is 
a doublet with constituents symmetrically placed with respect to the original 
line, and a triplet and even a more complicated system has been obtained*. 

* For the above and other results, and for modifications of the normal type of the Zeeman 
effect, see : Cotton, Le PhSnomtne de Zeeman, SeienUa, No. 5 (1899). Zeeman, loe. eit, Conm, 
C. R. cxxv. 655 (1897) ; oxxn. 181, 800 (1898) : J. de Phy9. (8) ti. 678 (1S97). Preston, DaMta 
2Vanj. (2) Yi. 885 (1897) ; Tn. 7 (1898) : Proe. 12. 8. ixm. 26 (1898) : PhiL Mag, (5) xlt. 825 
(1899) ; ZLYix. 165 (1899) : Nature, ltii. 178 (1897) ; ux. 224, 248, 485, 605 (1899) ; ul. 175 
(1899) ; Lxi. 11 (1899). Ednig, Wied. Ana. lzh. 240; urn. 268 (1897). Becqnerel, C. R, cxzt. 
679 (1897) : J. de Pkyi. (3) vi. 681 (1897). Beoqoerel and Deslandres, C. R. czxyi. 997; czzm. 
18 (1898). Lodge and Dayies, Proe. R. 8, lx. 518 (1897) ; ui. 418 (1897). Ames, Echart snd 
Beese, Aitrophifi. J. yni. 48 (1898). Beese, ibid. xii. 120 (1900) : Phil Mag. (5) TLrm. 817 
(1899). Michelson, PhU, Mag. (5) slit. 109 (1897) ; xlv. 848 (1898) : Aitrophye. J. ti. 48 (1897); 
Tn. 131 (1898) : Nature, ux. 440 (1899). Righi, Rend. Lineei (5) vn. [1] 295 (1898) : N. Ctm. (4) 
X. 20 (1899) ; xi. 177 (1900): Pkyi. ZeiUchr. i. 829 (1900) : Mem. R. Aeead. Bologna (5) Tin. 268 
(1900). Blythswood and Marchant, Phil. Mag. (5) xux. 884 (1900). Blythswood and Allen, 
Nature, lxt. 79 (1901). Kent, Aitropkge. J. xm. 289 (1901). Bange, Pkgt. Zeitachr. m. 441 
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These more complicated phenomena may possibly indicate a longitudinal 
effect on the vibrating molecules produced by the action of the magnetic 
field. 

Egoroff and G^rgiewsky*, observing without a spectroscope, found that 
in a direction perpendicular to the lines of force the light from a sodium 
flame placed in a magnetic field is partially^ polarised in a plane parallel to 
the lines of force. This appears to imply that the sum of the intensities of 
the two components polarised in this direction exceeds- that of the stream 
polarised in the perpendicular plane, a fact that is unaccounted for by the 
elementary explanation given above. This result may however be attributed 
either to an orientation of the molecules of the source by the fieldf or to an 
inequality in the absorption of light polarised in the two azimuths in 
traversing the outer mantle of the fiamej. 

The phenomenon of absorption can, by Kirchhoff's principle, be employed 
for exhibiting and studying the influence of the magnetic field on the 
radiations from a luminous 80urce§; but Macaluso and Corbino|| have shown 
that, when a sodium flame is placed in a magnetic field and a stream of 
polarised light passes through it along the lines of force, it is necessary to 
take account not only of the fact that absorption of light of a given period 
has been replaced by absorption of two streams of circularly polarised light of 
opposite signs and of periods in excess and defect respectively of the natural 
period, but also of the teuct that the plane of polarisation of the light is rotated 
during the passage through the flame. This rotation, though generally very 
small in the case of a gas or a vapour, becomes of primary importance when 
the period of the light is near that corresponding to an absorption-bandlT. 

(1902). Bonge uid Paaohen, ibid. z. 480 (1900) : Aitraphyi. J. xy. 285, 833 (1902). Shedd, Phyi. 
ZeiUchr. i. 270 (1900) ; n. 278 (1901). Gray and Stewart, Natwrt, lzy. 64 (1901). For Lorente* 
iheoxy of the Zeeman effect see Lorentz, Wied, Ann, uun. 27S (1897) : ArcK Nierl. (2) n. 1. 412 
(1899) ; Yii. 299 (1902) : Phy: ZeiUehr. z. 89, 498, 614 (1900) : Rapp, prii. an Cangr, Intern, de 
Phy$. m. 1 (1900). (Cotton, iel ileeL jxv. 811 (1898). Voigt, Pkyi. ZeiUchr. i. 116, 128, 138 
(1899). 

* C. R. ozxiY. 748, 949 ; czxy. 16 (1897). 

t Cf. Voigt, OHt. Naekr. (1901) 169. 

X Lorentz, ZittinyevenL K<m. Akad. v. Wet. Amterdam, yi. 193 (1897) : Arch. Nierl (2) n. 1. 
412 (1899) : Bapp. pris. au C&nyr- Intern, de Pkyi. m. 28 (1900). Voigt, Wied. Ann. lxiz. 290 
(1899). 

§ Cotton, C. R. ozzY. 866 (1897). KOnig, WUd. Ann. Lzn. 240 (1897) ; Lxm. 268 (1897). 
Bighi, Rend. LincH (5) yzz. [2] 41 (1898) : N. dm. (4) Ym. 102 (1898) : C. R. oxxyil 216 (1898) ; 
czxYin. 46 (1899). 

H C. R. ozzYn. 548, 961 (1898)': Rend. Lineei (5) Yn. [2] 293 (1898) ; Yni. [1] 88, 116, 250 
(1899). 

IT H. Beoqneiel, C. R. cxxYn. 647, 899, 953 (1898) ; cxxYin. 145 (1899). For the anomalooB 
dispersion of sodiam Yapoor see Knudt, Wied. Ann. x. 321 (1880) ; Winkelmann, ibid. xzxn. 439 
(1887). Rotation of the plane of polarisation within the absorption-hand has been observed by 
Sohmanss, Drude'i Ann. n. 280 (1900) ; yiu. 842 (1902) and Corbino, Rend. Lineei (5) z. [2] 137 
(1901) : N. Cim. (5) m. 121 (1902). Zeeman, Aetrophyi. J. zyi. 106 (1902) : Arch. NierL (2 vn 
465 (1902) ; Rend. Lineei (5) zi. [1] 470 (1902). 
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Again when the light traverses the flame in a direction perpendicular to 
the magnetic field, the phenomenon of rotation does not intervene but the 
sodium vapour becomes doubly-refracting and this fact has to be considered 
as well as the change in the absorption produced by the field*. 

249. We have seen that the &cts of dispersion and absorption can be 

represented by taking as the differential e<^uations applicable to ponderable 

media 

J? = -Curltsr, «r = Curlc ....• (1), 

D = d + 2dA (2), 

where d is the polarisation-vector of the pure ether, dk a vector repre- 
sentative of the intra-molecular vibrations and the components of e are 
given by 

d and dk being connected by the relations 

ahUk + akUk + ak'uk = u\ 

(3). 



hvh + hk'vk + bk% = V 

ChWk + ChWk + CkWh = wl 

It is now necessary to extend these equations, so as to render an account 
of the phenomena that have just been describedf. 

If we limit ourselves to linear functions of A, B, O the components of the 
intensity of the magnetic field H, the symmetry of equations (3) leads us to 
represent the action of the magnetic force by the addition of a vector at 
right-angles to the vectors H and dk and proportional to their vector product 
We then have in place of (3) 

ahUk + asUk + ak% + en (Cvk - JBii;*) = u 

hkVK + h% + W%'^eH'(AwH^Cuk)=^v (3'), 

caWa + ChWk + Ck'wk + ek (Buk - Avk) = w, 

where ek is the constant of the magneto-optic effect^ ; or in the case of an 
isotropic medium, taking the xr-axis in the direction of the lines of force 

akUk + ak'uk + ak'uk + CkHvk = u \ 

« 

akVk + akVk-^CLkVk-ekHuk^v • (3"). 

dkWk + CLkibk + akWh ' = w^ 

• Cotton, C. R. orrm. 958, 1256 (1898) ; cxxTm. 294 (1899). Voigt, Odtt, Naehr. (1898) 839, 
855 : Wied. Ann. lxtii. 845 (1899) : Drude'i Ann. ym. 872 (1902) : Rend. Lineei (5) xi. [1] 459 
(1902). H. Beoqnerel, C. R. cxxTin. 145 (1899). 

t Voigt, OdU. Naehr. (1898), 829, 849, 855: Wied. Ann. Lxyn. 845; Lxvni. 852; lxol 290 
(1899) : Drud^M Ann..Ti. 784 (1901). 

X These eqiuitions assume that the medium, though erystalline, is OAgneticaUj isotropie ; eC. 
Larmor, Matter and Mther^ p. 198. 



(4). 



] («)• 
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250. Let us first consider the propagation of plane homogeneous waves 
along the lines of force of the field : then all the vectors are dependent upon 
t and z alone and may be taken proportional to Exp {27m(t — z/Zi)i], where 
€J = a>/(l — iv), 6> being the real propagational speed of the waves and v the 
index of absorption. 

The equations then give 

«rj = IlH;/©, «r, = — Il*tt/«, «r, = 
(aj^ + * . 2imak — 4nr*n*ak")uk + c . ehH2'imvh = u 
(a* + * . 27mah — ^ir^^ah') v* — * . ehB27muk = vt 
and we have 

{uk ± cvk) {ak + 27m (mh ± e^H) - 4nt^\ih'] = w ± *t;J 
whence, writing 

27171* = "/aklak", Ok = 2irnj?aKlaH, 6* = 2Tmk^ek/ak, en = riA/a* , 
we obtain 

= [l-2€AnA{n«-nA«-n(*a*±6A^}-^](u±*r) (6). 

Hence, either 

M-*t; = and (n/Sy = l -2€AnA{n«-nA*-n(iaA + eAff)}-i (7), 

or t£ + *t; = and (0/«y = l -2€AnAln«-nA*-ii(ftaA-6AJI)}"* (8). 

In the first case we have a circularly polarised stream, of the same sign as 
the current that would produce the field, having a complex velocity «^ given 
by (7) ; and in the second case the circularly polarised stream has the opposite 
sign and its complex velocity S. is determined from (8). The rotation of 
the plane of polarisation of a stream of plane polarised light produced by 
traversing a length I of the medium in the direction of the lines of force is 

J!.™i(„.-.-.-.).!^(^.-^.) .(9), 

where o), is a mean velocity given by 2o>o""* = «_** + «+"*. 
If the medium be transparent, aa = and 

(n/c»*)«= I -2€AnA {n^-fiA^T 6AF.n)-S 

whence iZ^^^S ^*^^^ 



n« ^ (n« - fiH^y - ca'-et w 



■~n^^(n»-.nA«)« ^^"^' 
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if e^H be small compared with n — nj^, that is, when the frequency of the 
light is not near one of the critical frequencies. 

To the same approximation, <o^ is the propagational speed before the field 
is established and is given by 

(n/6>o)« = Mo* = 1 - Sn^e^ (n« - nj,^y\ 

whence /lo (dfip/dn) = nXn^ek (n* — riA*)"*. 

Hence if the intra-molecular vibrations have a single period 

R = klHn (dfi^fdn), 

in accordance with Becquerel's law, where X; is a constant for the given 
medium. 

When the frequency of the light is nearly the same as one of the critical 
frequencies n^, we may simplify the expressions for the complex wave- 
velocities as in Chapter XVII, and we obtain 

(fl/5^)« = l-.6*{2(n~nA)qFe*ir-«u)-^ (11). 

This equation only differs from that obtained when the medium is removed 
from the magnetic field by having n T ekH/2 written in place of n : it therefore 
follows that the curves of dispersion and absorption for each of the circularly 
polarised streams have the same form as those of the medium when un- 
influenced by the magnetic force : the curves for the positive stream being 
obtained by a displacement parallel to the axis of absciss® by an amount 
ejJSli^ and those for the negative stream by an equal displacement in the 
opposite direction. Thus the effect of the field is to resolve a single 
absorption-band into two symmetrically placed with respect to the original 
band*. 

Writing 

2 (n - tiAVofc = A, ekEjaj, = P, ca/oa = A, 

and separating real and imaginary parts we have 



(12), 



UJ ^^ "^^^ (ATP)" + 1 

UJ ''*'~(ATP)" + l 
whence if v be very small 

ft» (A»-P>-1)« + 4A« ^^^^' 

and at a moderate distance from the region of absorption 



n«A« 4n« {n-nkf 

* If there be two Teotora d^^ for which the frequencies are the same, while the magneto-optie 
parameten are different, the application of the magnetic force wiU reaoWe a single band into 
four ( and so on. 
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Comparing this expression with (10) which to the same degree of approximation 
may be taken as the rotation for frequencies differing widely from a critical 
frequency, we Bee that the rotation, though imperceptible in other parts of 
the spectrum, may attain measurable dimensions as an absorption-band is 
approached. 

Within the region of absorption, we may write 

where /i|, K may be regarded as constant, /j, being a mean refractive index 
and K = TmlAjil. The rotation vanishes when A = ± VP' + l, and is a 
maximnm or a minimum when A = and when 

A» = P» + 1±2V:FT^ (14), 

its viUue then being given by 

and fhR=±K {-/W+l T 1 )/(4P). 

respectively. 

If P be less than V3, only the upper sign in (14) gives a real value of A 

and then 

{p^\ = -KPI{P'-\-l) is a minimum value, 
(/Ui)i = -K'l7-P' + l-l}/(4-P) is « maximum value; 

on the other hand when P exceeds V3, both signs correspond to real values 

of A and 

{/vB)i = — KPfiP* + 1) is a maximum value, 
(liJR\ = ~K [/F+1 + 1 1/(4P) is a minimum value, 
(/i^), = if 1V:^+1 - 11/(4P) is a maximum value. 
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Pig. 6*. 

The carves in figure (64) represent the values of /(^ when P « 1 and 
P — 3, the unit for A being \ cm,, that for /i^ 1^ cm. : the vertical dotted 
lines give the approximate places of the maximum of absorption. 
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25L When the light travels in a direction perpendicular to that of the 
field, or parallel, say, to the axis of x, the vectors are proportional to 

Exp {27m {t — xfS) i] , 
and we then have 

with 

(%' + *«An - w«) va - teAifnwA = n^CAt; h (16); 

(^a' + t«AW - w^) «/* = wa€a«'^ 

whence 17=0, F = (fl/^)»v, Tr=:(n/5)>w, 

(t/A ± *Va) (wa* + MJtAn - n* ± ekHn) = haca (w ± iv), 
and ± (Sl/Sy w = {1 — 2?ia6a (n» — tia" + Ca-SVi — *aAti)'"^} (u ± *t;)| 

{ilfcSy 1^ = {1 — SnA€A (n* — tia" — lOhn)"^] w 

Hence, if tc; =ffe 0, we have 

(fl/^)» = l-2nA€A(n»-nA»-mAn)-^ (18). 

and with this value of 6>, the first of equations (17) is only satisfied by 
u = v = 0. This then is the case of plane polarised light with its polarisation- 
vector parallel to the lines of force, and we see that the absorption and the 
propagational-speed are unaffected by the magnetic force*. 

If on the other hand ti; = 0, then 

where |)± = 1 — ^nk€k (n" — ha' ± 6a Hn — AotAti)"*, 

whence ( h — ) ( — ) =2, 

\p+ pJ \a}J 



) ...(17). 



or 



/fly^. V nA€A(n'~nA*~taAn) 
V «y (n« - nA» -takny- en^H^n^ 

(^ nk€kehHn )* 

t (n« - tiA* - taAti)* - CA»F«n«j 



.(19). 



(fi" — Ha* — taAn)* — ej^H^n* 
In this case the polarisation-vector is perpendicular to the direction of the 

* In order to explain the resolution of- this absorption-band by the action of the magnetie 
foroe, Voigt introdooes on the left-hand side of the third of equations (8") a term/^w^', where 

and /a is Ik function of H, that vanishes when £r=0. 
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field, and the application of the magnetic force has the effect of altering the 
speed of the waves and also of resolving each absorption-band into two 
components*. 

Hence in a direction perpendicular to the lines of force there are two 
streams of permanent type propagated with different velocities. The medium 
thus becomes doubly refracting under the influence of the magnetic force, but 
in general the difference in the speeds of the two waves will only become . 
marked when their frequency is near one of the critical values. . 

As the formulae in their general form are too complicated to be of any 
special interest, we will consider only the case in which there is a single 
vector dq^ dependent upon the intra-molecular vibrations and consequently 
only a single absorption-band, when the medium is removed from the 
magnetic field. 

Using the subscripts (y) and Q to distinguish between the streams that 
have their polarisation-vectors perpendicular and parallel respectively to the 
lines of force, we have 

whence 

©■<-"■) 

_ , WAeA[(n*-njt»-njteO{(n'-n»»)«-n»e>(n'-*n«)-et«if«n«}+at'n«(n«-n»»)] 
{(n»-nA»)»-n»e»(n«-nA«)-ejk»Zf*n»-0A«n»}»+a*»n»12(n«-nji»)-n*€A}» ' 

W "* l(«'-«»')'-«A6*(n»-njk«)-eA'i?'n»-a»'n'j»+a*'n»i2(n»-nA')-nA€»}»/ 

(20); 

also (-)\-^-v^)-^-rrK""'*l} 



2 f— V V = ^*gA«*^ 



.(21). 



X 



The difference of phase between these two streams produced by a passage 
through a length I of the medium is 

S = 27r?iZ (ci)f~^ — 0)^"^) = TmltOo {(of* — o)y"*), 

where a>o is a mean velocity given by 2o)o~* = o),~* -h o)y~*. Hence if the 
indices of absorption be very small, we obtain from the above formulfe 

^^ ni 

(22); 

* See note on page 878. 
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when the frequency of the light is near the critical value nj^, this reduces to 

^= s? 

2(n-nO(4.(«-nA)'-26A(n-nA)-eA*g*-g*')-a*'(*(»-"*)-CA} 
{4(n-n*)"+a»>)[{4(n-n»)'-2eA(n-«»)-«*'-ff*-«**l'+«**{4(n-nA)-<4'] 

(23). 

A further simplificatioD is introduced, when aj^ is very small, as (22) and 
(23) then become 

n» (n«-n^«){(^'-V)'-%€A(n«-nA')-«A'ifM ^^^' 

^•"" fl» 2(n-nj,){4(n-nA)»-2€j,(n-nA)-e^»i/»} ^ ^' 

Now (24) may be written 

^ __ 7mZo)o r nk€he)?H^n^ 

fl'* L(^«-nA*){(n«-7iA»)«-CA*J?«n«} 

+ {(n«-nA«)«-eA«ir«n«}M (n»-n;^«)»-CA«^»n«J J-^^^^' 

but in the case of a glowing vapour that has, when there is no magnetic field, 
a refractive index nearly equal to unity for frequencies not too close to that 
of the light absorbed, the first of equations (21) shows that nj^^h is very 
small compared with n^ — nj^, whence if ChH be not nearly equal to n — n*, 
we have 

fl« (n«-nA»){(n«~nA*)«-CA«JBrw}' 

holding for parts of the spectrum at a considerable distance fix>m the 
absorption-band : on the other hand at a moderate distance from the region 
of absorption 



S« = 



fl« 2(n-n;,)l4(n-nA)»-«A'i/»r 



Thus we see that a vapour, such as that of a soda-flame, when placed in a 
magnetic field, may become strongly doubly refracting for light of periods 
near that which it emits. 

252. Returning to the fundamental equations (1), (2), (3') we have in 
the case of periodic vibrations 
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and 80 on. Hence equations (3^) take the form 

AhUk + en (Cvh - Bwk) = u\ 
BHVK^eK{AwH-CuH)^v\ (27). 

ChWk -f Bk (Buk - ^Wa) = wj 
whence 

/ C B \ 
AkUk=^u- Ck (Cvh- Bwk)'^u-ek [^ V - ^ wj (28), 

and two similar equations, if we neglect the squares and products of the 
small quantities CkA, CkB, ChG, 

Hence 17= fl + 2-^) u - C2-r\ v-i-B^-^w (29), 

and to the same degree of approximation, we obtain for u, v, w expressions of 
the form 

nty^l3-iVj^b,W'^b^U ' (30). 

Hence if 6i, &>, &s be the components of a vector B, the differential 
equations take the form 

i) = - Curl tsr, «r = Curl E + B^D (31), 

where the components of E are given by 



(E..E.,E.)^[^. g4, gl,)* (32), 



with 24>«(o-^?7» + i8-^F« + 7-iTr») (33); 

more generally when the coordinate axes are not coincident with the axes of 
optical symmetry, we have 

In this form the equations admit of the following simple geometrical 
interpretation*. 

In any direction within a magnetically active crystal two oppositely 
polarised streams can be propagated that have their planes of maximum 
polarisation parallel respectively to the axes of the central section of the 
ellipsoid of polarisation parallel to the plane of the waves : the propagational 
speeds of these waves are respectively in excess or defect of the speed 
represented by the reciprocal of the length of either axis of the section by an 
amount that is inversely proportional to the period of the vibrations and 
directly proportional to the length of the axis, to the ratio of the axes of the 
elliptic vibration perpendicular and parallel to the axis, and to the component 

• Proe. R, 8. lxx. 40 (1902). 
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perpendicular to the section of a vector dependent upon the intensity of the 
magnetic field. 

From equations (31) — (33), the characteristics of wave-propagation in 
magnetically active media may be determined as in ^ 240, 241, but only one 
point of special interest need be mentioned. 

When the medium is isotropic, the wave-velocity o> in a direction making 
an angle 6 with that of the vector B is given by 

©• = ft" ± 27mfi cos e, 

where n is the frequency of the waves and ft is the propagational speed when 

the field is suppressed. On account of the smallness of the last term, this 

may be written 

• i-fc* . 27mficos5 
«• = ft* ± -^ «, 

and we see that on the application of the magnetic force the original spherical 
surface of wave-quickness becomes a sur&ce of two sheets, that are ap- 
proximately spheres of- the same radius, the centres of which are displaced in 
opposite directions parallel to the magnetic field* 

The boundary conditions obtained at once from (1) are, the interface 
being the plane a; = 0, the continuity of «r,, cr„ 6%, 6% ; the two latter giving 
in terms of U, V, W the continuity of 

^ + 6xir-6,^, and ^+b,lJ^b^V. 

To these may be added the continuity of vti and U, since div cr = 0, div /) = 0, 
but these are clearly involved in the four preceding conditions. 

These equations suffice for the solution of the problem of reflection at the 
surface of a magnetised medium f. 

* Ck>Tna, C. JR. xcix. 1045 (1884). 

t Cf. Goldhammer, Wied. Atm. zlvx. 71 (1892); xuvm. 740 (1898); lxv. Ill (1898). Dinde, 
ibid, XLYZ. 858 (1892); Ln. 496 (1894); Lxn. 687 (1897). Basset, Phil Trant. CLzxxn. ▲, 871 
(1891) ; Amer, J, of Math, xix. 60 (1897). Larmor, B. A. Report (1898), p. 885 ; Proc. Lond, MatJL 
8oe, xzzv. 280 (1898). Leathern, PHL Tram. cxc. a, 89 (1897). Biieheli, Drude't Ann. i. 
542 (1900). 



APPENDIX I. 

PROPERTIES OF BESSEL'S AND STRUVE'S FUNCTIONS. 
1. Bessel's Function of the order n may be defined by the equations 



= ;fc 2^T^ i!,(^ -"*>-"* -^^^ w- 

where n is real and positive and the argument x may be any real or complex 
quantity. 

Taking the first form and writing 



we obtain 



COS {X cos «) = 2 (— ly r^ , 

=J- ^ ?. ^ r(n+^)r(<-iri) 

V7r2»r(n+i)t'' ^12£ r(n + s + l) 



• x"^-^** 



J( ^)'2«+»r(«+i)r(n+»+i) ^*)- 

When n is not a positive integer, J^n (') is defined by 

and if n be a positive integer, 

J^(^) = Lt..o«/-(n4.) = (-ir«/n(a?) (4). 

w. 26 
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2. We have from (2) 
— JnW=2(-l)' 



00 ^n+s#— 1 oo ^+tt— 1 

= 2 (- 1/ s:v=ZTn^— rrnTITT^ - S (- 1)' 



-V / 2»+»->r(s+i)r(n+s) 7^ 2»+»-'r(«)r(n+«+i) 

= J-^, + 2 (- 1/ 



-V -/ 2»+"+'r(« + l)r(n + s + 2) 

^^n— i + ^n+i (")• 

Writing n + 1 for n, this relation gives 

xJn (a;) = 2 (n + 1) Jn+i («) - »«/n+i ('") 

= 2 (n + 1) /„+, (a;) - 2 (n + 3) J„+, (a;) + xJ^^ {x) 



= 22(-l)'(n+2r+l)J„+„+,(aj) (6). 



From this it follows that 

f Jn («) = («+!) {(n + 2) Jn+. («) - (n + 4) J^ («) +.-..} 

- (re + 3) {(n + 4) J„^ (a:) - (n + 6) J„+« («)+...} 

+ (n + 5) {(n + 6) J',»+« (a;) - ...} 



= (n + 1) (n + 2) J„+. (a;) - 2 (»» + 2) (re + 4) J^ (ar) 

+ 3 (n + 3) (n + 6) /n^ (a;) - 4 (n + 4) (n + 8) J,„« (a?) 

+ 

Similarly 

(|)Vn(a;) = (n + l)(n + 2){(n + 3)J-,+,-(n + 5)J„+. + (»n-7)J-„+,-...} 

-2(n + 2)(» + 4)Kn + 5)J"„^-(n + 7)J^^ + ...} 

+ 3(n + 3)(n + 6)l(n + 7)J,+,-...} 



= (n + l)(n + 2) (n + 3) J»+, - 3 (n + 2) (n + 3)(n + 6) /.^^ 

+ JtI (n + 3) (n + 4) (n + 7) J,^., - iiii| (n + 4) (n + 5) (« + 9) J^ ■ 



+ 

These special results suggest the general theorem 

r(r+l)r(n + r+2) , ^ , . 'r 
+ -T72~ r(n + 3) (" + »• + 4) •'«+'+* 

r(r+l)(r + 2)r(n + r + 3) , , ^v , 
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Suppose that this is true for a particular value of r, then for the next 
greater value 

g)'* V. (it) = ^^if J (n + r) {(n + r + 1) j;.+,+, - (n + r + 3) J^^. + . . . } 

- (n + r + 6) J,+,+, + ...} + ... 

r(n + r+l) , 

= r(n + l) (« + »• + !)•'-+'+> 

- (r + 1) ^rV^y ^ (n + r + 3) J,^,^. 

^ r(nt3) ^"-'^+M^"'^'"^ ^ ' 



»+r-M 



1^^ -^ r(n + 2) ^ 1.2 r(n + 3) ^'' + *^ + *> 
■ r(r+l)(r + 2)r(n + r + 3) , , , .J . , , , ,. r 

r(n+ 1) ~ V" + *^ + */ •'n+r^-l 

(r+l)(r + 2)r(n + r-f3) 
+ 1^2 r(n+3) (" + »•+»>•'•+'+. 

( (r H- 1) (r + 2) r(n + r + 3) r(r+l)(r + 2) 
I 1.2 " r(n + 3) ■'' 1.2.3 

X ^r(n+y^ (n + r + 6)| (n + r + 7) J„^,.,, 



r(n + r-H) , ^, .. . 
. (r+l)(r + 2)r(n + r + 3) 



1.2 r(n + 3) 

(r + l)(r + 2)(r + 3)r(ra + r + 4) 
1.2.3 r(n + 4) 



(n + r+5)J,+^, 



(n+r+7)J,+,„ 



2«— 2 
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the form of which shows that the theorem remains true for the next greater 
value of r, therefore for the value of r next succeeding and so on. But it is 
true when r = 2, and therefore for all positive integral values of r, 

3. From the general expression for J^ (x), we find that 

9 • (2n + 2s) a:*»»+»-i 

g^(x«Jn) = 2 (- ly 2n+«r(s + l)r(n + 5 + l) 

" f ^~ ^^ 2»+«-> r(» + 1) r(n + s) " '^'^"- ^^^' 

and 

di ^*~"''"^ " f ^~ ^^ 2»^r(s + i)r(n+«+i) 

00 /pIl+M— 1 

= ar"2 (- 1)* 2«+«-»r(s)r(n + «+l) 

= ~"^?^~^^2»+'»^-'r(s + l)r(n + » + 2) '^'^'^' -^^^ 

By performing the differentiations on the left-hand sides of these equa- 
tions, we find 

^Jn-i — nx Vw, 



and ^ = - t/n+i + nar^Jn, 



dJn 
dx 

dx 



or 

whence by addition -^ = ^(t/«_, — Jn^i) (10). 

4. From the expressions in the last section, we obtain 

afJf^i(x)dx = af^Jn{ic) (11), 



ar**/n+i (a) dx = ['- X-^Jn {xy^ 


Again 






j Jn{x)dx = j —.J^(x)dx 



= JfH-ii^) + (n + 1) f !^n±L^ da., from (11) 

Jo X 

= t/iH-i(^) + i| Jn{x)dx'\-^l •/;»+, (a?) dit, from (5), 
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.*. I Jn («) dx = 2Jn+l (a?) + / t/n+t (a?) dx 
Jo •'0 



Hence 



= 2Jn+i{x) 4- 2Jn+i(a?) + I Jn+4 (^) dx 

Jo 

= 2ijn+«+i(^) (13). 



rx rx « rx 

Jo Jo Jo 

= 2* (t/n+s + t/n4^ 4- «/fH-« + • • • 
+ w n+4 + w n-M + • • • 
+ V n+« + . . . 
+ ...} 

= 2«i(« + l)Jn+«+,(a:) (14). 



By partial integration we obtain 

jxJndx = X jJndx — I I Jn^*"* 

= 2 «(/«+! + ./»+i + t/n+i + ...) 

- « ^- Jn+. + - «^»+4 + - «/iH^ + . . . j J ; 

2 1 

but - Jn+9t = ITToI («Ah-m-i + «' »-H»+i)* 

•'• J/-^" <'^> '^ " ^"^! (n + Lun + ^ + 2) -^'^^ <^) ^^^>- 

Multiplying (5) by Jn, we have 

~~" Jn* — Jn ( Jn— 1 + Jn+i)» 
X 

and this may be written 

Jn — Jn («^n-i — Jn+i) + 22 J^+t ( J^+i-i — Jn-^^+i) 

1 

-^•"S^+^r *^ dx 
whence /J^^^*«^=^ W<*> + 2f •^'*+•^ ^^*)- 



2n 
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Using the differential properties in § 3, we obtain 

= X {JmJn — Jm+\Jn^\) + (m — n) J^Jn^i, 

and interchanging m and n, 
hence by subtraction 

g 



Again 

g^V-m-n/-g^ 



^ (tAnJ;) = I- {af^^"" . ^ir^^m . a:-^*A.} 



ITT T T \ f^'\'f^ Y J 

X 



and therefore 



which on integration gives that, if m ^t n, 

Consider now the special integral 

I xJ^dx ; 
Jo 

integrating by parts, taking a; as the integrand, we have 

I xJ^dx = — Ji* + la^J^J^dx 

= |W + J.') .(18X 



Jo « 



Writing n = 1 in (16), we have 

^ 

and since, as will be shown later § 6, 

this becomes (' "^ dx^^(l ^J,^-J,^) (19). 

Jo ^ 
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This result may be obtained directly as follows: differentiating the 
product on the left-hand side of (8), we have 

VlJ - T - — J 



=-*[a^{^-""'^-l'+^"^'^4 



whence writing n = 1. and integrating 



/, 



SO 



since Jo(0) = l, Ji(0)=:0. 

6. Since 

and when n is a positive integer 



we see that the coefficient of y^ in the above expression is «/n(^) *^d 
similarly the coefficient of y-" is (—1 )**/„(«?) or J^ni^)- Hence 



f(f-ir->) 



6« =/o+/i.(y-y-0+«^..(y"+y"*)+«A.(y'-jr') + -- 

Let y = cos » -h t sin o), then 

««««»- = Jo + 2t sin 0) . Ji + 2 cos 2a) . Ja + 2t sin 3a) . J, + ... 

and cos (a? sin a)) = t/o -♦■ 2cos 2a).t7't + 2 cos4a).t/4-f (20), 

sin (a? sin a)) = 2 sin o) . Ji + 2 sin 3a) . «/, + (21), 

and writing 7r/2 — a> for a), 

cos (x cos a)) = t/o — 2 cos 2a) . Js + 2 cos 4a) . J* — (22), 

sin (a? cos o)) = 2cosa).«/i~ 2 cos 3a). J, + -- (23). 

Writing a) = and a> = 7r/2 the last two equations give 

cosa: = Jo-2j; + 2J4- (24), 

sin a? = 2,/i - 2 J, + (26), 

l = Jo+2J,+ 2/4 + (26). 
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6. Again since 

we have e~^^'^ '^ = ./o-«/^i.(y-y"0 + «'2.(y' + y"')+ ..., 

and 1 = {Jo + ./i.(y - y") + My' + jr*) + ...} 

x{Jo-'^i.(y-y~0+«^t(y*-y"*)-...}. 

Since this must hold for all values of y, we have 

l=Jo' + 2Ji« + 2J,« + (27X 

Also the coefficient of y*"*^' in. the product is 



and since this must be zero, 

CO m-1 

2 2 JiJtm+i-i-i = ("~ 1 )*" «^'m+i + 2 S (— l)*^f+it/im-«+i (28). 



7. Struve's function of the order n is defined by 



w 



2 ^ r* 

Expanding sin {x sin a>) in a series of powers of sin a>, we have 

w 

_ 2 ^ Ir IV r(^+i)r(n+i) 
"?^"^^2'^+'.r(«+i+j)r(n+»+i + i) ^'^^• 

8. From this expression for J7„ (x) we obtain 
^^«W-^^ ^^2"+»r(«+l+i)r(re+«+l+i) 

~?^~-^^2»+»r(« + i)r(n + « + l + i)~2"VT.r(n + l + i) 

CD /t^ > Mil 

"^*-*'^?^~^^2»+*»«r(« + l + i)r(n + « + 2 + i) 

*» 

2»VT.r(n+l+i) 
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9. Multiplying (30) by a?** and differentiating with respect to x, we 
obtain 

= ^(-i)'2»+«r(« + i + i)r(n + « + i) 

= «»fin-. (32); 

and in the same way 

^(ar-H)-l(-iy- i2s+l)d^ 

= f<-^>'2»+-r(« + i)r(n+s + n-i) 

"° 2»V'n-.r(n + H-i) + f ^~ ^)' 2»+»r(« + i)r(n + s+l+i) 
~2»VT.r(n + l+i) '^ ^ "2»+«^r(s+l+i)r(n+«+2+J) 

= 2v^.r(n+i+i)~*'"^»+' ^'^^- 

Differentiating the product on the left-hand side of (32), we obtain 

= i jH^, -ir„„ + 2» v^. r(«+ 1 +i)} • (^*>- 

As special cases of these equations we have 

10. By integration of the expressions (32) and (33) we find 



raf^'Hn.dx^af^'Hn^^ (35), 

Jo 



Jo ^'"-^"*"2^V7r.r(n + i) ^^^^' 



a?»-i ' 2^V^.r(n + i) 



Thus I xE..dx = xHi, I H^dx--'H^'{--x. 

Jo Jo ^ 
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11. We may write 

and H^^x)= ^^^J^^^^^^^ \\\uxv{l-n'y^dv. 

whence 

Consider the integral I 6~*^(1 -\-vP)^~^dw, where w is a complex variable 

of the form u + lv*. Representing u + tv by a point in a plane, the rectangular 
coordinates of which are u and v, we see that the integral in question has 
the value zero, if the path of integration be the sides of the rectangle, of 
which the angular points are 0, A, h + 1, t, where h is any real positive quantity. 
Thus 

[ e-*" (1 + vyy^ du + f * e-^ <*+''') { 1 + (A + tt;)>I*H^ d (iv) 

J J ^ ' 

If now we suppose A= oo , the second integral vanishes, and 

r ^-con; (X - t;«)n-4 dv = - 1 f e-^il+u^y^du 
Jo Jo 



+ I I e-*<«*+') {1 + (tt + O'}*^ du, 
Jo 

The integral on the left-hand side is 2**'* V^ . P (n + ^) ar* ( Ji* — ^Bn), and 
replacing txj? by /8 on the right-hand side, we obtain 

2^- V,7r . r (n + i) ar~ (Jn - tJSTn) 

Expanding by the binomial theorem under the integral signs and then 
integrating by the formulae 



/, 



00 

e-^)9"d/3 = r(2« + l), 





/, 





=:(n-h5-i)(n-l-«-f)...(n+i)r(n-fi), 
* Lipscbitz, CrelU'i J. lyi. 189 (1859). Lord Bayleigh, Sound, u. 153. 
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we have on equating real and imaginary parts 



x.cos (a? — 



2n + l 



IT 



} 



/2(n»-i (n«-i)(n'-j)(n»-y) ) / 2n + l \ 



and 



2»-Vir 



g*^' fl , .„ ..Ig , (w-i)(n-f) [i! ) 



+V^f- i2(W -''••}°^r"~r-") 

+ V^{^- 1 2.3(2;)' ^' -^•••|«^(^ 4-'^) -^^^^ 

The following are special cases of interest : 
•^* («) = V — sin a;, J^{x) = ^ —co&x. 

■^*(«) = V — (1 - COS «), 

^.(')-^/|(>-l)VS(-'°'-^)• 



APPENDIX 11. 



LOMMEL'S FUNCTIONS. 



1. The infinite series 

U,(y,z)=l.{-\y(ylzY^J,^{z) .(1) 



■ 

is convergent under all circumstances, whatever y, z and v toaj be, for the 
quotient of the (« + l)th term by the 5th is —(y/zyJ^+^/J^.^^^, which 
vanishes for « = oo . If y/z < 1, it converges from the term for which p -^28 
is positive more rapidly than the geometric series S (y/zY^*', 

The infinite series 

F,(y,^)=S(- lyis/lzr-^J^^iz) (2) 



on the other hand is convergent if i/ be a positive or a^egative integer (n) or 
zero, because in that case 

and the ratio of two consecutive terms is the same as in the former case ; but 
for fractional values of p, it is divergent. 

From equations (12) and (13) of Chapter VIII., we have for values oF v 
less than unity and not less than 1/2, 

^r (y, z) - F«^ (y, z) + c[ J7^+i (y. z) - F-.^+i (y, z)} 
which gives U^ (y, z) - F_^+, (y, ^) = cos ^| + g- - i/ ^ j , 

£^r+i(y, ^)- l^-.+,(y, ^) = ^^° (I + fc~ "1) ' 

or since the second equation is obtained from the first by writing i^ + 1 for v, 
and the first from the second by writing i/ — 1 for i/, the equation 

t7,(y.5)-F_,^(y,;.) = co8(| + g-,;|) (3). 

which holds between the limits — 1/2 and 3/2 for p, serves to express V in 
terms of U, 



r' ■ 



J- 



k-- . 



r 

4 
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Since the series Z7^(y, z) is convergent whatever v may be, we may go 
further and define V,(y, z) for any value of v by the equation 

F_^(y,^)=l^,(y,z)-cos^| + 2^-»'|) 

or ^.(y,^)=l^-.+.(y.^) + cos(|+^ + i'|) W. 

Writing s^ly for y we obtain 

^.(|,.)-r_(f.)=c«(|.|-4) 

= l^r(y, -8^)- ^-r+t(y, z) (o). 

If 1/ be an integer (n) or zero, we can express V^ by the convergent series 

= (-l)"2(-iy(i)"^J,+«(5) = (-l)"I7-,(|.z) (6); 

also cr«(y.«)=(-i)"^«(|.«) • (7). 

From the series for U, we have 

U, (y, z) + lU (y. ') = (f )' ^. (*). 
but {^,(y,^)_F_^(y,z)=icoe(| + 2--i»|) 

. • . l^, (y, z) + U,+t (y, ') = V_, (y, z) + F_^ (y, z) 

-(^)V,(5) (8). 

• a.. Since ^i|'^)| = _'^^. 

,ine obtain from (1) 

• ■ ?£^) = -S(-l).(|p^,^..(.) = -Jjr,,.(y..) (9). 

' and from (4) 

= -^ »"-. (10). 
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Hence also 

dz^ y dz^-^ y dz^^ ^ ^* 

d^V,(y,z) ^ z d^^V,^,{y,z) m ~ 1 9^-» F.,> (y, 2r) 

dz^ y dz""^^ y dz^"*^ "'^* 

Now by Taylor's theorem 

U,{y, z-{-€)= U^{y,z)-{-€ — g^ — + 12 — ^ — +... , 

calculating the successive differential coefficients by (11) and arranging the 
terms we find 

J7.(y.;r + 6) = 2(-l)'|^(|^ycr.^.(y,^) (13). 

if A = 2€z + €* ; in the same way 

n(y,;r + = 2(-iy|^(A)V^(y.z) (14). ' 

By these formulas we can interpolate between the tabulated values of the 
functions U^ and V,. The functions U^+i, i7„+,, ..., F,,_i, F^_j, ..., maybe 
found by calculating U^i, F„_i by the aid of (9) and (10) and then deducing 
the others by the successive application of (8). 'Since the series (13), (14) 
converge very i-apidly, only a few terms are required. 

If it be required to find the roots of U^ (y, z) = 0, F„ (y, z) = 0, the tabular 
values of these functions nearest to zero are taken, and the equations 

t7.(y,-? + 6) = 0, F,(y,^ + €) = 

are solved for h/(2y), and from the value of h thus determined, e is calculated 
by means of 

€» + a^e - A = 0. 
3. Differentiating the series (1) with respect to y, we have 



'-^-i^(-')-<'+^)gr^-<'> 



f 






= iS (- ly (f ) .*"' J,^, (z) + i (^)' 2 (- ly (f )' ' j^«« (*) 

= i£^,-i(y,*)+i(^)V^,(y.z) (16),^ 



whence we deduce 



^^^^^ = iF^»(y.^) + i(J)V^x(y.^) (.16). 
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If y be a function of z, then 

dU.(y,z)JUAy.z) , dU.(y,z) dy 
dz dz dy dz 

= - J f^r+, (y. *) + i |i7^. (y. -») + (J)V^, (y. ^)| I ; 

let y = z*/c, then dy/dz = 2z/c, and 
or writing y for c, 

I '^•($-) -J ""(!-) <">■ 

In the same way ^^^Uj^y'^Z ^^^ Vu'j ^^^^' 

4. An important case of Lommel's functions is that in which 5 = 0: then 
by the definition of U, we have 

t^r (y, 0) = 2 (- 1)* y-^« [tr^J^ (^)],-o 

=2(-i)'r^^(^.if^>-i (19). 

Differentiating this equation m times with respect to y, we obtain from (15) 



i7_(y.0) = 2(-iyp^;M__. 



and since y — m, where i/ > — 1 and m is zero or any positive integer, can have 
any real {[value, we may regard (19) as defining U,{y, 0) for any index. We 
may then define V,(y, 0) by the equation 

n(y,0)=I^-^(y,0) + co8(| + ,.|) (20), 

and ire also have 

f7r(y, 0) + IT^^Cy, 0) = F_(y, 0) + r_+,(y, 0) 

"2'r(i;+l) ^^^^• 

In the special case of integral indices, we have 

^»(y. 0)='C<»iy. ^i (y, 0) = sin iy, t7,(y, 0) = 1 -cos Jy, 

t/"«(y. 0) = (- !)• {cos iy - 'l (- ly M!| . 

U^riy, 0) - (- !)• {sin iy - "s (- !)• ^^ | , 
U^ (y. 0) = (- 1)« cos iy, £U,_, (y. 0) = (- !)»+' sin iy. 
or ^^-..(y. 0) = coB^iy + m^j. 



.-<":■ 



■ >• 
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Also F.(y,0)=l, F^,(y,0)=0 (m = 0, 1, 2, ...), 

T^-»(y.o) = (-i)»i(-iy^-^. 

By Taylor's theorem, we obtain 

a,f,^,,oy.t^'-E0^.t<-m,j^(,,o^ (sa), 

no, + t,0).x|™>.X*e>'r.„(y,0) (23). 

wherein r7^_,, F^, are determined from (21) when two of these functions 
with indices differing by unity aire known. 

6. Writing a = ru, we have from equation (10), Chapter VIIL, for v not 
less than ^, 

I7.(y, z) + vU,^,(y, z) = ^^ [\zuyj,^,{^)e^<^-^^du (24), 

* Jo 

a^d since [{zu)'-^^J^^i (-?u)]«.o = 2^-1 r(p) * 

we have 

G^4i'[ i7,(y,0) + tI7,^.,(y,0) = H;zi^rt^'^^^^^ (26). 

z 1 (P)Jo 

Also for V < 1, equation (ii), Chapter VIIL, gives 

. •*^' r_+.(y.*) + tF_,«(y. «) = - J^j""(^)'J,_,(r«)e*«'<-*^'<iu...(26), 
or writing -v + l fori/, 

* •- 1 

ID * 

= _ yi-r f (^)'' J_, (zw) tt»-*e*vu-»l' <itt (27), 

where v is now greater than zero. But 

[(««)'J_,(ru)],_ = 2-/r(l - i;), 

.-. V^,(y, 0)+ tF,(y. 0) = - 1^?^' J"«>-6h-<^'>.du 

= -r(rr-.)/„ (p+^O''^'' ^^*^' 

if v be written for y (m* — l)/2. 



4>l . 
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Jo (y/z + v)" 
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I'^'du (29), 



.(30). 



(31), 



du 



and equating real and imaginary parts 

In particular when i/ = ^, 

which are Gilbert's integrals*. 

Hence V^ (2y, 0) is always positive, and since its first differential coefficient 
F|(2y, 0) is always negative, it decreases continuously as y increases from 
the value 1/V2 when y = to the value for y = oo. F|(2y, 0) is always 
negative, and since its first differential coefficient, which is the second 
differential coefficient of V^ (2y, 0), is always positive, it increases continuously 
with y from the value — 1/V2 for y = to the value for y = oo . 

6. Since (zu)^J^(zu)= ^(^^-{-er^), • 

we have from (24) by writing v = ^, 

cr^(y,-^)+^l^f(y,'8^) = y #-]/^<**'<^-"'^"'"^'dtt+r^ 

where «• = (y + ^^/(Zy). S = (y-zy/(2y). 

Writing in the first integral «(-+«) = <>■?*. i* becomes 



J: 






» (» 



* Mim, couwtL, de VAead, de Brux. zzxi. 1 (1862). 



W. 
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In the case of the second integral, when y <Zy we have as in the integral 
just considered 

*^ 'Jin Jl *^*' * ^''"^'^' «'« = - f ( ^* <2^' 0) + ♦ ^1 (2S. 0)} 



y«+«« 



v^ Jo 



on the other hand i(y>z, 



^^fJA-'.ir-y)-,, 



.^yi|£*.{'-|(;-)>,„+/\(-!(-5)"}-i.} 

V TT ( J /^ •'0 ) 

Hence 

+ i|[7j(2o-,0)+tI7,(2a.0)}e— (32), 

the upper or lower sign being taken according as y < or > -? ; and since 



.* 



i- .-."v 



■i 




^: " cr^(y,^) + tCr|(y,^)=ri(y,2) + tFj(y,^)-*6^^r-^4^, 

we obtain 

?7j (y, z) + 1 IT, (y, 5) = - i { F, (28, 0) + 1 Fi (28, 0)} C 

+ i{F,(2<r,0) + tFi(2<r,0)}e-«,fory<^ (33), 

.^j,,, : and • 

F, (y, «) + .Fi (y, «) = - M »^l (28. 0) + * Fi (28. 0)} e- 

+ i{F,(2o-,0) + tFj(2«r,0))e-",fory>« (34). 

Also Ui(2<r, 0) + iUt(2a. 0) = 2 ^^ JV^i-^'d? 



= c" . V2 I c-*"* df. 
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and bcnce U^ (y, z) and U^ (y, z) may be expressed Id terms of Fresnel's 
integrals 

jcoB^m^.dv and /sin ^^irt;* . dv, 

while V^ (y, z) and F| (y, z) may be similarly expressed by means of the 
formulse 

^i(y, ^)= U^(y> '^) + cos (1 + 1- + J) . 

i^i(y,^)=t^i(y.^)-8in(| + g + j). 



26—2 



APPENDIX III. 



RADII OF CURVATURE OF FRESNEUS WAVE^URFACE. 



1. Let o-j and o-j be the radii-vectores from the centre to the wave- 
8ur£eice in the direction, of which the direction-cosines are X, ft, v referred to 
the principal axes of the surface, then from the equation of the surface we 
have 

whence since X' + /i' + 1^ = 1, 

we find Q o-j V,«X' = - 6 V (fe» - c«) (a» - a^") (a* - o-,«), 

where Q = (6» - c«) (c^ - a») (a» - 6«). 

Hence if x,y,zhQ the coordinates of the extremity of the radius-vector 
o*!, so that X = Xo-j , y = /icTi, £r = v<t^ , we have 

0-2 



*=^,v- 



<ra 



Q 


-C) 


(a«- 


-<r.')(a'- 


-«r,') 


<2 


•a') 


(6«- 


- <r.«) (6* - 


-<r.«) 



z 






— ^ (c' - <r.») (c' - «r,») / 



(1). 



2. If now we Avrite 



dx = aidci + a^a2t dy = ftidci 4- 6s(2cr,, d^r = Cida-i + Cs(2<r,, 
d'a? = ado-,' + a'da^da^ + o^dcTa^ d'y = i8d<r,« + fi'daida^ + /S^do-,*, 
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and 6jCj — 6^ = il, CiOj — CjOi = jB, a,6, — a,6| = C, 

a,* + 6,' + Ci' = -&', a,o, + 6,6, + c,c = jF", o,' + 6," + c» = G, 
ilo + 5i8 + (Jy = ^', Aa! + B^-{-Ct'=-F', Aa" + B^' + Cry" = O' . 

then the radii of curvature of the surface at the point {x, y, z) are given by 



E'p-EV, F'p-FV 
F'p-FV, O'p-OV 



= 



.(2). 



3. Calculating the values of these functions for the case of the wave- 
surface and writing 

Z) = a«6»c»(«r,V<r,«-l), 

A = (a* - «r,«) (6' - <r.«) ^C - <r.»). 
P, = (a» - «r,«) (6' - «r,') (c» - «r,'). 
we find on reduction 

^=(i)+P,)/P. = e/P..(8ay). P=0. G = -i)/P.=gr/(-P,), (say), 

^' = ^ / „ „ = {i)» + D (Pi + a'6»c' - <r/ 2a' + 2«r,') + o'6'c»P, J 
o-,P, V- FiFt 



P' = - 



(?'= 



P. V- P,P, 



. (say). 



/' 



^-F,F^<r} i-P^P,) 
1 



. (say). 



{o'6VP, -D'} = 



-P.V-P,P. 



<r,PW-P^P, 
Then the radii of curvature are given by 



. (say). 



(3). 



and 



D 



«'<7' -/" = -, {D + a* (6» - «7,«) (c* - <r,«)} iD + ft* (c« - <r,«) (a* - «7.«)} 
x{i) + C(a»-<r,»)(6'-<r,% 

<^ + tf'^r =-{!)» + a« (6« - «r,«) (C« - <r,»)l { 2) + 6» (c* - <r,') (a* - «r,»)} 

x{D + c»(a»-<r.»)(6»-<r,»)} 

f 1_ 1 

^ (D + a« (6« - ir,») (c» - «r,») ■'' i) + 6' (c* - <r,») (a« - <r,«) 

1 1) 

■*■ i) + C (o« - <r,')(6» - <r,«) d] ' 
eg~D(D+Pi). 
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Hence 

p' - ff, VZ) (2) + F,) 1^ ^^,^J^_ ^ ,) (^, _ ^ ,) + /) + J. (c. _ ^,,) (o, _ ^^,) 

1 n 

D + c»(a'-<ri«)(6'-<r,») i))'' 

. , ^ D (i) + P.)* <r.» 

"^ { 2) + a« (6* - o-.'Xc' - O} [D + 6' (c* - «-i')(a' - <r.')l {-0 + C (o» - <r,»)(6»- <r,»)} 

= (4). ^ 

4. Since D and Pi always have the same sign, it is clear that D and 
2) + Pi can only vanish when cti' = cr,* = 6*, that is at the conical points of 
the wave-surfece. 

To determine the values of p at these points, let a^ = &*, then 
.*. /} = 6 or -=c — ; T-T-n = 6 



/)_62(a«-62)(fe»-c») ''a»c«(6«-cr,«)-(a«-6*)(6*-c»)o-,*' 
the second value being zero, if o-a" = 6*. 

Again let af = h\ then 2) = aV (ci* - 6*), and 

[ (g' + C-o-i')* ac(cri«--fc«)Va«H-c«-cri«] (^I'-yXa^-f (^-<riy 
'^^ t oc "*" a«c«-a«6«-6«c»+6«cri« J^ aV-a*»-6V + 6*<ri« ' 

^ (g' H- c» ~ <ri«)> oc (cTi' - &») Vo« + c« - <ri« 

the second value vanishing when cr,' = 6*. 

6. The radius of curvature can only become infinite, if 

D + a«(6'-o-i»)(c*-cri»)=0, or i) + 6« (c» - <ri«) (a« - <riO = 0, 
or 2) + c«(a» - o-j»)(6» - cti') = 0. 



Now 



a« 






aV,« 



and since 6* — cr,* and l^ — o-i' have opposite signs, this can only be zero if 
• 0-1* = cTa* = 6*, the case just considered. 

Similarly D + (^{a?'' cti') (6* - cti") = 0, only if <ri« = af = 6». 

But if D + 6» (c* - cri«) (a» - a^^) = 0, we have 

which is possible, provided o-i^ is greater than l^. 
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Hence since D and D + Pi are zero, only if o-,* = o-j* = 6*, we see that one 
radius of curvature is infinite at points on the outer sheet of the wave- 
surface, for which 

Now from the equation of the wave-sur£Bu;e we have 

whence substituting for cr,' and remembering that 

ic^XcTi, y^/icTi, z^vai 

are the coordinates of the extremity of the radius vector ai, we find that the 
points at which one radius of curvature becomes infinite are the intersections 
of the outer sheet of the wave-surface and the ellipsoid 

and these are the circles along which the singular tangent planes touch the 
surface. 

The other radius of curvature at these points is 
^ <ry2)(2) + P0{i) + a«(6«-cri«)(c»-cr,>)}{2) + c>(a«--<r,«)(6«--cr,«)} 

- (a« - 6») (c> - 6») 
6. To find the umbilics we have 

vrhich gives 

D {D + a» (6» - <r.*) (c* - «r,')}' {D + ft* (c» - «r,») (a' - «r,»))« 

X {/) + C (o» - <r,') (6» - «r,»)}» 0) - p'y 

r,» {D + P.) [{o'iV (D + P.)« - !)■ (ff/2o» - 2«r,«)}» 

-4i)(2) + P,)a*6*c«— ii'.-Ptl (5)- 

O't J 

Now P,P, is never positive, and D, D + Pi only vanish when <r,» = <r,* = 6*, 
a case already discussed : hence the conditions for an umbilic are 

P,P,=0 and o'6V(2) + P,)«-i)'{(o» + 6' + c»)<r,«-2<r,*}. 

But if P] » 0, the second condition becomes 

D* {o«&V-(o» + 6» + c»)a,« + 2«r,«} = 0, 

and o^V - (o* + 6» + <?) <r,« + 2<r/ 

= P, + (6 V + c^» + a'J*) <r,« - 2 (a» + 6» + c») <r,* + 3«r,« 



CTi 
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The second coodition therefore gives that dPijda^^O or that Pi=0 has 
equal roots, which is impossible. 

If P, = 0, we have 

and the second condition gives that 

cr,* (a» + 6» + c» - cri« - cr,« )» = a«6 V (a« + 6« + c» - %Ti% 
whence 

Now if P2= 0, o-j* can have either of the three values a\ 6*, c" : 
(a) if cr,* = a', then 

a« + 6» + c« - cri« - <r,« = 6* + c» - <r,« > a* V/a* ; 
hence the upper sign must be taken and 

(6) if a,« = 6«, then 

a»6V - cr,* (a« + 6» + c» - 2<r,«) = 6« (a« - 6») (c» - 6«) < 0, 
and 0*1* is imaginary ; 

(c) if <rf = c", then 

a» + 6» + c»-<ri«-o-,« = a« + 6*-cri«<a*V/c*; 
hence the lower sign must be taken and 

Neither of the values thus determined makes the coefficient of (p — p')* 
vanish, and thus there are real umbilics when and only when 

<ri« = ^ { a«6* + c Va« - 6» (c Va« - 5» - 6 >/ a* - c»)} , <r,« = a« [ 

^ (6), 

and <ri«= ~ {5V-a V6«-c«(oV6*-c«- 6>/a«-c>)}, cr,« = (^ 

that is, the real umbilics are in the elliptic sections of the wave-surface made 
by the planes of yz and xy respectively. 
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Since at an umbilic eg' - fig = 0, /' = 0, 
we have 

^ e' y (i) + a'h^c?) (i) 4- Pi ) - g-/ (g' + 6' + (^ - 2o-^«) i) 

and the radius of curvature at an umbilic is 

^==* ?7 ^"X 

^x (D + PO Vi) (/) + PO 



(/) + a*6»(?) (/) + P,) -V/ (a« + 6» + c* - 2cri«) 2) ' 
But since P, = we have 

(2) + a«6«c») (2) + P,) - cr/ (a« + 6* + (? - 2cri«) 2) 

= a*6V — , cr,« (o-i« - cr,«) (a« + 6« + c» - ctj* - cr,«) 



cri»-^,» 



- cr/a*c» ' , ' (a« + 6* + c» - 2cri») 



cr* 



Hence p = -^ (a« + 6« + c»- cr^ - cr,«)» (7). 

7. Let 6>| and o), be the radii-vectores from the centre to the surface of 
•wave-quickness in the direction given by the cosines Z, wi, n ; then ftom the 
equation to the surface 

(6" - «i') (c" - 6>i') P + (c* - ft>i«) (a« - «,») m« + (a« - a>i«) (6» - Oh*) n« == 0, 

(5»-0(c«-ft>,«)P + (c«-ft>,«)(a«-ft>,«)m« + (a* - a>,*) (6» - »»•) w" = 0» 

whence since P + m' + n' = 1, we find 



P=- 



Q 



(a« - 6>i«) (a« - a>,»), wi^ = - —q- (6* - «iO (6* ^ «.') 



Writing now 



n» ^- (c* - «,«) (<? - «,«) 



••.^o}. 






fl»i* — «»i* 



(9), 

Pi 

where Pi = (a'- a>i«)(6«-oh')(c'- a)iO (10). 
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we have for the coordinates (x, y, z) of the point at which the plane 

Ix + my + TLz: = ft>i 
touches the wave-surface 

J F^ I F^ m F^ n 

ft), a* - ft),* ^ ft), 6*-G)i*' ^ «ic"— »!*' 

whence cr,« = ft),* + i^«/a),« (11)l 

Now from the equation of the wave-surface 

a*6*c« 



cr, Va* = 



a«X* + 6*;a* 4- c*j/* ' 



a*2»*c* 
.-. -- ={(a=-ft),*)X* + (6*-a),*)/i' + (c*-ft>,')i^ + Mcri*; 

a* — cr * 
but Xcr, = a? = Zft), -^ ^ , and two similar equations, 

whence 

O* ^ C* CL* — ^ A) * 

Wj* = - ft),* (a' - cr,*)* — tt; \ , and two similar equations. 

y a' — Oi* ^ 

= ft),* (a* + 5* + c» - <r,* - ft),*), 
and we obtain after some transformations 

or ■0 = ^*-P» • (12)- 

Again we have 

- 6*c* (6* - c*) (a* - cTx*) (a* - <r,*) = Q<r,* \W 

= - crM^fc' - c*) ^^; (a* - <r,*)*, 

, , , a* — 0-,* , • a* — «•* 
a* — 0-1* o' — CO,* 

and two similar equations ; whence 

a*V§ = cr,V^ (13), 

where ;)a=(a*-ft),*)(6*-fl),*)(c*- o),*) (14). 



8. Writing then j,^^ ^^^^i^^Z^^ 
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we have D = APi, cr,* = f 1 + t ) ft>i'i 



a' — ft)-' 



and substituting these expressions in (4), we obtain 



or 



( tth (a>i' — G),') \ a* - ft>i' 6* — CO,' c* — co,V J Pi 

-(15). 

We thus find 

a>i» (ah» - a>,») (p + p') = ©i* (a« + 6» + c» - 2a),«) - a«6«c> (16), 

and from (5) we obtain 

V (fih* -^Yip- py = [(fih* - ««') {a*V - < (a« + 6* + c» - 2g)x«)} + 2pift>i«p 

-4(»/PiPj (17). 

9. The conditions for an umbilic are 

{a*V - ft)/ (a« + 6* + c> - 2g)x«)} (ft>a« - a>,«) + 2piG)i« = 0, 
and l>ift = 0; 

whence proceeding as in: § 6, we find that the real umbilics are given by 

©I* {6c + V(a« - 6«) (a* - c>)} = a?hc, fof--a^] ,,^. 

(18). 






a>i«{a6-V(a«-c>)(6* 
Since ps = the first condition for an umbilic gives 
{a«V - fth' (a' + 6* + c" - 2a>i«)} (©j' - «,") + 2p,a)i« 

= (wi"- ««") |ai/(a« + 6" + c>- 2ft>,«) - a*i«c»- 2a«6V ^Lll^l = o, 
whence the radius of curvature at an umbilic is 



P= ZT-J (19)- 

Wl ft>2 
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POlariiation, fandamental ezperim«nt of 21 ; 
its analytical expression 22 ; right- and 
left-handed 22; plane 26; elliptic 27; 
cironlar 27; partial, its analytical condi- 
tions 81 ; plane of 21, 169, 189 ; by reflec- 
tion 169 ; by a pile of plates 171, 300, its 
degree 174 

Polarlsattan-yector 22; qrmbolical expression 
for 23; transverse to the direction of 
propagation 26 ; its differential equations, 
in absorbing media 819, in actiye media 
(stmctnrally) 857, (magnetically) 883, in 
crystals 251, in free ether 77t in ponder- 
able bodies 388 

Polarlsad Uglit, direction of vibrations in 
169, n. 

FolazlaerB, defined 262, n. ; types of 301-805 ; 
elliptic, their character 292 

Polarising angle, of isotropic media 169 ; of 
crystalline media 256 ; of oniaxal. crystals 
for reflection in a principal plane 257 

Polarising pirlsms, Bochon's 801 ; Senarmont*s 
801; Wollaston's 301; NicoPs 801-^04; 
gang's 304 

PoaltlTe and negative oxyvtala, nniaxal 192; 
biaxal 201 ; how distingoished 291 

PoaltlTe, negative and neutral reflection 183 

Potter, B., on abnormal shift of fringes 51 

Principal plane 20 

Prisms, refraction through, direct 8, oblique 
11 ; equation of the wave within 18 ; Uni- 
axal 230, minimum deviation with 232; 
Biaxal 234, minimum deviation with 238 ; 
metfdlic, made by Kundt 334 
See ako under Polarising prisms. 

Qoaxter-wave plate 288 ; its employment, when 
perfect 315, when imperfect 316 

Bay, defined 3 ; its experimental determination 
14, 15; angle between it and the wave- 
normal, in nniaxal crystals 192, in biaxal 
crystals 208, 218; its significance in 
crystals 251 

Bay-«xe8 217 

Bay-Tdlodty 3 ; in nniaxal crystals 191 ; in 
biaxal crystals 217 

Bayleigb, Lord, on radiations from natural 
sources 18 ; on limit to interference caused 
by motion of the source 87 ; on the roots 
of tanu=tt 46; on achromatism of inter- 
ference 50, 69 ; on an achromatic system 
51; on resolving power, of a prism 104, 
of a grating 118 ; on the image of a 
luminous line* in a telescope 124; on re- 
flection, at a twin surface 257, from a 
laminated medium 261 ; on iridescent 
crystals 261 

Badprocal line 208, 217 

Beflection, conditions for perfect 161 ; total, at 
an isotropic surface 175 ; at a crystalline 
' surface 7, 242-249 

Beflection and Befiraetion, crystalline, general 
formuliB 252-256; with uniaxal crystals 
256, 257 ; at a twin surface 257-260 

, isotropic, its geometrical laws 165 ; of 



unhomogeneous waves 166 ; of homogene- 
ous waves 167; of common light 168; 
rotation of the plane of polarisation by 
170 ; elliptic polarisation by 182 ; effect of 
a transition-Layer on 184; at a pile of 
pUtes 171; at a thin plate 179 

Beflection and BeCractlon, metallic, its geo- 
metrical laws 829 ; its theory 881, 332 ; 
experimental investigations of 333 ; isola- 
tion of long waves by 335 

BesOlatlon of double sources 107 

BoKAving power 104 ; of a prism 105 ; of a 
ruled grating 113 ; of the echelon grating 
114 ; of a telescope 126 

Betardatlon, relative, produced by a plate 58, 
by a thin film 6^ by a crystiJline plate 
269, 276 

Beusch, P. E., on combinations of plates of 
mica 353 

Beverslon, principle of 58 

Blghi, A., on Fresnel*s experiment of rotary 
polarisation 849 

Bochon, A. M. de, his polarising prism 801 

Bomer, O., determines the velocity of light 1 ; 
his method gives the group-velocity 81 

Botaxy Polarisation, its discovery by Arago 
344 ; Biot's laws of 844 ; Fresnel's expla- 
nation of 345, the experimental proofs 
insufficient 347, 349 ; Auy's generalisation 
349 
See also Active media.- 

Sang, £., his polarising prism 304 

Savart, P., his plate 294 ; his analyser 805 

Senarmont, H. H. de, his polarising prism 801 

Shadows, laws of geometrical 90 

Slit in interference experiments, its admissible 
width and orientation 45-47, 49 ; localisa- 
tion of fringes destroyed by 57 ; in general 
necessary for visibility 57, 68 

Smith, Archibald, his determination of the 
wave-surface 206 

Snell, W., his law of refiraction 169 

Spectrosoopio analysis of interference 38, 39, 
41, 47 

Stokes, Sir O. O., his principle of reversion 58 ; 
his law of the secondary disturbance 87 ; 
on the integration of intensity in diffrac- 
tion 124 ; on a pile of plates 171 ; on the 
central spot of Newton's rings 180 ; on the 
evidential value of conical refractions 228 ; 
on the foci of lines seen through a plate 
225 ; on iridescent crystals 261 ; on select- 
ive absorption 837 

Stmve, H., on the telescopic image of a line 
124 ; on the heliometer objective 127 ; his 
functions 392-395 

Tftlbot, W. H. Pox, his bands 110; discovers 
anomalous dispersion 337 

Total Beflection 7 ; limiting cones of 8 ; with 
isotropic media 175, the refracted waves 
in this case 177, their source of energy 
178 ; with uniaxal crystals 243 ; with bi- 
axal crystals 245 ; experimental methods 
of 242 

Tourmaline, its polarising action 800 



416 



Index 



The numben refer to paget. 



Transition-layer, prodaoes elliptio polarisation 
186 ; its thickness 187 

Uniazal orystali, their wave-snrface 190, sur- 
face of waTe-qniokness 191, of wave- 
slowness 192 ; angle between ray and wave- 
nonnal in 192 ; determination of rays and 
waves and their polarisation in 193 

Uniradlal Erections 256, 256 

Vector, stream of light represented 1^ 22; 
to represent the action, of moleooles 838, 
of a magnetic field 876 
Verdet, E., his constant defined 871 
Visitillity of tiiagw, its measure 37 ; its ex- 
pression in the case of, Fresnel*s mirrors 
Ac. 46, of Lloyd's mirror 49, of complex 
sources 71-73 ; analysis of radiations by 
73-76; resolution of double sources by 
108 

Wave, line of, replaced I7 an ellipse 11 ' 
Waves, periodicity of luminous 17; unhomo- 
geneous 78; propagation of singularities 
of 79; velocity of a group of 81 
Wave-quicknets, surface of, defined 8 ; its ex- 
perimental determination 8, from a central 



section indeterminate 236; in nniaxal 
crystals 191 ; in biaxal crystals 202 ; in 
active media 359 ; in isotropic magnetic- 
ally active media 384 

Wave-fllownew, defined 5 ; surface of, defined 5, 
in nniaxal crystals 198, in biaxal Grystals 
203 

Wavi^^mrfiaoe, defined 2; in nniaxal Qrystala 
188, 190 ; in biaxal crystals 207, its curva- 
ture 404-411, its umbiUcs 407, 411 

Wave-theozy 2 

.WaTd-Telodty 3 ; in nniaxal crystals 192 ; in 
biaxal crystals 197, 200 ; in active media 
. 359 ; its dependence on period 339 

WemlOka, C. W., investigates metallic reflec- 
tion 333 

WoUaston, W. H., his polarising prism 801; 
investigates double refraction 189 

Ymmg, Th., suggests a wave-surface for biaxal 
crystals 195 ; his explanation of chromatie 
polarisation 263 

Zeeman, P., his magneto-optic eflfect 373; its 
kinematical explanation 873; its investi- 
gation by absorption 375; aiialytioal in- 
vestigation 876-^2 
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